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INTRODUCTION

The biotic cycling of fixed nitrogen (N) in the
global ocean modulates the concentration of climate
relevant trace gases such as CO2 and N2O in the
atmosphere (Falkowski 1997, Altabet et al. 2002). Yet
the sources and sinks controlling the marine inven-
tory of fixed N are controversial. This applies to both
rates and processes involved (Zehr & Ward 2002,
Langlois et al. 2005, Devol 2008).

This study complements and extends a paradigm
that is widely used in marine biogeochemistry: N
 fixers or diazotrophs grow more slowly than ordi-
nary phytoplankton against which they compete for
bioavailable phosphorus (P) (Falcón et al. 2005,
LaRoche & Breitbarth 2005, Mills & Arrigo 2010), a
limited albeit essential resource in their generally oli-
gotrophic habitats. The ability to fix nitrogen gas
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ABSTRACT: The notion that excess phosphorus (P)
and high irradiance favour pelagic diazotrophy is
 difficult to reconcile with diazotroph behaviour in
 laboratory experiments and also with the observed
distribution of N2-fixing Trichodesmium, e.g. in the
relatively nitrogen (N)-rich North Atlantic Ocean.
Nevertheless, this view currently provides the state-
of-the-art framework to understand both past dynam-
ics and future evolution of the oceanic fixed N inven-
tory. In an attempt to provide a consistent theoretical
underpinning for marine autotrophic N2 fixation we
derive controls of diazotrophy from an optimality-
based model that accounts for phytoplankton growth
and N2 fixation. Our approach differs from existing
work in that conditions favourable for diazotrophy are
not prescribed but emerge, indirectly, from trade-offs
among energy and cellular resource requirements for
the acquisition of P, N, and carbon. Our model repro-
duces laboratory data for a range of ordinary phyto-
plankton species and Trichodesmium. The model
 predicts that (1) the optimal strategy for facultative
 diazotrophy is switching between N2 fixation and us-
ing dissolved inorganic nitrogen (DIN) at a threshold
DIN concentration; (2) oligotrophy, especially in P and
under high light, favours diazotrophy; (3) diazotrophy
is compatible with DIN:DIP supply ratios well above
Redfield proportions; and (4) communities of diazo -
trophs competing with ordinary phytoplankton de-
couple emerging ambient and supply DIN:DIP ratios.
Our model predictions appear in line with major ob-
served patterns of diazotrophy in the ocean. The pre-
dicted importance of oligotrophy in P extends the
present view of N2 fixation beyond a simple control by
excess P in the surface ocean.
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Inorganic nitrogen and phosphorus control the competition
between diazotrophs and ordinary phytoplankton, which in
turn drives ambient nutrient concentrations; diazotrophs are
strong competitors for P, as they can invest more energy into
its acquisition.
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(N2) is an asset in environments depleted of fixed N
because ordinary phytoplankton cannot grow with-
out it. Current implementations of N2 fixation in bio-
geochemical models have diazotrophs thriving only
in those oligotrophic regions in which N is supplied
below the demands of ordinary phytoplankton rela-
tive to P supply (Deutsch et al. 2007, Schmittner et al.
2008). The N deficit is explained by denitrification
reducing the deep-ocean dissolved inorganic nitro-
gen (DIN):dissolved inorganic phosphorus (DIP) ratio
below that at which N and P are utilised by ordinary
phytoplankton in the surface ocean (Lenton & Klaus-
meier 2007, Weber & Deutsch 2012). Additional
flavours of this paradigm have been suggested, e.g.
limiting effects of micro-nutrients (Mills et al. 2004,
Berman-Frank et al. 2007, Sohm et al. 2011) or toxins
produced by diazotrophs, which might trigger selec-
tive grazing by zooplankton (Hawser et al. 1992).

Several lines of evidence support the paradigm of
diazotrophs being favoured in regions which exhibit
an inorganic N deficit relative to P, among them the
following. (1) The slow growth of diazotrophs is rea-
sonable given the high energetic cost of reducing N2

to ammonia (Stam et al. 1987) and of avoiding nitro -
genase inhibition by oxygen (Großkopf & LaRoche
2012). (2) The N inventory is likely balanced on multi-
centennial time scales, which requires a regulating
feedback matching N gains by N2 fixation against N
losses via marine denitrification or anammox (Gruber
2004, Altabet 2007). (3) Such a regulation, e.g. accom-
plished by diazotrophs competing more successfully if
a sink of N lowers the pelagic DIN:DIP ratio below the
demands of ordinary phy toplankton, can effectively
control the oceanic N inventory in numerical models
(Moore & Doney 2007, Schmittner et al. 2008). (4) Re-
sults from self-assembling coupled global ecosystem
circulation models suggest ‘that diazotrophs are suc-
cessful only in the nitrogen-limited and oligotrophic
environments’ (Monteiro et al. 2011).

However, this view appears difficult to reconcile
with the observed distribution of diazotrophs in the
world ocean: if the N deficit was the main driver of N2

fixation, diazotrophy should occur most prominently
in regions with high excess P, such as the Eastern
Tropical South Pacific (Deutsch et al. 2007). But
the observed diazotroph distribution (Monteiro et al.
2010) bears little resemblance to the pattern predicted
by Deutsch et al. (2007). For example, diazotrophy is
amply documented for the oligotrophic subtropical
North Atlantic (Capone et al. 2005, Hynes et al. 2009,
Moore et al. 2009), where elevated DIN:DIP ratios in
the thermocline are interpreted as the footprint of
 ongoing N2 fixation in the sun-lit surface layer

(Yoshikawa et al. 2013) and provide the basis of geo-
chemical basin-scale N2 fixation estimates (Hansell et
al. 2004, Moore et al. 2009, Kähler et al. 2010). These
elevated DIN:DIP ratios cause a high N:P ratio in the
upward turbulent macro-nutrient flux to the euphotic
zone (Dietze et al. 2004). Indeed, current coupled eco-
system−ocean circulation models seem to require
spurious N sinks (e.g. such as applied in Monteiro et
al. 2010, 2011) or a reduced oceanic N inventory
(Schmittner et al. 2008) to achieve an inorganic N
deficit relative to the Redfield-equivalent of DIP (Red-
field 1958) to allow active diazotrophy in this region.

