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Abstract

In this thesis, a simple analytical model (SAM) of the shortwave (SW) radiative transfer
in the stratospheric aerosol layer (SAL) is presented. Methods of relating changes in
radiative transfer due to the SAL span a wide spectrum. On one end are complete radia-
tive transfer models which are accurate but computationally expensive. On the other are
cruder but faster methods, such as assuming a linear relationship between radiative �ux
changes and the optical depth of the SAL. The SAM is supposed to be a compromise be-
tween these two extremes, i.e. both relatively accurate and computationally inexpensive.
The SAM is based on the two-stream approximation of the radiative transfer equation
and assumes a plane-parallel geometry. Two ways of parametrizing the atmosphere be-
tween the SAL and the ground are presented. In order to estimate the quality of the
SAM, its results are compared to results from the radiative transfer code uvspec from
the radiative transfer library libRadtran. This is mainly done by calculating the ratio
Ruvspec/RSAM where Ruvspec and RSAM are albedos at the top of the SAL according to
uvspec and the SAM respectively. This ratio is found to lie between about 0.975 and
1.07. The agreement between uvspec and the SAM is therefore quite good. Results from
the SAM are also compared to already existing literature where the focus is on the 1991
Pinatubo eruption. This is mainly done by calculating the ratio ∆FTOA/τ where ∆FTOA

are the changes in SW radiative �ux at the top of the atmosphere (approximated by the
top of the SAL in the SAM), and τ is the optical depth of the SAL. For a realistic rep-
resentation of the SAL for the �rst year following the 1991 Pinatubo eruption, this ratio
is found to be 35.4 according to the SAM. This is a slightly higher value than usually
seen in the literature. Finally, the SAM is used to investigate the ratio ∆FTOA/τ further.
This ratio seems to be quite strongly connected to the e�ective radius of the aerosol size
distribution, especially for narrower distributions. Despite this, the results of this thesis
indicate that ∆FTOA/τ can be used to some extent to relate SW radiative �ux changes
at the top of the atmosphere to the stratospheric aerosol optical depth.
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Zusammenfassung

In dieser Arbeit wird ein einfaches analytisches Model (simple analytic model: SAM) des
kurzwelligen Strahlungstransport in der stratosphärischen Aerosolschicht (stratospheric
aerosol layer: SAL) vorgestellt. Methoden, mit denen sich Änderungen des Strahlungs-
transport aus der SAL ableiten lassen, umfassen ein weites Spektrum. Auf der einen
Seite �nden sich vollständige Modelle des Strahlungstransports, die zwar genau sind,
aber eine hohe Rechenleistung erfordern. Auf der anderen Seite �nden sich grobere
und schnellere Methoden, wie etwa einen linearen Zusammenhang zwischen der Än-
derung des Strahlungsleistungs�uss und der optischen Dicke der SAL anzunehmen. Das
SAM soll eine Kompromisslösung sein, d.h. ohne hohen Rechenaufwand relativ präzise.
Das SAM beruht auf einer Zweistromnäherung der Strahlungstransportgleichung. Auÿer-
dem wird eine planparralele Geometrie angenommen. Um den Teil der Atmosphäre zwi-
schen der SAL und der Erdober�äche zu parametrisieren, stellen wir zwei Methoden
vor. Um die Qualität des SAM zu überprüfen, werden die Ergebnisse daraus mit Ergeb-
nissen des Codes uvspec aus der Strahlungstransport-Library libRadtran verglichen. Im
Wesentlichen wird hierzu das Verhältnis Ruvspec/RSAM berechnet. Ruvspec und RSAM sind
hier jeweils die Albedo am oberen Rand der SAL, berechnet mit uvspec bzw. dem SAM.
Das Verhältnis der beiden Werte liegt zwischen 0,975 und 1,07. Das SAM stimmt also
recht gut mit uvspec überein. Auÿerdem vergleichen wir Ergebnisse des SAM mit Li-
teraturwerten im Hinblick auf den Pinatubo-Ausbruch von 1991. Im Wesentlichen wird
hierzu das Verhältnis ∆FTOA/τ berechnet. ∆FTOA ist hier der Strahlungsleistungs�uss
am oberen Rand der Atmosphäre (im SAM näherungsweise der obere Rand der SAL)
und τ ist die optische Dicke der SAL. Eine realistische Darstellung der SAL im Jahr
nach dem Pinatuboausbruch von 1991 ergibt im SAM ein Verhältnis von 35,4. Dieser
Wert liegt leicht über den üblichen Literaturwerten. Schlieÿlich nutzen wir das SAM, um
das Verhältnis ∆FTOA/τ genauer zu untersuchen. Das Verhältnis scheint recht stark mit
dem e�ektiven Radius der Aerosolverteilung zusammenzuhängen. Das gilt besonders für
enge Gröÿenverteilungen. Ungeachtet dessen zeigen die Ergebnisse dieser Arbeit, dass
das Verhältnis ∆FTOA/τ bis zu einem gewissen Grad dazu verwendet werden kann, einen
Zusammenhang zwischen den Änderungen des kurzwelligen Strahlungsleistungs�uss am
oberen Rand der Atmosphäre und der optischen Dicke der stratosphärischen Aerosole
herzustellen.
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1 Introduction

In the lower stratosphere, at about 20 to 25 km altitude, there exists a layer of aerosols.
They are mostly composed of sulphuric acid dissolved in water and can a�ect the ra-
diative balance of the Earth-atmosphere system in important ways (Junge et al., 1961;
Kremser et al., 2016). The material in this layer is to a large extent transported into
the stratosphere by explosive volcanic eruptions but other mechanisms also play a role
(Kremser et al., 2016; Robock, 2000; Solomon et al., 2011).

