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An infinite word w avoids a pattern p with the involution if there is no substitution for
the variables in p and no involution on substituted variables such that the resulting word
is a factor of w. An avoidance index of pattern p is the smallest alphabet size for which a
word exists such that p is avoided. A pattern is called unary, if only one variable occurs
in it. In this paper, we give the avoidance indices for all unary patterns with involution.

1. Introduction

In this article, we are concerned with avoidable patterns with involution. An in-
volution f is a mapping such that f2 is the identity. Consider morphic, where
f(uv) = f(u)f(v), and antimorphic involutions, where f(uv) = f(v)f(u). We fully
characterize the avoidance indices for all unary patterns with both morphic and an-
timorphic involutions. As it turns out, unary patterns exhibit the same avoidance
indices for both morphic and antimorphic involutions. The arguments for showing
those are different however.

The subject of this article draws some motivation from applications in biology
where the Watson-Crick complement corresponds to an antimorphic involution in
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our case; see for example [2]. Our considerations are more general, however, by
considering any alphabet size and also morphic involutions.

2. Preliminaries

Our notation is guided by what is commonly found in the literature, see for example
the first chapter of [3] as a reference. Let Σk = {0, 1, . . . , k− 1} be a finite alphabet
of k letters for some k ≥ 1. Let Σ∗k denote all finite and Σωk denote all (right-) infinite
words over Σk. Let ε denote the empty word. The i-th letter of a word w is denoted
by w[i] that is, w = w[1]w[2] · · ·w[n] for finite words, and w = Π∞i=1w[i] for infinite
words. The length n of w is denoted by |w| as usual. The number of occurrences of
a letter a in w is denoted by |w|a. Let wR = w[n]w[n−1] · · ·w[1] denote the reversal
of w. Let w = uv, then u is called prefix of w, denoted by u ≤p w, and proper prefix,
if v = ε, denoted by u <p w.

Besides Σk we need one more finite set E of symbols. The elements of E are
called variables and we usually denote them by α, β, or γ. Words in E∗ are called
patterns. For example αβα ∈ E∗ is a pattern consisting of the variables α and β

in E. We assign to every pattern a pattern language over an alphabet Σk. This
language contains every word that can be generated by substituting all variables in
the pattern by non-empty words in Σ∗k. For example the pattern language of the
pattern αα over Σ2 is { 00, 11, 0000, 0101, 1010, 1111, . . . }, the set of all squares in
Σ∗2.

We say that a word w avoids a pattern, if no factor of w exists that is in the
pattern language. On the other hand, if a factor of w is an element of the pattern
language, we say w contains the pattern. If for a given pattern p ∈ E∗ and an
alphabet Σk a word w ∈ Σωk exists that avoids p, then we say that p is k-avoidable.
Otherwise we call p k-unavoidable. We call k ∈ N the avoidance index V(p) of a
pattern p ∈ E∗, if p is k-avoidable and k is minimal. If no such k exists, we define
V(p) = ∞. A pattern is called unary, if it contains exactly one variable. In this
paper, we restrict ourselves to unary patterns.

Let f : Σ∗2 → Σ∗2 with 0 7→ 01 and 1 7→ 10. The fix point t = limk→∞ fk(a)

exists and is called Thue–Morse word. The following result is a classical one.

Theorem 1 ([4, 5]) The Thue–Morse word t avoids the patterns ααα and αβαβα.

3. Patterns with Involution

For introducing patterns with involution, we extend the set of pattern variables
E to Eθ by adding θ(α) for all variables α ∈ E. Given a morphic or antimorphic
involution, we build the corresponding pattern language by replacing the variables
by non-empty words and, for variables of the form θ(α), by applying the involution
after the substitution.

There are only two morphic involutions over Σ2: the identity and the comple-
ment, where f(0) = 1 and f(1) = 0.
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We get the pattern language { 01, 10, 0011, 0110, 1001, 1100, . . . } for α θ(α) and
the complement. Every word in Σω2 \ (0ω ∪ 1ω) contains the pattern α θ(α) for the
complement.