An alternative explanation for diazotrophy in the
subtropical North Atlantic, put forward by Mills &
Arrigo (2010), Deutsch & Weber (2012), and Weber &
Deutsch (2012), is the dominance of phytoplankton
groups with higher cellular N:P ratios in this and
other oligotrophic regions than in more eutrophic
higher-latitude regions. However, this explanation is
at odds with laboratory experiments showing that
growth conditions exert far greater influence on or -
ganism N:P ratio than taxonomy (compare, e.g. Rhee
1978, Healey 1985, Terry et al. 1983, 1985). This, in
turn, suggests that, overall, cellular N:P ratios are low
under oligotrophic N-limiting conditions and increase
only as N limitation is alleviated.

Published mechanistic models of N2 fixation are
also largely founded on the assumptions of high ener-
getic costs and independence of DIN supply. Bissett et
al. (1999) treated diazotrophs implicitly, de scribing N2

fixation as a direct function of light and temperature.
Neumann (2000) included P limitation, whereas Hood
et al. (2001) considered only light  limitation of N2 fixa-
tion. Fennel et al. (2002) applied a higher molar N:P
ratio (45) for diazotrophs than for other phytoplankton
(16). All of these models treated the N2 fixers as obli-
gate diazotrophs. The physiologically more detailed
model of N2 fixation by Rabouille et al. (2006) as well
as the competition model of Agawin et al. (2007) do
not consider P but allow diazotrophs to utilise both
DIN and N2. While field and laboratory studies (Mul-
holland & Capone 1999, Mulholland et al. 2001, Holl
& Montoya 2005) show that cyanobacteria can utilise
DIN when available, Orcutt et al. (2001) concluded
from 15N incubation experiments that DIN was not an
important N source for N2-fixing cyanobacteria in the
subtropical North Atlantic.

In the following, we develop an optimality-based
model of N2 fixation derived from generic trade-offs
among energy and cellular resource requirements for
the acquisition of carbon (C), P, and N. Our optimality-
based model is derived by maximising a goal function
(Smith et al. 2011), here assumed to be net balanced
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growth. This approach complements the more con-
ventional method of constructing a mechanistic model
on the basis of the underlying biochemical machinery
(e.g. Rabouille et al. 2006). It allows a meaningful de-
scription of phytoplankton behaviour without explicit
reference to many physiological de tails and enables
us to treat diazotrophs in the same modelling frame-
work as ordinary phytoplankton with an additional
compartment devoted to N2 fixation. The resulting
formulation is validated with existing laboratory ob-
servations for ordinary and diazo trophic phytoplank-
ton. We investigate emerging ecological niches by
simulating competition ex periments between dia-
zotrophs and ordinary phytoplankton under different
environmental conditions. We do not account for ef-
fects of temperature and iron on N2 fixation (Mills et
al. 2004, Houlton et al. 2008). This is a pragmatic deci-
sion triggered by the lack of laboratory data available
to us, which would be required to validate the inter -
actions between tem perature and iron concentration,
and nutrient cell quotas and N2 fixation. Thereby we
implicitly assume that our model results are valid for
warm and iron-replete conditions.

OPTIMAL REGULATION IN A CHAIN MODEL

Orthogonal hierarchy of cellular functions

Our optimality-based model of N2 fixation is based
on previous optimal growth models (Pahlow 2005,
Pahlow & Oschlies 2009, Wirtz & Pahlow 2010) and
constructed by maximising growth rate in a system
characterised by prescribed energetic and resource-
allocation trade-offs. P, N, and C acquisition are con-
nected via a chain of limitations, where the P quota
limits N assimilation and the N quota drives CO2 fix-
ation (Ågren 2004, Pahlow & Oschlies 2009, Bou ga -
ran et al. 2010). The energetic trade-offs are derived
from balancing gross C fixation (V C) and respiration
losses (R) due to the energy requirements of nutrient
acquisition and light harvesting:

μ = V C − R                                (1)

where μ is relative net growth rate. All symbols are
defined in Table 1. The resource-allocation trade-offs
are defined in terms of cellular N, via its requirement
in structural proteins and all biochemical enzyme
activity. Cellular N is represented here by its bio-
mass-normalised cell quota, or N:C ratio, QN. Cellu-
lar functions are organised into 3 levels, forming an
idealised ortho gonal hierarchy (Fig. 1). The term
orthogonal here means that the optimal allocation at

3

Symbol Units Definition

Parameters
A0 m3 mol−1 d−1 Potential nutrient affinity
α m2 E−1 mol (g chl)−1 Chl-specific light absorp-

tion coefficient
ζchl mol (g chl)−1 Cost of photosynthesis 

coefficient
ζF, ζN mol mol−1 Cost of N2 fixation, DIN 

uptake
F0

N mol mol−1 d−1 Potential N2 fixation rate
Q0

N, Q0
P mol mol−1 Subsistence N, P quota

RM
chl d−1 Cost of chl maintenance

V0
C, V0

N, V0
P mol mol−1d−1 Potential C, N, P acquisi-

tion rates

State variables
Cm mol m−3 POC concentration of 

organism type m
N mol m−3 DIN concentration
Nm mol m−3 PON concentration of 

organism type m
P mol m−3 DIP concentration
Pm mol m−3 POP concentration of 

organism type m

Ordinary variables
ƒF – Fraction of ƒV ⋅ ƒN ⋅ QN

allocated for N2
fixation

ƒN – Fraction of ƒV ⋅ QN allo-
cated for N 
assimilation

ƒR – Fraction of V C released 
as DOC

ƒV – Fraction of QN allocated 
for nutrient acquisition

F N mol mol−1 d−1 N2 fixation rate
F̂*

N mol mol−1 d−1 Locala potential N2 fixa-
tion rate

I E m−2 d−1 Irradiance
Ld – Day length as a fraction 

of 24 h
μ d−1 Net growth rate
Nso mol m−3 Switch-over DIN concen-

tration
QN, QP mol mol−1 N:C, P:C ratio (N, P quota)
Qs

N mol mol−1 Partial N quota bound in 
structural protein

R d−1 Respiration
R chl d−1 Cost of photosynthesis
S I – Degree of light saturation
θ, θ̂ (g chl) mol−1 Whole-cell, chloroplast 

chl:C ratio
V C, V N, V P mol mol−1 d−1 Whole-cell C, N, P acqui-

sition rates
V N

max, V P
max mol mol−1 d−1 Maximum N, P assimila-

tion rates
V N

T mol mol−1 d−1 Total N acquisition rate

V̂ N, V̂ P mol mol−1 d−1 Locala N, P uptake rates
V̂*

N, V̂*
P mol mol−1 d−1 Locala potential N, P assi-

milation rates
V̂T

N mol mol−1 d−1 Locala total N acquisition 
rate

aRelative to the respective compartment

Table 1. Symbol definitions and units. DIN and DIP: dis-
solved inorganic nitrogen and phosphorus, respectively;
POC, PON and POP: particulate organic carbon, nitrogen 

and phosphorus, respectively
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each level is independent of the allocation at other
levels, which is a requirement to obtain an alge-
braically tractable system. While this requirement
forces us to neglect certain (minor) feedbacks, e.g.
direct effects of P on light harvesting, it does allow
consideration of all major effects of N and P in a
phytoplankton cell. Cellular functions are optimised
for balanced growth at each level individually. The
orthogonal construction of the functional hierarchy
thereby ensures that this results in the maximal bal-
anced net growth rate of the whole cell. The bal-
anced-growth assumption involved in deriving the
optimal regulation likely limits the suitability of the
model to time scales of about a day or longer. This
should not be problematic, however, for the intended
use of the model in large-scale biogeochemical mod-
els.