One of the fundamental properties of the stratospheric aerosol layer is its optical depth
(Lacis et al., 1992). Since the optical depth connects strongly to the amount of radiation
passing through a medium, it is often chosen to be the one variable which is the most
suitable to characterize the stratospheric aerosol layer (Sato et al., 1993; Ridley et al.,
2014; and Schmidt et al., 2018). Finding the relationship between the optical depth of the
SAL and changes in radiative transfer is therefore of great interest. This has been done
in many ways which span a broad spectrum. On one end are complete radiative transfer
models (see for example Lacis et al., 1992; Toohey et al., 2011; and Schmidt et al., 2018)
which can give detailed and reliable results but are often computationally expensive. On
the other end of the spectrum are simpler methods. Lacis et al. (1992), Hansen et al.
(2002), and Hansen et al. (2005) used various versions of the GISS climate model (God-
dard Institute for Space Studies) to calculate the ratio of radiative �ux changes to the
stratospheric aerosol optical depth at 550 nm, ∆F/τ . This ratio can be used to esti-
mate the �ux changes caused by the stratospheric aerosol layer when the optical depth
is known. This method is easy to implement and computationally inexpensive but not
very accurate. It does for example not take the e�ects of di�erent physical properties of
the aerosol population into account which can cause considerable uncertainties (Hansen
et al., 2002). The ratio ∆F/τ has, however, been extensively used in the literature. A
few examples include Lacis et al. (1992), Andronova et al. (1999), Ramachandran et al.
(2000), Hansen et al. (2005), and Schmidt et al. (2018).

In this thesis, a simple analytical model (abbreviated as SAM) of the shortwave (SW)
radiative transfer in the stratospheric aerosol layer is presented. It is meant to be an in-
termediate step between complete radiative transfer models and simpler approaches such
as the ratio ∆F/τ . Compared to more complex radiative transfer models, the SAM is
computationally inexpensive, and it gives much more detailed results than when simply
using the ratio ∆F/τ . The SAM is, however, based on a greatly simpli�ed version of the
real world and relies on several important assumptions and approximations. The SAM
calculates the spectrally averaged global mean albedo at the top of the stratospheric
aerosol layer and transmittance at its base. At present, only the incoming solar radiation
is considered.
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Figure 1: Visual representation of the path from the initial aerosol parameters to their
e�ects on radiative transfer (RT). See appendix for de�nitions of variables and abbre-
viations.

Fig. 1 shows the work �ow used in this thesis to estimate the e�ects of the stratospheric
aerosol layer on radiative �ux changes. First the fundamental properties of the aerosols
in the layer, such as their refractive indexes and size distribution, are assumed. Those
quantities are fed to a computer code which calculates the relevant optical properties (a
Mie code). They are in turn given to a radiative transfer model which calculates the
relevant radiative �uxes.

To summarize, the aim of this thesis is to present a simple analytical model (SAM) which
calculates the e�ects of the stratospheric aerosol layer on the global mean incoming solar
radiation. The SAM is meant to be a compromise between accurate but computationally
expensive radiative transfer models and cruder methods. Chapter 2 is a literature review
which summarizes the main ideas and objectives of this thesis. In Chapter 3, the basic
radiative transfer theory behind the SAM is described, along with the SAM itself. It
also includes a short account on the radiative transfer toolbox libRadtran and how it is
used here. In Chapter 4, the quality of the SAM is evaluated. Chapter 4 also includes
a comparison of results from the SAM and existing literature. Finally, in Chapter 5,
the most important �ndings of this thesis are summarized and suggestions are made for
further proceedings.
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2 Background

2.1 A brief history of stratospheric aerosol research

A persistent layer of aerosols in the stratosphere has been known to exist for about a cen-
tury (Turco et al., 1982; Deshler, 2008). It was, however, not measured until the 1950's
and continuous time series exist from the 1970's (Deshler et al., 2003; Deshler, 2008).
One of the most important early papers was written by Junge et al. (1961). It is a report
on measurements from balloons carrying instruments up to 30 km. From those measure-
ments, the authors drew conclusions regarding the size and chemical composition of the
aerosols in the stratosphere. Very little was known about these aerosols before the re-
search of Junge et al. (1961) but people knew about their existence from various indirect
observations, among them the presence of noctilucent clouds. The injection of material
into the stratosphere was also known, especially in the context of large nuclear explosions
and major volcanic eruptions. A good example of this are the observations of high altitude
distribution of material from the 1883 Krakatau eruption (Junge et al., 1961; Kremser et
al., 2016). Although regular measurements exist only from the 1970's, e�orts have been
made to gather information about the stratospheric aerosols further back in time. Sato
et al. (1993) did for example estimate the optical depth of the stratospheric aerosol layer
from 1850 to 1990. Depending on the period, they based their results on satellite data,
solar and stellar extinction data, or estimates of the volume emitted from large eruptions.