Observation 2. Let f be a morphic or antimorphic involution and distinct from
the identity or reversal mapping. Then every pattern that contains variables of the
form α and θ(α), is avoidable for f .

Indeed, since f is not the identity or reversal mapping, a letter a ∈ Σk with f(a) 6= a

exists. Therefore w = aω avoids every pattern that includes variables α and θ(α).
Because of this observation we do not have to examine, if patterns are avoidable

or unavoidable for a given involution. Changing the point of view, we look at all
morphic or all antimorphic involutions Σ∗k → Σ∗k at the same time for a given
pattern p ∈ E∗θ .

Definition 3. A pattern p ∈ E∗θ is (anti-) morphically θ-avoidable in Σk, if there
exists an infinite word w ∈ Σωk such that w does not contain a factor that is in the
pattern language of p for any (anti-) morphic involution.

Definition 4. Let p ∈ E∗θ be a pattern. The minimal k ∈ N such that p is mor-
phically (antimorphically) θ-avoidable in Σk, is called the morphic (antimorphic)
θ-avoidance index Vm(p) (Va(p)) of p, if such a k exists. If p is unavoidable, then
we define Vm(p) =∞ (Va(p) =∞).

We establish the first facts about avoidance of pattern α θ(α)α.

Lemma 5. Vm(α θ(α)α) > 2.

Proof. Suppose there exists a word w ∈ Σω2 that avoids α θ(α)α for all morphic
involutions. This word must not contain 000, 111, 010, or 101 as a factor. Without
loss of generality w begins with 0.

Assume w begins with 01. Then this prefix must be followed by 1, 011 <p w.
The next letter must be 0, the fifth must be 0 too. So we have 01100 <p w. If the
following letter is 0, then 000 is a factor of w. So the next letter must be 1. But for
the morphic involution f with 0 7→ 1 and 1 7→ 0 the word 01f(01)01 is a factor of
w; a contradiction. The argument for the case 00 ≤p w is analogous.

The proof of the following lemma is analogous to the previous one.

Lemma 6. Va(α θ(α)α) > 2.

4. Patterns of length 3

In this section, we establish the following theorem.
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Theorem 7. Let p ∈ E3
θ be a pattern of length 3 in which α and θ(α) both occur.

Then

Vm(p) = Va(p) = 3 .

Recall that Vm
(
α3
)

= Va
(
α3
)

= Vm
(
θ(α)3

)
= Va

(
θ(α)3

)
= 2 due to Theorem 1.

We start with the morphic case.

Lemma 8. Vm(αθ(α)α) = 3.

Proof. Let x ∈ Σω3 be the image of the Thue-Morse word t by the morphism
defined by 0 7→ 0021 and 1 7→ 0221. We will show, that x avoids the pattern αθ(α)α

for all morphic involutions. For better readability, we define x = 0021 and y = 0221.
We assume that there exists a morphic involution f and a substitution u for α,

such that uf(u)u is a factor of x. The proof is by contradiction. First, we examine the
possibilities of replacing the variable α by words u ∈ Σ+

3 of length |u| < 7. The word
u f(u)u has a maximal length of 18. Therefore there must exist a morphic involution
so that u f(u)u is a factor of a word w ∈ {x, y }6. Because of Theorem 1, none of the
words xxx, yyy, xyxyx and yxyxy is a factor of w. A computer program can easily
check these finite possibilities with the result, that no words u and w exist, which
fulfill the conditions. Now we assume α gets replaced by a word u ∈ Σ+

3 with |u| ≥ 7.
Then, the word u contains 0021 or 0221. Without loss of generality, u contains
0021. Therefore, f(u) contains the factor f(002) = f(0) f(0) f(2). In addition f(u),
and hence, f(0) f(0) f(2), is a factor of x. There are only two possibilities for two
succeeding identical letters in x. Either these letters are two letters 2 followed by
the letter 1, but then f is not an involution and we have a contradiction, or two
letters 0 are followed by the letter 2. This implies that f is the identity since
u f(u)u is a factor of x. Furthermore, this implies that |u| = 4 · k for k ∈ N. This is
visualized in Fig. 1, where wi, wi′ , wi′′ ∈ {x, y } holds for all 0 ≤ i ≤ k. If the word
(w0)[2](w0)[3](w0)[4] or (w0)[1](w0)[2](w0)[3](w0)[4] = w0 is a prefix of the first u in
Fig. 1, then the following equations apply:

w0 = w0′ = w0′′

w1 = w1′ = w1′′

...
...