Level 1: Nutrient acquisition and light harvesting

Level 1 is the highest level and encompasses the
whole cell, and thus corresponds conceptually to the
allocation schemes developed by Bruggeman & Kooij -
man (2007) and Wirtz & Pahlow (2010). At Level 1,
cellular N is subdivided into 3 parts: (1) a constant
amount (Qs

N) bound in structural protein, (2) a vari-
able amount allocated to nutrient acquisition, and (3)

the remaining cellular N available for light harvest-
ing and C fixation. With the help of the allocation
 factor ƒV, defined as the fraction of cellular N devoted
to nutrient acquisition, we thus define 3 fractions of
cellular N: the fraction Qs

N�QN for structural protein,
the fraction ƒV for the nutrient-acquisition compart-
ment, and the fraction 1 − ƒV − Qs

N�QN for the light-
harvesting compartment. For simplicity, we refer to
the light-harvesting compartment as the chloroplast,
even though cyanobacteria do not possess chloro-
plasts. The model chloroplast thus contains the pig-
ments but also all enzymes involved in C fixation.
Assuming equal N:C ratios in the chloroplast and
protoplast (intended here to refer to everything out-
side the chloroplast, see Pahlow & Oschlies 2009,
2013), C fixation (V C), N assimilation (V N), and respi-
ration (R) can be written in terms of QN and the
chlorophyll (chl):C ratio of the chloroplast (θ̂) as:

                 (2)

V N = ƒVV̂ N                               (3)

R = Rchl + ζNV N                            (4)

where V0
C is the potential CO2 fixation rate, S I is the

light saturation of the chloroplast, α is the chl-specific
light absorption coefficient, I is the irradiance, V̂ N is
the local rate of N uptake with respect to the nutri-
ent-acquisition compartment, R chl is the cost of pho-
tosynthesis, and ζNV N is the cost of N assimilation.
The assumption of equal N:C ratios in the protoplast
and chloroplast implies that N and C resources are
allocated in parallel across the entire cell. Within the
light-harvesting apparatus in the chloroplast, chloro-
phyll synthesis is optimised, balancing C fixation and
the respiratory energy requirement for the photosyn-
thetic apparatus itself (Appendix 1).

Growth rate is maximised at this level by finding
the optimal allocation factor for nutrient acquisition
(ƒV

o), which is defined as the one maximising net bal-
anced growth rate (μ–):

                 (5)

where the overbar denotes the balanced-growth as -
sumption (see Pahlow & Oschlies 2013 for derivation).

Level 2: Nitrogen and phosphorus acquisition

Level 2 allocates the cellular N devoted to nutrient
acquisition into 2 compartments responsible for N-
and P-acquisition via the allocation factor ƒN. N and P
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Fig. 1. Idealised orthogonal hierarchy of N allocation among
cellular functions. Level 1 encompasses the whole cell and
divides cellular N into 3 fractions, devoted to nutrient acqui-
sition (ƒV), structural protein (Qs

N�QN), and light harvesting
(1 − ƒV − Qs
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uptake and assimilation are expressed in terms of
local rates (V̂ N, V̂ P), i.e. with respect to the nutrient-
acquisition compartment, which contains the fraction
ƒV of the available cellular N resources. ƒN is defined
as that fraction of N within the nutrient-acquisition
compartment that is devoted to N uptake and assim-
ilation. Thus, the fraction of cellular N allocated to N
acquisition is given by the product ƒVƒN and the frac-
tion allocated to P acquisition is ƒV(1 − ƒN). As in pre-
vious optimal-growth models (Pahlow 2005, Pahlow
& Oschlies 2009), nutrient uptake is formulated as
optimal uptake kinetics (Smith & Yamanaka 2007):

V N = ƒVV̂ N = ƒVƒNV̂*
N V P = ƒVV̂ P = ƒV(1 – ƒN)V̂*

P  (6)

                 (7)

where V̂*
N and V̂*

P are the local potential rates of N
and P assimilation, respectively. A0 is the potential
nutrient affinity, V N

max and V P
max = V P

0 are the maxi-
mum rates of N and P uptake, respectively. N and P
are ambient DIN and DIP concentrations, respec-
tively. For simplicity, DIN represents both nitrate and
ammonium here. We do not explicitly account for
leakage, so Eq. (6) describes net N and P uptake. For
simplicity, Eq. (7) does not consider diffusion effects
(also, Armstrong 2008 found no im -
prove ment in model behaviour when
including diffusion).

We describe the physiological inter-
action between N and P cell quotas by
a chain of limitations (Fig. 2). At the
base of this limitation chain is P, which
is most important for ribosomes, where
biosynthesis combines amino acids into
proteins (Sterner & Elser 2002). Thus,
cellular P controls N assimilation. N,
in turn, is essential for enzymes per-
forming most other cellular functions,
which, eventually, limit growth. The
effect of P on N assimilation is treated
as a P quota dependence of the maxi-
mum N assimilation rate of the nutri-
ent-acquisition compartment (V N

max):

(8)

where V N
0 is potential N uptake rate

 under P-replete conditions and QP
0 is

the P subsistence quota, assumed here
to represent phospholipids and nucleic

acids outside the ribosomes (Sterner & Elser 2002).
The shape of Eq. (8) was chosen because it allows us
to formulate the model without explicitly specifying
the upper limit of QP, which would not be the case
for a linear dependence of V N

max on QP. In this respect,
Eq. (8) is thus the simplest choice, because it does
not require any additional parameters to constrain the
range of QP.