Junge et al. (1961) reported on several discoveries in their paper. They found that
sulphur containing aerosols with radii between 0.1 and 1.0 µm formed a layer at altitudes
between 15 and 25 km and that they had a maximum concentration at around 20 km.
Many of their �ndings are still valid today. The aerosols are indeed mainly composed of
sulphuric acid in water and although the stratospheric aerosol layer can extend up to 35
km, the majority of its mass usually resides between the tropopause and 25 km (Deshler
et al., 2003; SPARC, 2006; Kremser et al., 2016).

Following large volcanic eruptions, the stratospheric aerosol layer becomes optically thicker
and the size distribution of the aerosols changes. These e�ects are greatest for the �rst
2-3 years. As a rule of thumb, the optical depth following an eruption has fallen to about
a tenth of the maximum value after this time (Deshler, 2008). These major eruptions,
see for example Krakatau 1883 and Tambora 1815, can have a large impact on climate
through their injection of sulphur into the stratosphere but only for a few years at a
time (Robock, 2000). Junge et al. (1961) found that the stratospheric aerosol layer was
quite constant with time. Their measurements where done at the end of a period of low
volcanic activity (Sato et al., 1993) and might therefore suggest an apparent background
aerosol layer. Solomon et al. (2011) demonstrated that this background aerosol layer is
not constant and its variations can be important when calculating changes in radiative
�uxes. There does, however, not seem to be any long term trend regarding these back-
ground aerosols (Kremser et al., 2016).

Today, stratospheric aerosols are actively researched as discussed in Kremser et al. (2016).
Both ground and space based instruments, along with balloon soundings, are used to
measure optical quantities and radiative �uxes. Special models are being developed and
implemented for a better representation of the stratospheric aerosol layer in climate sim-
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ulations. The greatest e�ects volcanoes have on the climate is through the stratosphere
(at least on the human time scale, let us not forget the role eruptions played in the
development of the atmosphere, see for example Robock (2000)) and interest in geoengi-
neering by arti�cial stratospheric aerosol injections has greatly increased in recent years.
Stratospheric aerosols therefore provide a broad �eld of research.

2.2 The function of the aerosol layer in radiative transfer

It is common to separate the radiation in the atmosphere into two categories: Solar radia-
tion (or shortwave, SW) and thermal emissions (or longwave, LW). As the names suggest,
the solar radiation originates in the Sun but thermal emissions from various parts of the
Earth system according to Planck's law. Conveniently, these two categories are quite
separated on Earth. The vast majority of the solar radiation entering at the top of the
atmosphere (TOA) has wavelength λ < 4 µm whereas almost all the thermal emissions
in the Earth-atmosphere system has λ > 4 µm (Petty, 2006). It is therefore possible to
investigate only the SW or only the LW without oversimpli�cations. In this work, only
the incoming solar radiation is considered.

Figure 2: The most important radiative transfer processes in the atmosphere for the
incoming solar radiation (λ < 4 µm). Recreation of �gure 1 from Mishra et al. (2015).

Fig. 2 is a recreation of �gure 1 in the paper by Mishra et al. (2015) and summarizes the
most important processes of SW radiative transfer in the atmosphere. An incoming solar
beam will eventually collide with air molecules, aerosols or other suspended particles, or
the ground. Each time it encounters an obstacle, it can either be subjected to an ab-
sorption event or a scattering event. In the former case, the beam is absorbed and later
re-emitted according to Planck's law. The new beam will have much greater wavelength
and no longer fall under the SW regime which is the focus of this thesis. If the solar beam
is scattered it usually does not change its wavelength and will have to be accounted for in
our calculations until it either gets absorbed or eventually leaves the Earth-atmosphere
system back into space.

Stratospheric aerosols can a�ect climate in several ways, both by interfering directly
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with the radiative transfer and also indirectly by a�ecting atmospheric chemistry and
atmospheric circulation (Kremser et al., 2016). An example of how the aerosols in�uence
radiative transfer indirectly is that they form surfaces on which chemical reactions which
lead to ozone depletion can occur (Robock, 2000). Those indirect e�ects are, however,
not a subject of this thesis and will not be discussed further. The direct e�ects of the
aerosols are mainly divided into two categories. One is the greenhouse e�ect where the
aerosols absorb outgoing terrestrial LW radiation and cause warming in the troposphere.
The other is the albedo e�ect which is the main focus of this thesis. When the aerosols
re�ect incoming solar radiation back into space it cools the Earth due to less energy
being absorbed. Whether the stratospheric aerosol layer causes net warming or cooling
in the troposphere depends on which factor is more important, the increase in albedo
or the greenhouse e�ect. Usually the albedo e�ect plays a larger role, especially when
the typical sizes of stratospheric aerosols are considered, which leads to net tropospheric
cooling (Hansen et al., 1992).

2.3 Simple methods relating �ux changes and optical depth

Results from a few papers relating SW �ux changes at the top of the atmosphere (TOA)
to the stratospheric aerosol optical depth are listed in Table 1. They use di�erent meth-
ods, ranging from observations to models. In this thesis, a method to relate SW �ux
changes to optical depth is also developed and its results for the 1991 Pinatubo eruption
are included in Table 1 for future references.

Chou et al. (1984) wrote an early paper in which they discuss the relationship between
the optical depth of volcanic aerosols in the stratosphere and �ux changes at the TOA.
They used a multilayer energy balance model to calculate the radiative �ux changes be-
tween 0° and 90°N. The aerosols are composed of 75% sulphuric acid in water and follow
a gamma size distribution1 where the mean particle radius is 0.11 µm. They used a refer-
ence optical depth for the visible spectrum, denoted by τvis in their paper, and performed
calculations for both τvis = 0.1 and τvis = 0.2. The results for these cases are very similar
and the τvis = 0.1 case is presented in Table 1.