...
wk−1 = wk−1′ = wk−1′′

The word w0w1 . . . wk−1 w0′w1′ . . . wk−1′ w0′′w1′′ . . . wk−1′′ = (w0w1 . . . wk−1)
3 is a

factor of x. Because of wi ∈ {x, y } for all 0 ≤ i ≤ k − 1, this is a contradiction to
Theorem 1. On the other hand, if only (w0)[3](w0)[4] or (w0)[4] is a prefix of u, then
w0 6= w0′ is possible. But in this case (wk′′)[1](wk′′)[2] or (wk′′)[1](wk′′)[2](wk′′)[3] is
a suffix of the third u. This implies
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x = . . .
w0 w1

. . .
wk = w0′ w1′

. . .
wk′ = w0′′w1′′

. . .
wk′′

. . .

u u u

Figure 1. Part of x to illustrate the factor uuu

w1 = w1′ = w1′′

w2 = w2′ = w2′′

...
...

...
wk = wk′ = wk′′

and w1w2 . . . wk w1′w2′ . . . wk′ w1′′w2′′ . . . wk′′ = (w1w2 . . . wk)
3 is a factor of x.

Again, this is a contradiction to Theorem 1. The theorem follows from Lemma 5.

The result of Lemma 8 is also valid for the antimorphic case.

Lemma 9. Va(αθ(α)α) = 3.

Proof. This proof follows the proof of the previous theorem. Let x ∈ Σω3 be the
image of the Thue-Morse word t by the morphism 0 7→ 00112 and 1 7→ 00221. We
will show that x avoids the pattern α θ(α)α for all antimorphic involutions. For
better readability, we define x = 00112 and y = 00221.

We assume that there exist an antimorphic involution f and a substitution of
α by a word u ∈ Σ+

3 such that u f(u)u is a factor of x. First we suppose that
|u| < 9 holds. The word u f(u)u then has a maximal length of 24 and u f(u)u is
factor of a word w ∈ {x, y }6. The words xxx, yyy, xyxyx, and yxyxy must not
be a factor of w because of Theorem 1. A computer program can check these finite
possibilities with the result that no words u and w exist that fulfill these conditions
for an antimorphic involution f . So, |u| ≥ 9 must hold and u contains at least one
word x or y completely. We now look at the first u of the factor u f(u)u of x. Let
w1w

′
2 be a suffix of u with w1, w2 ∈ {x, y }, w2 = w′2w

′′
2 and |w′2| < 5. We get

Fig. 2 where w3, w4 ∈ {x, y }. Without loss of generality, let w1 = x = 00112. Then
f(u) and therefore w2w3w4 contains the word f(00112) = f(2) f(1) f(1) f(0) f(0)

of length 5 as a factor. Hence we look at the following words:

xx = 00112 00112

xy = 00112 00221

yx = 00221 00112

yy = 00221 00221 .
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x = . . .
w1 w2

w′2 w′′2

w3 w4
. . .

. . .

u

Figure 2. Part of x and the factor u of x

x = . . .
w1

0 0 1 1 2

w2

0 0 2 2 1

w3

0 0 1 1 2

w4

0 0 1 1 2

. . .

Case 1: . . .

Case 2: . . .

Case 3: . . .

Case 4: . . .