The optimal allocation factor for N acquisition (ƒo
N)

is found by maximising the net balanced growth rate
with respect to ƒN:

                                              (9)

               (10)

where we introduce B for notational convenience.
We found the expression for ƒo

N in Eq. (10) by acci-
dent, during an attempt to find an approximation for
ƒo

N, and could only confirm it numerically. Graphical
analysis shows that, if the system is not in steady
state, Eq. (10) yields an approximation for ƒo

N that
converges towards the steady-state solution. Eq. (9)
ensures that Levels 1 and 2 are orthogonal, i.e. ƒN can
be optimised independently of fV. As μ– is a monotonic
function of QN (Pahlow & Oschlies 2013), ƒN = ƒo

N

ˆ ˆ
* *

max max

V
V A N

V
V A P

N
N

P
P= +

⎛

⎝
⎜

⎞

⎠
⎟ = +

⎛
−

1 1 1 1

0

2

0⎝⎝
⎜

⎞

⎠
⎟

−2

V V
Q

Qmax
N

0
N 0

P

P= 1–
⎛

⎝⎜
⎞

⎠⎟

d
d

d
dN

N

N

μ
ƒ

ˆ

ƒ
!= ⇔ =0 0

V

⇔ =
+

=

−
⎛
⎝⎜

⎞
⎠⎟

ƒ

ˆ

,
ˆ

*

*
N
o

P

N P

N

P

P

1

1 1

0

0
Q

Q V

V

Q
Q

VB
B

NN

N

P

Pˆ
*V

Q
Q

1
0−

⎛
⎝⎜

⎞
⎠⎟

5

Nutrient
uptake

V ( F)
N

N
Photosynthesis

( V )
N N

s

N2 fixation

N2 fixation

V N F
N

N2 CO2

Biomass

FF

NN

V
N
s /

N
V

Structure
N
s

Level 3

Level 2

Level 1

Respiration

Protoplast Chloroplast

Biosynthesis
P P

0

Nucleus
P
0

N

Q

Q Q

Q Q
Q

Q

Q Q

Q

Fig. 2. Allocation schema and roles of cellular N and P (represented by QN

and QP) in our model compartments (representing cell functions). Cellular N
is sequentially distributed, across 3 levels, among the demands for structural
material, photosynthesis, nutrient uptake, and N2 fixation. N allocation is
described by 3 allocation factors: ƒV, between photosynthesis and nutrient
acquisition (Level 1); ƒN, between N and P uptake (Level 2); and ƒF, between
uptake of dissolved inorganic N and N2 fixation (Level 3). See Fig. 1 for details
of the optimal allocation scheme. Cellular P is divided between the nucleus
(QP

0 ) and the ribosomes (QP − QP
0 ), which are responsible for biosynthesis of

newly acquired cellular N into protein. Thick arrows indicate material flows
of C, N, and P. Dashed arrows indicate energy requirements of individual
 processes. Note that the separation of N2 fixation from the other functional 

compartments may be either spatial or temporal. I: irradiance



Mar Ecol Prog Ser 489: 1–16, 2013

maximises overall net balanced growth rate. Eq. (10)
is an implicit equation for balanced growth, since it
involves QP, but can be applied directly in forward
simulations, where QP is known.

Level 3: DIN uptake and nitrogen fixation

Facultative diazotrophy is incorporated into the
chain model via a new compartment dedicated to N2

fixation, which is separate from the photosynthetic
and nutrient-acquisition compartments (Figs. 1 & 2).
This is achieved in a mathematically convenient way
by splitting the N-acquisition compartment into a
fraction responsible for N2 fixation (ƒF) and a fraction
responsible for DIN uptake (1 − ƒF). This implies that
N2 fixation is carried out at the cost of the DIN utilisa-
tion capacity. Thus, ƒF is defined relative to the N
assimilation compartment, i.e. relative to the fraction
ƒVƒN of cellular N (Fig. 1). Total N assimilation is then:

                      
                                                                                  (11)

where FN and F̂*
N are defined as actual and local (rel-

ative to the nutrient-acquisition compartment) poten-
tial N2 fixation, respectively. As for Eq. (6), Eq. (11)
describes net N acquisition via N2 fixation, which
assumes that all ammonium leaking out of the  N2-
fixing compartment is utilised by the diazotroph
(Mulholland & Bernhardt 2005). F o

N is the potential
N2 fixation rate of the N2 fixation compartment.
Exclusive N2 fixation will thus occur for N = 0 (⇒ V̂*

N

= 0) or ƒF = 1. The energy requirement of N2 fixation
is expressed as respiration costs ζFF N:

                                                                                  
(12)

where ζF is the extra respiration cost of N2 fixation and
ζF

eff is the effective cost of N acquisition. The  optimal
allocation ƒo

N allowing for N2 fixation is found analo-
gously to Eq. (10) by maximising V̂T

N with respect to ƒN:

                                 (13)

which is identical to Eq. (10) for ƒF = 0. In the case of
pure N2 fixation, i.e. for N = 0 or ƒF = 1, ƒo

N can be
derived analytically by eliminating QP in Eq. (11) and
solving the derivative of V̂T

N with respect to ƒN. As is

the case with Eq. (10), Eq. (13) could also only be ver-
ified numerically.

ζN
eff in Eq. (12) depends on ƒN (because V̂*

N and F̂*
N

depend on QP and QP de pends on ƒN), which appears
to break the orthogonality of Levels 1 and 2, as this
introduces a mutual dependency between ƒo

N and ƒo
V.

However, net balanced growth rate (μ–) never dis-
plays a maximum when plotted as a function of ƒF,
i.e. μ– is essentially monotonic (a slight minimum can
occur when μ– |ƒF = 0 ≈ μ– |ƒF = 1) in ƒF for 0 ≤ ƒF ≤ 1 (see
Fig. 6A for an example). Thus, the optimal allocation
factor for N2 fixation (ƒo

F) is either 0 or 1. This means
that ƒo

F is effectively switching between N2 fixation
and DIN utilisation: at low DIN concentrations, the
diazotroph should fix N2 and not utilise any DIN (ƒF =
1), and at high ambient DIN concentrations, DIN
should be utilised without the diazotroph fixing any
N2 (ƒF = 0). Combining DIN utilisation and N2 fixation
is never optimal, hence we need not consider the
exact form of Eq. (13) for 0 < ƒF < 1 for implementing
the optimal N2 fixation model. Thus, the inter-depen-
dence be tween ƒo

N and ƒo
V can be safely ignored and

Levels 1 and 2 are indeed orthogonal.