Stowe et al. (1992) carried out theoretical calculations to estimate the relationship be-
tween global mean stratospheric aerosol optical depth at 500 nm and TOA SW �ux
changes. For the optical depth, they used data following the Pinatubo eruption, from
June 15th 1991 to August 21st 1991, between 20°S and 30°N.

Minnis et al. (1993) found the stratospheric aerosol optical depth and radiative �uxes
following the Pinatubo eruption, May to October 1991, using satellite data. The observa-
tions cover latitudes between 40°S and 40°N. They assumed a linear relationship between
�ux anomalies and optical depth and their results for the SW can be found in Table 1.

Russel et al. (1993) measured stratospheric aerosol optical depths at 550 nm on Mauna
Loa on Hawaii following the Pinatubo eruption. Their measurements were done in Septem-
ber 1991, four months after the eruption, and in July 1992. Values from the September
1991 date are used in Table 1. Based on optical depth measurements, they estimated that
the aerosols followed a log-normal size distribution with e�ective radii between 0.22 and

1See section 3.1.8 for an introduction to aerosol size distributions and their e�ects on radiative transfer.
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0.86 µm. In Table 1, two di�erent estimates for the e�ective radius in September 1991
are used. The small case indicates an e�ective radius of 0.44 µm but the large case 0.68
µm. In order to connect the measured optical depth to radiative �ux changes, Russel et
al. (1993) used a two-stream radiative transfer model. This is especially interesting to
note since the simple analytical model developed in this thesis is also a two-stream model.
What a two-stream model is will be discussed in section 3.2 of this thesis. According to
the results of Russel et al. (1993), the TOA SW �ux changes for the small case are 5.5
W/m2 and 6.8 W/m2 for the large case. Again the aerosols are assumed to be composed
of 75% sulphuric acid in water.

Andronova et al. (1999) used a radiative transfer model to derive several parametrizations
for radiative �ux changes at the top of the atmosphere. By assuming a linear relationship
they arrived at the equation ∆FTOA = 33.5τ550nm for the relationship between SW �ux
changes, ∆FTOA, and the optical depth at 550 nm, τ550nm. We term this relationship
basic in Table 1. Andronova et al. (1999) also related the �ux changes to the daylight
fraction of a day, fd, the planetary albedo, ap, and the cosine of the solar zenith angle,
µ0, and arrived at

∆FTOA = 49.739τ550nm · fd

· (2.5706− 5.9127ap + 4.3704a2
p)

· (1.11857− 0.54196µ0 − 0.42746µ2
0).

(1)

This relationship is termed multivar in Table 1, standing for multiple variables. The
aerosols Andronova et al. (1999) used in their model runs were made up of 75% sulphuric
acid in water and followed a log-normal size distribution with a mean radius of 0.2 µm.
The results in Table 1 for the multivar case are found by calculating ∆FTOA for several
di�erent solar zenith angles, with µ0 evenly spaced between 0 and 1, and taking the av-
erage of those results.

Ramachandran et al. (2000) used a general circulation model to investigate the strato-
spheric aerosol radiative forcing following the Pinatubo eruption from June 1991 to May
1993. They performed model runs for both a cloudless sky (clear) and a sky including
clouds (total). Results from both cases are presented in Table 1. The mean e�ective
radius of the aerosols was 0.5 µm. They compared their results to the paper of Russel et
al. (1993) and the results in Table 1 do therefore represent the situation at Mauna Loa
on Hawaii. Ramachandran et al. (2000) found that ∆FTOA = 3.8 W/m2 for the clear
case and ∆FTOA = 7.2 W/m2 for the total case. In both instances the optical depth was
τ550nm = 0.21.

As we can see in Table 1, almost all of the papers discussed above relate optical depth
to SW �ux changes through model calculations. In fact the only research which is solely
based on observations is Minnis et al. (1993). However, most of them base their optical
depth data on observations and those observations feature heavily in some of the papers.
They are for example the main objective of Stowe et al. (1992) and Russel et al. (1993).
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Table 1: SW �ux changes at the TOA, ∆FTOA, as a function of optical depth, τ , from
several papers. This is an extended version of Table 1 in Andronova et al. (1999).
In the third column τref = 0.1 is used for a clearer comparison between papers. The
fourth column indicates the method each paper uses to derive the relationship between
�ux changes and optical depth, it can either be through observations (obs.) or models.

Paper ∆FTOA ∆FTOA/τref Method

Chou et al. (1984) 22.3τ 2.23 model

Stowe et al. (1992) 33.1τ 3.31 model

Minnis et al. (1993) (17.1± 5.6)τ − 0.7 1.01± 0.56 obs.

Russel et al. (1993) [small] 26.2τ 2.62 model

Russel et al. (1993) [large] 32.4τ 3.24 model

Andronova et al. (1999) [basic] 33.5τ 3.35 model

Andronova et al. (1999) [multivar] see Eq. 1 2.07 model

Ramachadran et al. (2000) [total] 18.1τ 1.81 model

Ramachadran et al. (2000) [clear] 34.3τ 3.43 model

This thesis (for Pinatubo) 35.4τ 3.54 model
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3 Methodology

3.1 Basic theory

In the following sections the radiative transfer equation is introduced along with some of
its key features and variables which are important to this thesis.