Case 5: . . .
u

Figure 3. Illustration of possible positions of the factor u of x

Only xx contains f(2) f(1) f(1) f(0) f(0) for the antimorphic involution f with
0 7→ 1, 1 7→ 0, and 2 7→ 2. Because of w1 = x, the equation w2w3 = xx is a
contradiction to Theorem 1. The case w2w3w4 = yxx remains. Now there are five
possibilities for the position of u, see Fig. 3. It is easy to check that in all five cases
f(u) ≤p w

′′
2w3w4 respectively w′′2w3w4 ≤p f(u) does not hold. So our assumption

that there exists an antimorphic involution f and a word u ∈ Σ+
3 with u f(u)u is a

factor of x, was wrong. The theorem follows with Lemma 6.

Patterns similar to α θ(α)α are considered next.
For the next lemma we need a further definition. Let p ∈ E∗θ be a pattern consist-

ing of variables of the form α and θ(α) and p′ be the pattern that we get, when all
variables α and θ(α) in p are switched. We call p′ ∈ E∗θ the θ-complementary pattern
of p. For example the θ-complementary pattern of αα θ(α)β is θ(α) θ(α)α θ(β).

Lemma 10. Let p ∈ E∗θ be a pattern and p′ ∈ E∗θ be the θ-complementary pattern
of p. Then Va(p) = Va(p′) and Vm(p) = Vm(p′).

Proof. Firstly, we show Vm(p) = Vm(p′). For better readability, we replace the
variable α in the pattern p′ by α′ and θ(α) by θ(α′). We assume a word x ∈ Σω

contains the pattern p for a morphic involution f and a substitution of α by u ∈ Σ+.
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Then x contains the pattern p′ for the same morphic involution f by substituting
α′ by f(u). The equation Vm(p) = Vm(p′) follows. The proof of Va(p) = Va(p′) is
identical.

Consider the following θ-free patterns; see [1].

Theorem 11. The patterns αα, ααβ, βαα, ααβα, αββα, ααββ, αβαβ, ααβαα,
and ααβαβ are 2-unavoidable and 3-avoidable.

Lemma 12. Let p ∈ E∗θ be a pattern that contains the variables α and θ(α), and p
contains no other variable of the form θ(γ). Let p′ be the pattern when all occurrences
of θ(α) in p are replaced by α. The pattern p′′ is obtained when all occurrences of
θ(α) in p are replaced by a new variable β.

Then V(p′) ≤ Vm(p) ≤ V(p′′) and Va(p) ≤ V(p′′).

Proof. The relation V(p′) ≤ Vm(p) holds, since the morphic θ-avoidance index in-
volves all morphic involutions, including the identity mapping. Suppose there exists
a word x ∈ Σωk that avoids the pattern p′′.Then this word also avoids the pattern p
for all morphic and antimorphic involutions. Therefore the relations Vm(p) ≤ V(p′′)

and Va(p) ≤ V(p′′) hold.

Lemma 13. Va(αα θ(α)) = Vm(αα θ(α)) = 3.

Proof. According to Theorem 11 the equation V(ααβ) = 3 holds. Lemma 12
implies Va(αα θ(α)), Vm(αα θ(α)) ≤ 3. We show by contradiction that it holds
that Va(αα θ(α)) 6= 2. The proof for the relation Vm(αα θ(α)) 6= 2 is analogous.
Assuming there exists a word x ∈ Σω2 such that it avoids the pattern αα θ(α)

for all antimorphic involutions. Then x contains neither 00 nor 11 as a factor.
Without loss of generality x begins with the letter 0. It follows that x = (01)ω. But
x = (01)ω contains the pattern αα θ(α) for α = 01 and the antimorphic involution
defined by 0 7→ 1 and 1 7→ 0. This is a contradiction to our assumption. Therefore
Va(αα θ(α)) 6= 2 holds and analogously Vm(αα θ(α)) 6= 2. We get Va(αα θ(α)) =

Vm(αα θ(α)) = 3.

Lemma 14. Va(θ(α)αα) = Vm(θ(α)αα) = 3.

Proof. The proof is analogous to the proof of Lemma 13.

Corollary 15.

(1) Vm(θ(α)α θ(α)) = Va(θ(α)α θ(α)) = 3,
(2) Vm(θ(α) θ(α)α) = Va(θ(α) θ(α)α) = 3, and
(3) Vm(α θ(α) θ(α)) = Va(α θ(α) θ(α)) = 3.