VALIDATION

The behaviour of the allocation factors ƒV and ƒN

of the optimal chain model defined in Eqs. (1) to (10)
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is illustrated in Fig. 3. The model was validated for or-
dinary phytoplankton, i.e. without N2 fixation (ƒF = 0),
against the identical data sets previously used and
 described by Pahlow & Oschlies (2009). The model
parameters were hand-tuned until a good fit (gauged
visually) to the data was obtained (lower 4 rows of
Table 2, Fig. 4). An interesting result of the tuning ex-
ercise was that a good agreement between the data
and the model could be achieved by assuming identi-
cal potential acquisition rates of C, N, and P, i.e. V0

C =
V0

N = V0
P, implying that they can be re placed by a

 single maximum-rate para -
meter. Thus, the number of
tuning parameters remains
the same as in the conceptu-
ally inferior model of Pahlow
& Oschlies (2009).

Note that the respiration
cost of N assimilation (ζN) is
only a minor contribution to
total respiration here (Pah -
low & Oschlies 2013), most

of which is associated with maintaining the photo-
synthetic apparatus in the present model (Eqs. 4 &
A1). Therefore, our estimate for ζN is much smaller
than in Pahlow & Oschlies (2009) and other phyto-
plankton growth models. The treatment of mainte-
nance respiration according to the cellular chl:C ratio
(Eq. A1) is a major conceptual difference to previous
phytoplankton growth models. Our for mulation can
reconcile the apparent absence of maintenance res-
piration under nutrient limitation (e.g.  Geider et al.
1998 have set maintenance respiration to 0 for all

7

Species A0 α Q0
N Q0

P V0
C, V0

N, V0
P, RM

chl ζchl ζ N F0
N ζF

Trichodesmium sp. 60 3.7 0.13 0.0027 5 0.1 0.6 0.7 1.3 2
T. fluviatilis 70 1.6 0.046 0.0008 5 0.1 0.55 0.75 – –
S. linearis 90 1.4 0.086 0.0012 5 0.1 0.4 0.6 – –
P. tricornutum 150 0.9 0.056 0.002 5 0.1 0.35 1.0 – –
Scenedesmus sp. 1000 0.5 0.05 0.0012 5 0.1 0.4 0.6 – –

Table 2. Parameter estimates for Trichodesmium (Figs. 5 & 6), the non-diazotrophic cyano-
bacterium Synechococcus linearis, the diatoms Thalassiosira fluviatilis and Phaeodactylum
tricornutum, and the green alga Scenedesmus sp. (Fig. 4). Units are defined in Table 1
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steady-state simulations of nutrient-limited cultures)
with observations of a minimum light requirement
for growth (Quigg & Beardall 2003). The main effect
on the model be haviour is that a threshold irradiance
is introduced (Eq. A5), below which no chlorophyll is
produced, causing a downregulation of the chl:C
ratio at very low irradiance (Fig. 4C). This might help
to reduce the problem of too-intense deep chloro-
phyll maxima relative to surface concentrations re -
ported by Pahlow et al. (2008).

A model validation for the case of pure N2 fixation
(ƒF = 1) is presented in Fig. 5, where model pre -
dictions are compared with observations from 2 in -
dependent incubation experiments with Trichodes -
mium erythraeum. As both data sets used in Fig. 5
were obtained with the same species, only a single
parameter set was used for Trichodesmium sp.
(Table 2). Simulations and experiments differed
only in DIP concentration and light intensity. To our

knowledge, Fig. 5 shows all available observations
relating chl:C, N:C, and P:C to steady-state growth
rate for diazotrophic phytoplankton.

Table 2 indicates a much higher chlorophyll-specific
light absorption coefficient (α) for Trichodesmium sp.
compared with the other species. This is apparently
consistent with measurements by de Tezanos Pinto &
Litchman (2010), who reported a high α of similar
magnitude for the diazotroph Anabaena flos-aquae.
Further, the light absorption coefficient α appears to
vary inversely with potential nutrient affinity A0

(Table 2), which indicates that phytoplankton species
may be adapted to either low light or low nutrient
conditions, but not to both. As it is unclear what could
cause such an inverse relationship, it may also just
be a coincidence. Nevertheless, such a relationship
might prove useful for defining trade-offs at the
phytoplankton community level (Follows & Dutkie -
wicz 2011), i.e. one level above the physiological

8

0

0.1

0.2
A

Holl & Montoya (2008)

Mulholland & Bernhardt (2005)
0

2

4

6

8

10

B

0

100

200
C

0

2

4

6

8
D

0 0.1 0.2 0.3 0.4 0.5 0.6
0

500

1000

1500
E

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

20

40
F

P
O

C
 (m

m
ol

 m
–3

)
P

O
N

 (m
m

ol
 m

–3
)

N
:C

 (m
ol

 m
ol

–1
)

C
hl

 (m
g 

m
–3

)
P

O
P

 (m
m

ol
 m

–3
)

P
:C

 (m
m

ol
 m

ol
–1

)

Dilution rate (d–1)
Fig. 5. Fit of optimal N2 fixation to observations from Mulholland & Bernhardt (2005) and Holl & Montoya (2008). The thin dot-
ted lines in (D) indicate P concentrations in the supply. Particulate organic phosphorus (POP) was estimated from the differ-
ence between the dissolved inorganic P (DIP) concentrations in the inflow and in the culture chamber for the study of Mul -
holland & Bernhardt (2005). Parameter settings for Trichodesmium sp. are from Table 2. POC and PON: particulate organic 

carbon and nitrogen, respectively



Pahlow et al.: Optimal diazotrophy in phytoplankton

 regulation described by the present model. The QN
0

estimates for Trichodesmium and the non-N2-fixing
cyanobacterium Synechococcus linearis are much
larger compared with the eukaryotic species. In S.
linearis this results in somewhat higher QN than in
the eukaryotic species shown in Fig. 4, whereas the
maximum QN in Trichodesmium (Fig. 5) is more
 similar to that of the eukaryotes.

The finding that the estimates for both N and P
subsistence quotas are highest for the diazotroph,
even compared with the non-diazotrophic cyanobac-
terium Synechococcus linearis (Table 2), might be
explained by the N and P requirements of the  N2-
fixation apparatus (Raven 2012). If so, we would ex -
pect to find lower estimates for QN

0 and QP
0 if Tricho -

des mium was grown in a high-DIN medium. In the
absence of suitable observations, this topic remains a
subject of speculation, which is somewhat unfortu-
nate as varying subsistence quotas might affect our
conclusions about the optimal regulation (switching)
of N2 fixation.