3.1.1 The radiative transfer equation

The general equation of radiative transfer for di�use radiation in a plane-parallel atmo-
sphere can be found in various sources, see for example equations 3.4.5 and 3.4.6 in Liou
(2002) or equations 1 and 3 in Toon et al. (1989). It can be written as

µ
dI(τ, µ, φ)

dτ
= I(τ, µ, φ)− J(τ, µ, φ) (2)

where I is di�use intensity (also known as radiance and has the units W/(m2sr)), µ = cos θ
is the cosine of the zenith angle at which the scattered di�use radiation is observed, and
φ the azimuth angle. The source term, J , represents the sources of radiation. Here it is
given by

J(τ, µ, φ) =
ω

4π

∫ 1

−1

∫ 2π

0

I(τ, µ′, φ′)p(µ, φ;µ′, φ′)dφ′dµ′+
ω

4π
Fsunp(µ, φ;−µ0, φ0)e−τ/µ0 (3)

where ω is the single scattering albedo, τ the optical depth, p the phase function, and Fsun

the direct solar �ux (with units W/m2). The subscript zero (0) indicates the direction
of the incident solar beam and the prime (′) the direction of incident di�use radiation.
In this thesis, J takes two sources of radiation into account: Di�use light scattered in
and out of the direction of the beam in question, and the direct (i.e. non-di�use) solar
beam. Remember that only the SW radiation is considered here. Thermal emissions from
the atmosphere and the ground can be added to the source term (see for example equation
2 in Toon et al., 1989) but that is outside the scope of this thesis. The azimuthal direction
of the incident beam of radiation does not matter when it comes to calculating the vertical
radiative transfer, only the zenith angle. We can therefore de�ne azimuthally averaged
intensities as

I(τ, µ) =
1

2π

∫ 2π

0

I(τ, µ, φ)dφ (4)

and azimuthally averaged phase functions as

p(µ, µ′) =
1

2π

∫ 2π

0

p(µ, µ′,∆φ)d(∆φ) (5)

where ∆φ = φ− φ′ (Petty, 2006). Using Eqs. 3 to 5 simpli�es Eq. 2 to

µ
dI(τ, µ)

dτ
= I(τ, µ)− ω

2

∫ 1

−1

I(τ, µ′)p(µ, µ′)dµ′ − ω

2
Fsunp(µ,−µ0)e−τ/µ0 . (6)

This is the azimuthally averaged equation of radiative transfer which we will solve later
in this thesis. As we can see, there are three important physical variables present in Eq.
6. Those are the optical depth τ , the single scattering albedo ω, and the phase function
p. These are (or relate to) the three fundamental parameters in radiative transfer (Liou,
2002, p. 364) and are discussed in more details in the following sections.
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3.1.2 Di�use and direct components of the radiation

As we saw in the previous section, the radiative �eld can separated into two categories,
namely direct and di�use. This is a common practice in the literature, see for example
chapter 6.2 in Stamnes et al. (2017). In this thesis, the direct part constitutes of the
parallel beams coming straight from the Sun. The portion of the direct beam escaping
through a slab of medium with optical thickness τ can be described by the Beer-Bouger-
Lambert law (see for example chapter 2.7 in Stamnes et al., 2017):

Fdir(τ) = Fdir(0)e−τ/µ0 (7)

where Fdir is the direct radiative �ux as a function of optical depth. This corresponds to
the last term on the right hand side of Eq. 6. Note that τ is the optical depth along a
line perpendicular to the slab and µ0 accounts for the e�ects of the angle of the incoming
beam. The quantity τ/µ0 is often called the slant optical depth (Heng, 2017). The part
of the beam which does not make it through is subjected to extinction. That is to say, it
is either absorbed or scattered by the medium. In the case of scattering, the ray changes
its path and hence contributes to the �ux from a di�erent direction than it originally did.
A beam which has been subjected to at least one scattering event is said to be di�use.

3.1.3 Albedo and transmittance

Two of the most important concepts in this thesis are albedo and transmittance. Those
are the output variables of the simple analytical model and are used to estimate the
radiative �uxes related to the stratospheric aerosol layer. It is therefore wise to de�ne
them in a clear manner. Albedo of a surface is de�ned as the ratio of the re�ected �ux
(or intensity) to the incident �ux (or intensity):

R =
Frefl

F0

(8)

where F0 is the total incoming radiative �ux and Frefl the total re�ected one (Liou, 2002).
Transmittance is de�ned in a similar way, the fraction of radiation which makes it through
a medium:

T =
Fthr

F0

= e−τ/µ0 +
Fthr,diff

F0,diff

(9)

where Fthr is the total radiative �ux transmitted through the medium, F0,diff is the in-
coming di�use radiative �ux, and Fthr,diff is the di�use part of the �ux getting through
the medium. Note that on the right hand side of Eq. 9, the transmittance of the direct
and di�use parts of the radiation have been separated. There the term e−τ/µ0 accounts
for the transmittance of the direct beam according to Eq. 7.

3.1.4 Optical depth

The optical depth between points s1 and s2 is de�ned as

τ(s1, s2) =

∫ s2

s1

βext(s)ds (10)

where βext = σextN is the volume extinction coe�cient and has dimensions of one over
distance. N is the number density concentration of particles and σext is the extinction
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cross section area per particle. See for example chapter 7 in Petty (2006). If βext does
not vary along the physical path and the locations s are taken to be altitude levels z, Eq.
10 can be written as

τ(z1, z2) = βext ·∆z (11)

where ∆z = z2 − z1.