Indeed, (1) follows from Lemma 8, 9 and 10, (2) follows from 13, and (3) follows
from Lemma 14.
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5. Patterns longer than 3

In this section, we establish the following theorem.

Theorem 16. Let p ∈ E∗θ be a pattern longer than 3. Then

Vm(p) = Va(p) = 2 .

The avoidance indices are clearly 2 when ααα is a factor of p (Theorem 1). We
consider words p ∈ E4

θ where ααα is not a factor. Interchanging α and θ(α)’s if
necessary, assume that |p|α ≥ |p|θ(α). Since ααα is not to be a factor of p, either
|p|θ(α) = 1 or |p|θ(α) = 2. In the first case, our word p is ααθ(α)α or αθ(α)αα.
Since avoidance indices are preserved under reversal, we need only consider the
case p = ααθ(α)α here. If |p|θ(α) = 2, ignoring reversals, we consider αθ(α)αθ(α),
θ(α)ααθ(α), and ααθ(α)θ(α). For each of these p ∈ E4

θ we will show that both
avoidance indices are 2. This amounts to constructing an infinite binary word with
no factor xxf(x)x (xf(x)xf(x), f(x)xxf(x), xxf(x)f(x)) where x is non-empty
and f is a morphic (f is an antimorphic) involution.

Let us start with the morphic case. Let w be the infinite word

w = Π∞i=0021t[i]+2 .

We see that w is concatenated from blocks of two 0’s alternated with blocks of
either two or three 1’s.

Lemma 17. Word w morphically avoids the pattern ααθ(α)α.

Proof. Suppose there exist a substitution x for α and a morphic involution f such
that xxf(x)x is a factor of w.

If |x|0 = 0, then x = 1m for some m. If f is the identity, this makes 1111 a factor
of w, which is impossible. If f is the complement, then m ≤ 2, since f(x) = 0m is
a factor of w. Then, however, xxf(x)x = 1101 or 11110011, neither of which is a
factor of w. If |x|1 = 0, then x = 0 or x = 00. If f is the identity, this makes 0000

a factor of w, which is impossible. If f is the complement morphism, then 0010

or 00001100 is a factor of w neither of which is possible. We conclude that |x|0,
|x|1 ≥ 1.

Suppose that f is the complement morphism. Word w has factors f(x)x and
xx, hence factors 0x and 1x. This means that x cannot start with 01, 10 or 00,
since none of 101, 010 or 000 are factors of w. We deduce that x commences 11.
Similarly, x ends 11. Now, however, xx has 1111 as a factor, which is impossible.

Suppose then that f is the identity morphism, so that xxxx is a factor of w.
Let s ≥ 0 be maximal so that 0s is a prefix of x. Let t ≥ 0 be maximal such that 0t

is a suffix of x. Since |x|1 ≥ 1, x has prefix 0s1 and suffix 10t, and 10t+s1 is a factor
of xx, implying t+ s = 0 or t+ s = 2.

Case 1: Suppose t + s = 0. If |x|0 = 2, write x = 1r021q, r, q ≥ 1. Then
xxxx = 1r021q+r021q+r021q+r021q, and t contains the overlap (q + r − 2)(q +



February 1, 2013 17:7 WSPC/INSTRUCTION FILE
BischoffCurrieNowotka-final

Unary Patterns with Involution 9

r − 2)(q + r − 2), which is impossible. Thus assume |x|0 > 2, and write x =

1r021t[i]+202 · · · 1t[j]+2021q, r, q ≥ 1, i ≤ j. Then xxxx is

1r021t[i]+2 · · · 1t[j]+2021q+r021t[i]+2 · · · 1t[j]+2021q+r021t[i]+2 · · ·
· · · 1t[j]+2021q+r021t[i]+202 · · · 1t[j]+2021q ,

and t contains the overlap of powers (q+r−2)t[i] · · · t[j](q+r−2)t[i] · · · t[j](q+r−2),
which is again impossible.