The theoretical minimum energy requirement of
N2 fixation is 16 mol ATP mol−1 N2 (Stam et al. 1987).
Using a C consumption of 0.188 mol C mol−1 ATP
during respiratory ATP generation (Raven 1984), this
translates into a lower limit for ζF of 1.5 mol C mol−1

N. Energy requirements derived from measurements
in Rhi zobium range from 20 to 42 mol ATP mol−1 N2

(Stam et al. 1987), corresponding to values between
1.9 and 4 mol C mol−1 N for ζF. Großkopf & LaRoche
(2012) calculated direct costs of N2 fixation of about
2 mol C mol−1 N. The ζF estimate of 2 mol C mol−1 N
given in Table 2, which was obtained by fitting the
model to available data (Fig. 5), thus agrees with
the theoretical calculation of Großkopf & LaRoche
(2012) and is close to the minimum energy require-
ment estimated for Rhizobium (Stam et al. 1987).

INTERACTION BETWEEN N2 FIXATION AND
DIN UTILISATION

So far we have investigated the 2 extreme cases
of exclusive N2 fixation or DIN utilisation (ƒF = 0 and
ƒF = 1). The effect of combining N2 fixation with DIN
uptake (ƒF between 0 and 1) is shown in Fig. 6A for
parameters fitted with ƒF = 1 to experimental data for
Tricho des mium sp. (Table 2). N2 fixation can enhance
growth rate only at ambient DIN concentrations
below, in this case, 16.4 μmol l−1. Growth rate is essen-
tially a monotonic function of ƒF, decreasing for high
DIN concentrations and increasing for low DIN con-
centrations, and the optimal behaviour is switching

between DIN utilisation and N2 fixation. A switch-
over nitrate concentration (Nso) can be defined where
balanced growth rates for N2 fixation and DIN utilisa-
tion are equal in Eq. (12):

Nso ≡ μ– (ƒF = 0) = μ– (ƒF = 1)                  (14)

The data shown in Fig. 6A suggest that a simple
criterion for switching between N2 fixation and DIN
utilisation can be defined based on the definition of
Nso in Eq. (14). Because V N = μ– QN for balanced
growth, this is equivalent to:

               
(15)

at steady state, where ƒo
F is optimal ƒF and V N(ƒF = 0)

is V N as defined in Eq. (6). Nso increases with ambi-
ent phosphate concentration and irradiance (Fig. 6B).
The dashed line in Fig. 6B indicates the Redfield ratio
and corresponds to the switch-over DIN concentra-
tion associated with the classical view of excess P as
a necessary requirement for N2 fixation. The switch-
over DIN concentrations predicted by our optimality-
based model differ substantially from those of this
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view: for low ambient DIP and high light levels, our
model predicts Nso values far exceeding the Redfield
equivalent of DIP, as indicated by the region above
the dashed line in Fig. 6B. For high enough levels
of ambient DIP and low light, the ratio of Nso to DIP
is well below the Redfield ratio. The highest Nso

 relative to the Redfield equivalent of DIP occurs at
high irradiance and low DIP, characteristic of the
 surface mixed layer in stratified tropical and sub -
tropical ocean regions. A horizontal orientation of the
relationship between Nso and DIP indicates that Nso

varies essentially independently of DIP, which occurs
for moderate to high DIP and low light in Fig. 6B. The
rather high switch-over concentrations at high irradi-
ance shown in Fig. 6 indicate that N2 fixation can be
the optimal choice even with a high ambient DIN
concentration, as long as sufficient (light-)energy is
available.

When adding NO–
3 at 1 and 10 μmol l−1 to expo -

nentially growing Trichodesmium cultures without
de tect able DIN, Mulholland et al. (2001) reported
that only the addition of 10 μmol l−1 NO–

3 suppressed
N2 fixation. Mulholland et al. (2001) employed a
lower light intensity (≈3 E m−2 d−1) than that used
for Fig. 6A, and the strong dependence of Nso on irra-
diance (Fig. 6B) implies that their observed (in)sensi-
tivity of N2 fixation to NO–

3 addition is roughly in line

with the behaviour predicted by Eq. (15). Similarly,
de Tezanos Pinto & Litchman (2010) observed N2

 fixation in the freshwater cyanobacterium Anabaena
flos-aquae with a nitrate concentration of 8 μmol l−1

in the supplied growth medium, whereas a nitrate
concentration of 64 μmol l−1 completely suppressed
N2 fixation at light intensities of 1.3 and 8.6 E m−2 d−1

and a phosphate concentration of 2 μmol l−1. Since
the switch-over DIN concentrations at p = 2 μmol l−1

lie between 8 and 64 μmol l−1 for both light intensities
(Fig. 6B), this behaviour appears to concur with our
model prediction.

Holl & Montoya (2005) found that NO–
3 uptake by

Trichodesmium did reduce N2 fixation also at low
initial nitrate concentrations (0.5 to 5 μmol l−1), but
this behaviour resulted in a marked reduction in
growth rate compared with pure N2 fixation. They
noted that growth rates comparable to those
obtained with pure N2 fixation (0.3 d−1 in their
experiment) were achieved only with initial nitrate
concentrations up ward of 7 μmol l−1. Eq. (12) repro-
duces this behaviour if ƒF is small in the presence of
DIN (Fig. 6A).

Single pulses of nitrate were utilised regardless of
initial concentrations in the experiments of Mul -
holland et al. (2001) and Holl & Montoya (2005),
but only when added before the onset of the light
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period (Mulholland et al. 2001). One explanation
could be that nitrogenase can be present and active
only during certain times of the day (Mulholland et
al. 2001), outside of which nitrate utilisation would
not interfere with N2 fixation. This would imply an
upper limit for the daily-mean ƒF that is significantly
less than 1. Since the nitrate was supplied as a sin-
gle pulse, this behaviour could also be interpreted
as a transient response serving to probe ambient
DIN concentration in order to determine the feasi-
bility of DIN utilisation. This interpretation would
be in line with the finding that N2 fixation is sup-
pressed more strongly by continuous than by short-
term exposure to elevated DIN concentrations (Knapp
2012).

COMPETITION BETWEEN ORDINARY AND
DIAZOTROPHIC PHYTOPLANKTON

The response of the switch-over nitrate concentra-
tion to ambient phosphate concentration reveals the
counter-intuitive result that N2 fixation may be most
advantageous over DIN utilisation at low phosphate
concentrations, particularly under high light (Fig. 6B).
In order to examine the relationship between DIN
and DIP concentrations and the ecological niche for
N2 fixation, chemostat simulations were set up where
N2-fixing Trichodesmium compete against a diatom
(Fig. 7, Appendix 2). The competition simulations
enforce identical net growth rates (equal to the
 dilution rate of the chemostat) of ordinary and diazo -
trophic phytoplankton as a condition of coexistence.
In order to mimic the effect of remineralisation, the
N fixed by the diazotrophs is added to the growth
chamber as the cells are washed out (Appendix 2).