Variations of optical depth with wavelength
The optical depth of a medium is not constant for all wavelengths. In order to calculate
how it varies, the wavelength dependence of βext has to be known. βext is however not
always available. When that is the case, it is possible to use a related quantity, namely
the extinction e�ciency Qext. It is de�ned as

Qext =
σext

A
=
βext

AN
(12)

where A is the geometric cross section area per particle. If the optical depth is known at
a speci�c wavelength, λ0, it can be calculated at any other wavelength, λ, according to

τλ
τλ0

=
βext,λ ·∆z
βext,λ0 ·∆z

=
βext,λ

βext,λ0

=
Qext,λ

Qext,λ0

⇒ τλ =
Qext,λ

Qext,λ0

τλ0 . (13)

Reference optical depth
Since the optical depth can vary along the radiative spectrum, a reference optical depth
at a certain wavelength is usually speci�ed. It is often done for λ0 = 550 nm, see for
example Lacis et al. (1992), Sato et al. (1993), and Hansen et al. (2005). However, know-
ing the optical depth at a single arbitrary wavelength does not give the fullest picture
of the situation. This is because a monochromatic optical depth does not directly relate
the total amount of radiative energy transmitted through a medium. By integrating the
optical depth over the whole radiative spectrum (the extraterrestrial solar spectrum in
this thesis) the average optical depth for all wavelengths can be estimated. This is not
often done but Andronova et al. (1999) provide an example where the optical depth
averaged over the interval 400 to 700 nm is used. Averaging the optical depth over the
solar spectrum can be done according to

τ̄ =

∫ λ2

λ1
τλSλdλ∫ λ2

λ1
Sλdλ

(14)

where τ̄ is the spectrally averaged optical depth, τλ the wavelength dependent optical
depth from Eq. 13, and Sλ is the extraterrestrial solar spectrum. From Eqs. 13 and 14,
the relation between τ̄ and τλ can also be written as

τλ =
τ̄Qext,λ

∫ λ2

λ1
Sλ′dλ

′∫ λ2

λ1
Qext,λ′Sλ′dλ′

. (15)

3.1.5 Single scattering albedo

The single scattering albedo, ω, is de�ned as the ratio of the scattering coe�cient, βsca,
to the extinction coe�cient, βext:

10



ω =
βsca

βext

=
βsca

βsca + βabs

. (16)

Note that the extinction coe�cient is the sum of the scattering and absorption coe�cients,
βext = βsca + βabs (Petty, 2006). The single scattering albedo gives the probability of
scattering taking place during an extinction event (Stamnes et al., 2017). If ω = 1,
then βext = βsca and hence βabs = 0. This means that all extinction takes the form of
scattering and that there is no absorption of radiation in the medium. This case is called
conservative scattering and can sometimes be used as a reasonable approximation for SW
radiation in Earth's atmosphere.

3.1.6 The phase function

The phase function is a quantity which describes the angular distribution of scattered
radiation (Pierrehumbert, 2010) as it encounters a particle. That is to say, it describes
the angle between the incoming and the outgoing beams, Θ. This angle is often given
in terms of cos Θ = Ω̂ · Ω̂′ where Ω̂ is the direction of the scattered beam and Ω̂′ is the
direction of the incident beam. Let the scattered zenith angle be θ and the scattered
azimuth angle φ. Then the zenith and azimuth angles of incident radiation are θ′ and
φ′ respectively. It is a common practice to write the scattered zenith angle as µ = cos θ
and the incident as µ′ = cos θ′. Using a Cartesian coordinate system, the cosine of the
scattering angle can be written as

cos Θ = Ω̂ · Ω̂′ = µµ′ + (1− µ2)1/2(1− µ′2)1/2 cos(φ− φ′). (17)

Here the trigonometric identity cos2 θ + sin2 θ = 1 has been used. Usually for spherical
particles, the phase function is azimuthally symmetric (Stamnes et al., 2017). We take an
advantage of this and de�ne the azimuthally averaged phase function. See Eq. 5 earlier
in this thesis. Note that p(µ, µ′,∆φ) = p(cos Θ) in Eq. 5. This azimuthally averaged
version of the phase function only depends on the zenith angle.

The phase function is normalized to unity. That way energy is conserved in the case
of no absorption (Petty, 2006). Also note that the coordinate system is often oriented in
such manner that the incoming radiation comes from the zenith, i.e. θ′ = 0. Therefore
the phase function is sometimes given in terms of only the scattering zenith angle, i.e.
p(µ).