Case 2: Suppose t + s = 2. If |x|0 = 2, write x = 0s1t[i]+20t, some i. Then
xxxx = 0s1t[i]+2021t[i]+2021t[i]+2021t[i]+20t, and t contains the overlap t[i]t[i]t[i],
which is impossible. Thus assume |x|0 > 2, and write x = 0s1t[i]+202 · · · 1t[j]+20t,
i ≤ j. Then xxxx is

0s1t[i]+2 · · · 1t[j]+2021t[i]+2 · · · 1t[j]+2021t[i]+2 · · · 1t[j]+2021t[i]+2 · · · 1t[j]+20t,

and t contains the overlap of powers t[i] · · · t[j]t[i] · · · t[j]t[i], which is again impossi-
ble.

Let v be the infinite word

v = Π∞i=0012t[i]+1 .

We see that v is concatenated from 0’s alternated with blocks of either one or three
1’s.

Lemma 18. Word v morphically avoids the pattern θ(α)ααθ(α).

Proof. Suppose there exist a substitution x for α and a morphic involution f such
that f(x)xxf(x) is a factor of v.

Since 00 is not a factor of v but xx is a factor, |x|1 ≥ 1. If |x|0 = 0, then x = 1m

for some m. If f is the identity, this makes 1111 a factor of v, which is impossible.
If f is the complement morphism, then m = 1, since f(x) = 0m is a factor of v.
Then, however, f(x)xxf(x) = 0110, which is not a factor of v. We conclude that
|x|0, |x|1 ≥ 1.

Suppose that f is the complement morphism. If x begins and ends with different
letters, then one of f(x)x and xf(x) has 00 as a factor, which is impossible. There-
fore the first and last letters of x are the same. They must both be 1; otherwise xx
would contain 00. Again 11 cannot be a factor of x; otherwise 00 would be a factor
of f(x). It follows that x begins with 10 and ends with 01. Now, however, xx has
the factor 0110, which is impossible.

Suppose then that f is the identity, so that xxxx is a factor of v. If |x|0 = 1,
write x = 1q01r, some q, r ≥ 0. We must have q + r ≥ 1, since |x|1 ≥ 1. Now
xxxx = 1q01r+q01r+q01r+q01t. This implies the existence of an overlap of powers
r+q−1

2
r+q−1

2
r+q−1

2 in t, which is impossible.
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Assume then that |x|0 ≥ 2. Write x = 1q012t[i]+1 · · · 12t[j]+101r for some i ≤ j,
some q, r ≥ 0. Then xxxx has the factor

1r+q012t[i]+1 · · · 12t[j]+101r+q012t[i]+1 · · · 12t[j]+101r+q0

and t contains the overlap of powers

r + q − 1

2
t[i] · · · t[j]

r + q − 1

2
t[i] · · · t[j]

r + q − 1

2
.

This is impossible.

Let u be the infinite word

u = Π∞i=001ti+2 .

We see that u is concatenated from 0’s alternated with blocks of either two or three
1’s.

Lemma 19. Word u morphically avoids the patterns ααθ(α)θ(α) and αθ(α)αθ(α).

Proof. Suppose for the sake of getting a contradiction that there exists a substi-
tution x for α and a morphic involution f such that xxf(x)f(x) or xf(x)xf(x) is
a factor of u.

First suppose that f is the complement morphism. Since u contains a factor
f(x), but no factor 00, word x cannot contain 11 as a factor. Similarly, u does not
contain a factor 010, so that x cannot contain a factor 101. The only possibilities for
x are then 0, 1, 01 and 10. The resulting values for xxf(x)f(x) (resp. xf(x)xf(x))
would be 0011, 1100, 01011010, 10100101 (resp. 0101, 1010, 01100110, 10011001)
which all contain either 00 or 010 and are thus impossible.

Suppose then that f is the identity morphism. Thus xxf(x)f(x) =

xf(x)xf(x) = xxxx. Since 00 is not a factor of u but xx is a factor, |x|1 ≥ 1.
If |x|0 = 0, then x = 1m for some m, and 1111 is a factor of u. This is impos-
sible. It follows that |x|0, |x|1 ≥ 1. If |x|0 = 1, write x = 1q01r, some q, r ≥ 0.
Then xxxx = 1q01r+q01r+q01r+q01t. This implies the existence of an overlap
(r + q − 2)(r + q − 2)(r + q − 2) in t, which is impossible.