The decline in (N2-fixing) Trichodesmium relative
to the diatom with increasing N:P supply ratio (N:P)in

shown in Fig. 7A is expected. However, N2 fixation is
favoured relative to diatom growth at lower supplied
nutrient concentrations if (N:P)in is held constant.
Hence we conclude that low DIP is relatively more
beneficial than low DIN for diazotroph growth
 compared with diatom growth at low nutrient con-
centrations. The coexistence of diazotrophs and ordi-
nary phytoplankton in this setup requires identical
growth rates, which, for a given light level, must be
uniquely determined by the ambient DIP concentra-
tion.  Consequently, the residual ambient DIN:DIP
ratio (N:P)out becomes a unique function of light and
DIP concentration. Thus, unless Trichodesmium is
outcompeted by the diatom, the DIN concentration
in the growth chamber (N) becomes independent

of (N:P)in. The relationship between (N:P)in and DIN:
DIP in the growth chamber (Fig. 7B) can be calcu-
lated from the ratio of particulate organic phosphorus
(POP) and total P (rP) and the ratio of diazotrophic
and diatom biomass (rC):

               (16)

where the subscripts ‘o’ and ‘nf’ refer to ordinary and
diazotrophic phytoplankton, respectively. (N:P)in ≥
(N:P)in(rC = 0) implies competitive exclusion of the
diazotroph (Fig. 7C). The greater the fraction of P
bound in the organisms, the larger the range in
(N:P)in for which DIN:DIP is constant for any given
combination of irradiance and ambient DIP concen-
tration. Therefore, a community of diatoms and N2

fixers could be viewed as a biotic buffer controlling
ambient DIN:DIP ratios, whose strength depends on
the fraction of P absorbed in the living biomass.

The effect of light intensity on ambient DIN:DIP
ratio in the presence of N2 fixation is shown in
Fig. 7D. Interestingly, ambient DIN:DIP declines with
increasing irradiance, contrary to the expectation
that energy-intensive N2 fixation should be relatively
more competitive under high-light conditions. For
light levels typical for the surface ocean, DIN:DIP
ratios close to or exceeding Redfield proportions are
only achieved at low ambient phosphate concen -
trations. Another surprising prediction of our model
is the competitive advantage of non-N2-fixing diazo -
trophs over ordinary phytoplankton at low irra diance
(Fig. 7D). The low-light behaviour might not be overly
significant, as Trichodesmium regulates its buoyancy
by means of gas vacuoles and usually lives close to
the surface. This result is in line, however, with the
observation by de Tezanos Pinto & Litchman (2010)
that Anabaena flos-aquae (which also did not fix N2

in this case) dominated green algae under low light
(1.3 E m−2 d−1) but was essentially outcompeted by
green algae at 8.6 E m−2 d−1 when the DIN:DIP supply
ratio was high (32).

DISCUSSION

Our model of phytoplankton growth and diazotro-
phy is based on a clear definition of the physiological
roles of N, P, and light, according to the chain-model
concept (Ågren 2004). This approach provides a
 common framework for simulating both ordinary and
diazotrophic phytoplankton, which appears to concur
with major patterns in diazotroph behaviour. Hence
the model should be well suited to investigate the
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competition between both phytoplankton types for
light and phosphate. Differences in cell quotas reflect
the different physiological organisation related to
the 2 N-acquisition strategies of diazotrophic and
non-diazotrophic phytoplankton. The most important
model predictions, however, are the competitive abil-
ities for light and phosphate emerging from the inter-
action be tween the cell quotas and resource (C, N,
and P) acquisition (Fig. 7).

The effect of iron on the competition between diazo -
trophs and ordinary phytoplankton remains some-
what unclear (Sañudo-Wilhelmy et al. 2001). Iron
undoubtedly affects N2 fixation as nitrogenase, the
enzyme catalysing N2 fixation, does have a high iron
content. Accordingly, Moore et al. (2009) invoked
iron limitation of N2 fixation in the South Atlantic
because they could not link N2 fixation to the ob -
served pattern of excess P. However, the enzyme
complex involved in nitrate reduction in ordinary
phytoplankton also contains much iron, implying that

both phytoplankton types may be similarly affected by
iron lim i tation. In the absence of unequivocal labora-
tory observations, we conclude that this remains an
open question.

The strong coupling between (N:P)out and DIP con-
centration shown in Fig. 7B,D implies that a commu-
nity consisting of both ordinary and diazotrophic
phytoplankton could exert relatively strong biotic con-
trol on the emerging surface DIN:DIP ratio and decou-
ple (N:P)out from the supply DIN:DIP ratio. If this was
the case, one might expect to find evidence for such a
decoupling in data from field investigations. The sub-
tropical North Atlantic might be an appropriate place
to look for such a phenomenon as its surface waters
are oligotrophic to  ultra-oligotrophic, well lit, warm,
iron replete, and only relatively weakly influenced by
waters of more eutrophic origin, and N2 fixation does
occur there (Kähler et al. 2010, Mills & Arrigo 2010).

In spite of some scatter, we indeed found a relation-
ship between DIP and the DIP:DIN ratio along a tran-
sect in the subtropical North Atlantic (Fig. 8) that
qualitatively resembles our model predictions shown
in Fig. 7B. This is not to say that the predicted rela-
tionship between ambient DIN:DIP and DIP con -
centration shown in Fig. 7B is the only interpretation
of the pattern shown in Fig. 8A. While this pattern
could, in fact, result from independent log-normal
random distributions of DIN and DIP concentrations
with the same means and variances as in the observa-
tions, it is clearly inconsistent with a Redfield  coupling
of N and P. However, the (local) biotic control of sur-
face ambient DIN:DIP ratio predicted by our model
(Fig. 7B) could explain both the decoupling and the
systematic deviation (the mean DIN: DIP ratio in these
observations is about 5) from the Redfield ratio.