Expansion, moments and the asymmetry parameter
Since the real phase function is quite complicated it is often approximated by parametriza-
tion. It can be done is several ways. One of the most common ones is to use Legendre
polynomial expansion and Mie theory (Zhang et al., 2017). If the Legendre polynomials
are represented by Pn(cos Θ), the phase function expansion looks like this:

p(cos Θ) =
∞∑
n=0

bnPn(cos Θ) =
∞∑
n=0

(2n+ 1)knPn(cos Θ) (18)

where bn and kn are the moments of the phase functions. Both expressions are commonly
used in the literature and it is important to remember that bn = (2n+ 1)kn. The former
version (the one using bn) is more common, see for example Petty (2006) and Wiscombe
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and Grams (1976), but the latter (using kn) is also used in some important sources, most
notably in the radiative transfer library libRadtran. In this thesis, bn will be used. The
formula for the moments is then:

bn =
2n+ 1

2

∫ 1

−1

Pn(cos Θ)p(cos Θ)d cos Θ (19)

for n ∈ [0, 1, 2, ...]. For the second moment we have the following relation:

b1 =
3

2

∫ 1

−1

cos Θp(cos Θ)d cos Θ = 3g ⇒ g =
b1

3
(20)

were g is the asymmetry parameter and given by

g =
1

2

∫ 1

−1

cos Θp(cos Θ)d cos Θ. (21)

In terms of kn, this relationship is simply k1 = g. The asymmetry parameter lies in the
range −1 ≤ g ≤ 1 and describes the relative amount of radiation scattered in the forward
or the backward directions with respect to the incoming beam. If g = 0, neither back-
ward nor forward scattering is preferred. They are equally likely. This is called isotropic
scattering. g = 1 indicates that all beams are scattered exactly forwards and g = −1
that all beams are scattered exactly backwards. See chapter 11.3.2 in Petty (2006) for
further discussion. As we shall later see, g is usually considerably larger than zero in the
case of stratospheric aerosols which indicates predominantly forward scattering.

The backscattered fraction β
Let's begin by noting that although the backscattered fraction is represented with a β, it
is not the same as the extinction, scattering, and absorption coe�cients described earlier.
The backscattered fraction represents the fraction of radiation which is being scattered in
the backward direction (Petty, 2006) and is given by an integral over the phase function:

β(µ0) =
1

2ω

∫ 1

0

p(−µ′, µ0)dµ′ (22)

where µ0 represents the zenith angle of incident radiation. The mean backscattered frac-
tion, i.e. for isotropically incident radiation, is

β̄ =

∫ 1

0

β(µ0)dµ0. (23)

The two previous equations are taken from Wiscombe and Grams (1976). As Wiscombe
and Grams (1976) pointed out in their paper, the expressions in Eqs. 22 and 23 are double
and triple integrals over the full phase function respectively. From those equations they
derived analytical expressions for both β(µ0) and β̄ as single integrals over the phase
function. Those are:

β(µ0) =
1

2πω

∫ π/2+θ0

π/2−θ0
arccos(cot θ cot θ0)p(cos θ) sin θdθ +

1

2ω

∫ π

π/2+θ0

p(cos θ) sin θdθ

(24)
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and

β̄ =
1

2πω

∫ π

0

θp(cos θ) sin θdθ. (25)

Here θ is the zenith angle between the incoming and outgoing radiation, θ0 the angle of
incident radiation, µ0 = cos θ0, and p(cos θ) the phase function.

Mie scattering
Scattering by particles can be classi�ed into several regimes. To decide which is the most
applicable to a certain problem it can be helpful to introduce the size parameter. It is
de�ned as

x =
2πr

λ
(26)

where r is the radius of the particles in question and λ the wavelength of the radiation
(Petty, 2006). In this work, we are only interested in radiation with λ < 4 µm. If we
assume that a typical background aerosol in the stratosphere has r = 0.2 µm we get a
size parameter of x > 0.31. For larger aerosols, let's say with r = 0.6 µm, and ultraviolet
radiation, say λ = 0.35 µm, we get x ≈ 11. According to Petty (2006), Mie theory,
which describes scattering by spherical particles (Liou, 2002), is applicable for roughly
0.2 < x < 2000. Since stratospheric aerosols ful�l both these criteria we will assume that
the Mie theory is applicable in their case.

The details of Mie scattering will not be discussed here. The theory is well established
and described in several textbooks, see for example Liou (2002). Many algorithms have
been written to calculate optical properties from physical parameters using the Mie the-
ory and they are often used in radiative transfer models. An example of this is the code
by Wiscombe (1980) which is used in the radiative transfer package libRadtran.

The phase functions provided by Mie calculations can be very detailed, depending on
the number of moments used, and can capture much of the �ner structure of the real
phase function. However, the computation time can be long so when a detailed descrip-
tion of the real phase function is not required a simpler approximation might be handy.
This is for example the case in this thesis where we are only interested in integrated
quantities such as the backscattered fraction. One of the more popular ways to do this
it to use the Henyey-Greenstein phase function.

The Henyey-Greestein phase function
The Henyey-Greenstein phase function was introduced by Henyey and Greenstein (1941)
in the context of di�use radiation in space. It was chosen as an approximation for the
real phase function because it mimics the forward scattering observed in Mie calculations.
It is still used today in radiative transfer calculations and is actively researched (see for
example the discussion in Li et al., 2015). The Henyey-Greenstein phase function only
depends on the asymmetry parameter, g. That is to say, it only depends on a single
moment of the real phase function. It is given by the equation:
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pHG(µ) =
1− g2

(1 + g2 − 2gµ)3/2
(27)

where µ is the cosine of the zenith angle between incident and scattered radiation.
Note that this assumes that the zenith angle of incident radiation is zero. The Henyey-
Greenstein phase function is practical to use since it has a simple analytical form and
does not require a complicated numerical code to be derived like the Mie phase function.
Not even in cases where the moments of the phase function are required to perform the
radiative transfer calculations (for example when using libRadtran). That is because the
moments of the Heneye-Greenstein phase function are are simply bHG,n = (2n+ 1)gn, see
chapter 6.5.1 in Stamnes et al. (2017). Also, in cases where the moments are not required
(for example in the simple analytical model presented in this thesis) it is very handy since
it can be implemented directly. Numerical integrations are not time consuming due to
the simplicity of the function and all coding is straightforward.