Assume then that |x|0 ≥ 2. Write x = 1q01t[i]+2 · · · 1t[j]+201r for some i ≤ j,
some q, r ≥ 0. Then xxxx has the factor

1r+q01t[i]+2 · · · 1t[j]+201r+q01t[i]+2 · · · 1t[j]+201r+q

and t contains the overlap of powers

(r + q − 2)t[i] · · · t[j](r + q − 2)t[i] · · · t[j](r + q − 2) .

This is impossible.

We continue with the antimorphic case. There are only two antimorphisms over
Σ2: the reversal x 7→ xR and the reverse complement x 7→ x̄R with 0̄ = 1 and 1̄ = 0.
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Lemma 20. Word w antimorphically avoids the pattern αθ(α)α.

Proof. Suppose for the sake of getting a contradiction that there exists a substi-
tution x for α and an antimorphic involution f such that xf(x)x is a factor of w.

By Lemma 17 we may assume that f(x) 6= x, since we have shown that w has
no factor xxxx with x non-empty. Similarly, we may assume that f(x) 6= x̄. These
conditions together imply that x is not a palindrome, and that xR 6= x̄. Suppose, for
example that x is a palindrome. If f is the reversal, then f(x) = x, which we have
forbidden. If f is the reverse complement, then f(x) = (xR) = x̄, again forbidden.
Similarly one checks that xR 6= x̄. To continue with our proof, suppose that f is
the reverse complement. Since w contains a factor f(x), but no factor 000, word
x cannot contain 111 as a factor. Also, w does not contain 010 or 101 as a factor.
It follows that x is a factor of (0011)ω. Since xf(x) and f(x)x are factors of w,
x cannot begin or end with 01 or 10. It therefore begins and ends with 00 or 11.
The length 2 prefix and length 2 suffix of x must differ, since otherwise xx would
have 0000 or 1111 as a factor. We conclude that x = (0011)n or x = (1100)n for
some n. But then x is the complem ent of its reverse, contradicting our previous
assumption.

Suppose then that f is the reversal. Since xf(x) and xx are both factors of w
but 010, 101 are not, x cannot end in 01 or 10. Then x ends in 00 or 11, and xf(x)

contains 0000 or 1111 as a factor. This is impossible.

Lemma 21. Word (0001)ω antimorphically avoids the patterns ααθ(α)θ(α),
αθ(α)αθ(α), and θ(α)ααθ(α).

Proof. Suppose for the sake of getting a contradiction that there exists a substi-
tution x for α and an antimorphic involution f such that xxf(x)f(x), xf(x)xf(x),
or f(x)xxf(x) is a factor of (0001)ω.

If f is the reversal, then x cannot end in 01 or 10; this would imply 0110 or
1001 as a factor of xf(x); however these are not factors of (0001)ω. It follows that if
|x| > 1 then x ends in 00, since 11 is not a factor of (0001)ω. Then, however 0000 is
a factor of xf(x), which is impossible. We conclude that |x| = 1, and xxf(x)f(x),
xf(x)xf(x), f(x)xxf(x) ∈ {1111, 0000}. This is impossible.

If θ is the reverse complement, 00 cannot be a factor of x; otherwise 11 is a factor
of θ(x). However, x cannot end in 01 or 10, or xθ(x) would have 0101 or 1010 as
a factor. We conclude that |x| = 1, and xxθ(x)θ(x) = xθ(x)xθ(x) = θ(x)xxθ(x) ∈
{0011, 0101, 1001}, which are impossible.

6. Result

The above lemmas imply the following conclusion.
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Theorem 22.

Vm(p) = Va(p) =


3 if p ∈ E3 \ {ααα, θ(α)θ(α)θ(α)}
∞ if p ∈ {α, θ(α), αθ(α), θ(α)α}
2 otherwise
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