While the simulated phytoplankton behaviour ap -
pears broadly consistent with laboratory experiments
(Figs. 4 & 5), which adds confidence to the model pre-
dictions, some of them are counter to the assumptions
and conclusions of current state-of-the art biogeo-
chemical models (e.g. Moore & Doney 2007, Schmit-
tner et al. 2008). Our main predictions are as follows:

(1) The optimal strategy for facultative diazotrophy
is a switch between N2 fixation and DIN uptake
(Fig. 6). If this switching reasonably represents dia-
zotroph behaviour in the surface ocean, this predic-
tion could help to reconcile the apparent discrepancy
between the lack of significant DIN uptake in field
observations (Orcutt et al. 2001) on the one hand, and
the ability of diazotrophs to utilise DIN as demon-
strated in laboratory experiments (Mulholland et al.
2001, Holl & Montoya 2005, de Tezanos Pinto & Litch-
man 2010) on the other hand.
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(2) A rather high chlorophyll-specific light absorp-
tion coefficient α was required for Trichodesmium,
compared with the ordinary phytoplankton species
in Table 2, in order to obtain a good agreement with
the observations shown in Figs. 4 & 5. A high value of
α could be interpreted as the result of an adaptation
to the high energy requirement of N2 fixation and
implies that (non-N2-fixing) diazotrophs could domi-
nate over ordinary phytoplankton under low-light,
high-N conditions. This model prediction seems clearly
at odds with what is generally considered as the eco-
logical niche of diazotrophs. However, this is exactly
what was observed by de Tezanos Pinto & Litchman
(2010).

(3) The strong negative relationship between N:P
supply ratio and relative biomass contribution of
 diazotrophs (Fig. 7A) appears to concur largely with
the canonical view of N2 fixation being favoured by
excess P. However, there is more to the story. Both
the modelled switch-over behaviour (Fig. 6) and the
results of the competition experiments (Fig. 7) predict
that, for any given DIN:DIP supply ratio, (N2-fixing)
diazotrophs have a competitive advantage at low-
phosphate and high-light conditions, which can be
understood as a consequence of the interaction of N
and P in the chain model: ordinary phytoplankton
must allocate an increasing fraction of their cellular
N to N acquisition, and hence an ever smaller frac-
tion is available for DIP uptake as DIN concentrations
diminish, which is not the case for diazotrophs, as N2

gas availability never limits N2 fixation (F N in Eq. 11).
Thus, diazotrophs can allocate relatively more N to
the P-uptake machinery than ordinary phytoplank-
ton in the presence of low nutrient concentrations. In
consequence, ordinary phytoplankton experience
a strong colimitation by DIN and DIP availability
(Eqs. 7 & 8) under oligotrophic conditions, whereas
diazotrophs are only P limited. Even if their nutrient
affinity (A0) is lower than that of their competitors
(Table 2), diazotrophs suffer less from nutrient limita-
tion under oligotrophic conditions, where they com-
pete successfully against ordinary phytoplankton
even in the presence of high ambient DIN:DIP
ratios (e.g. Monteiro et al. 2010). Maybe somewhat
counter-intuitively, it follows that the ability to fix
N comes along with superior phosphate competition
capabilities. This result is consistent with observa-
tions of a positive relationship between P stress and
N2 fixation in both marine (Hynes et al. 2009) and
 terrestrial environments (Houlton et al. 2008). The
ability to utilise dissolved organic P (DOP) has been
suggested to further strengthen the competitive ad -
vantage of diazotrophs (Dyhrman et al. 2006, Houl-

ton et al. 2008). However, the importance of this
mechanism is unclear as DOP utilisation is also
 widespread among eukaryotic phytoplankton (e.g.
Cembella et al. 1982, Raven 2012).

We conclude that a revision is warranted of the
view, put forward, for example, by Deutsch et al.
(2007), that diazotrophy is simply favoured by ex -
cess P in the surface ocean, relative to the Redfield
equivalent (1/16) of the DIN concentration.
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Appendix 2. Competition simulations

The competition experiments between ordinary and dia-
zotrophic phytoplankton are set up as static-DIP chemostat
simulations, i.e. the dilution rate is adjusted to keep DIP
concentration constant in the simulated growth chamber.
This setup facilitates tracking the effects of ambient DIP
concentration but does not affect the steady-state behav-
iour of the model. Diazotrophic and ordinary phytoplank-
ton are represented by the parameters for Trichodesmium
(with ƒF = 1) and T. fluviatilis, respectively, in Table 2:

                                                                                           (A6)

                                                                                           (A7)

                                                                                           (A8)

                                                                                           (A9)

                                                                                         (A10)

where the subscripts ‘dia’, ‘nf’, and ‘in’ refer to diatom, Tri -
cho desmium, and concentrations in the inflow, respec-
tively, and D is the dilution rate. The results shown in Fig.
7 are steady-state solutions of Eqs. (A6) to (A10). The N
contained in N2-fixing Trichodesmium cells washed out of
the growth chamber was added back in the form of DIN by
adding the term NnfD in the rightmost term in Eq. (A10).
This is equivalent to assuming full remineralisation of all
washed-out phytoplankton cells at steady state. Tricho -
desmium and the diatom coexist across a wide range of
N:P supply ratios in these simulations (Fig. 7A).
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Appendix 1. Optimal chlorophyll regulation

Chlorophyll synthesis is driven by the balance of CO2

fixation and the cost of photosynthesis incurred within the
chloroplast. The cost of photosynthesis is introduced here
to account for the energy requirement of the continuous
turnover of chlorophyll and D1 protein during photosyn-
thesis (Vavilin & Vermaas 2007, Nixon et al. 2010), and is
formulated as the sum of a light-dependent (proportional
to the degree of light saturation, S I, Eq. 2) and a light-inde-
pendent term (proportional to the cost of chlorophyll main-
tenance, RM

chl):

                                 (A1)

where ζchl is the cost of photosynthesis coefficient and θ is
the cellular chl:C ratio. The cost of photosynthesis is meant
to cover dark-respiration costs of all metabolic activities
other than nutrient uptake and assimilation (Pahlow &
Oschlies 2013). This formulation (Eq. A1) ties maintenance
respiration to cellular chlorophyll content and thereby
goes beyond previous phytoplankton growth models (e.g.
Shuter 1979, Geider et al. 1998, Pahlow & Oschlies 2009),
which assumed constant maintenance respiration. Our
new formulation links night-time respiration with daytime
activity and introduces a threshold irradiance (see Eq. A5
below) for growth. Substituting Eqs. (2), (3), (4), and (A1)
into Eq. (1) gives:

                                 (A2)

where A is a short-hand notation containing all light-
dependent terms, Ld is day length, and the overbar indi-
cates averaging over 24 h, in addition to the balanced-
growth assumption. Instantaneous growth rate is obtained
by omitting Ld from Eq. (A2). Since A is independent of
QN, θ̂ can be optimised independently of ƒV, which makes
it relatively straightforward to determine the optimal chl:C
ratio of the chloroplast (θ̂o) as the value that maximises the
net balanced growth rate:

                          (A3)

                                              
(A4)

where W0 is the 0-branch of the Lambert-W function and:

                              (A5)

is the threshold irradiance for chlorophyll synthesis.
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