Figure 3: Left: The Mie phase function constructed from the �rst eleven moments
based on Mie calculations for aerosols made of 75% sulphuric acid in water, following
a gamma size distribution with an e�ective radius of 0.5 µm. Right: The Henyey-
Greenstein phase function according to Eq. 27. The legend shows the asymmetry
parameter, g, corresponding to each function. The angular axes represents the scatter-
ing angle. The radial axis does not carry units but represents the probability of a beam
to be scattered in a certain direction.

However, the Henyey-Greenstein phase function is not perfect. Due to its simplicity it
does not capture the more detailed features of the real phase function. This can be seen
on Fig. 3 where the Mie and Henyey-Greenstein phase functions are plotted side by side
for the same asymmetry parameters. The Mie phase functions are constructed from the
�rst eleven moments from Mie calculations for aerosols made of 75% sulphuric acid in
water, following a gamma size distribution with an e�ective radius of 0.5 µm. Both phase
functions show a strong forward scatter with increasing g but there is a clear di�erence in
the shapes. Note that for the SW part of the radiative spectrum, the asymmetry param-
eter for stratospheric aerosols often ranges between about 0.4 and 0.8 as can be seen in
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Fig. 4 (left). The most relevant phase functions for the aerosols in this thesis do therefore
resemble the green (g = 0.5) and blue (g = 0.7) curves in Fig. 3. As we can see, they are
strongly forward scattering.

When it comes to integrated quantities, such as the asymmetry parameter and the
backscattered fraction, the Henyey-Greenstein phase function can perform quite well.
Fig. 4 (middle and right) shows how the backscattered fractions from Eqs. 24 and 25 us-
ing the Henyey-Greenstein and Mie phase functions compare. It is based on the same Mie
calculations as Fig. 3. As we can see in Fig. 4 (middle), the Mie and Henyey-Greenstein
phase functions agree reasonably well. Especially for lower values of the angle of incident
radiation and the asymmetry parameter. To the right we see that the agreement is also
good for the mean backscattered fraction. As we can see in the left panel, the asymme-
try parameter calculated for this speci�c size distribution never exceeds about 0.75. We
also see how a single value of the asymmetry parameter can correspond to two di�erent
wavelengths. This is the reason for the range of the Mie based backscattered fractions
we see in Fig. 4 (middle and right) and the "hooks" on their curves for larger asymmetry
parameters. Due to its simplicity and reasonable agreement to the Mie phase function,
the Henyey-Greenstein phase function is used in the simple analytical model presented
in this thesis.

Figure 4: Left: The asymmetry parameter, g, as a function of wavelength, λ. Middle:
Zenith angle dependent backscattered fraction, β(µ0), for a range of angles of incident
radiation calculated from the Mie (dots) and Henyey-Greenstein (lines) phase func-
tions. Right: The mean backscattered fraction, β̄, as a function of the asymmetry
parameter from the Mie (dots) and Henyey-Greenstein (line) phase functions. The
same Mie calculations are used here as in Fig. 3.

3.1.7 Rayleigh scattering

Along with the Mie scattering, Rayleigh scattering is important in atmospheric radiative
transfer. It can be derived from the Mie equations (Stamnes et al., 2017) and applied
when λ � r or, as Petty (2006) suggests, x < 0.2. That is to say, Rayleigh scattering
happens mainly for very small particles. A large portion of the atmosphere is composed of
N2 molecules which have a bond length of about 0.11 nm (p. 329 in Brown et al., 2014).
Let's assume this can represent the "radius" of a typical air molecule. We are mostly
interested in light with wavelengths greater than 250 nm. This gives a size parameter
x < 0.0028. This would put the molecular scattering of solar radiation in the atmosphere
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in the Rayleigh scattering regime. Unlike Mie, the Rayleigh theory does not require
spherical particles. They can be of any shape as long as they are very small compared
to the wavelength of the radiation (Petty, 2006). Rayleigh scattering by molecules plays
a considerable role in the radiative transfer in the atmosphere and is responsible for the
blue colour of the sky.

3.1.8 Size distributions

Size matters when it comes to the optical properties of particles in the atmosphere. How-
ever, the size of similar particles occupying the same space is not always the same. The
aerosols in the stratospheric aerosol layer are an example of this. It is important to know
how the size distribution is in order to accurately calculate the layer's optical properties
through Mie theory.

The size distribution of aerosols and other particles is empirical but it can often be �tted
with known analytical expressions which are convenient for calculations. Two popular
ones are used in this work: Gamma and log-normal distributions. Gamma distributions
do not seem to be used much in the context of stratospheric aerosols - although with
exceptions, see for example Lacis et al. (1992) - but rather when dealing with rain and
snow clouds in the troposphere (Jia et al., 2019). Hansen and Travis (1974) give the
gamma distribution on the form

n(r) = k0r
(1−3veff)/veffe−r/reffveff (28)

where k0 is a normalization constant, r particle radius, veff the e�ective variance of the
distribution and reff the e�ective radius (see below). The log-normal distribution is more
popular in stratospheric aerosol research (Russel et al., 1993; Andronova et al., 1999;
Neely III et al., 2016; and Toohey et al., 2016). It is so named because the natural
logarithm of the variable, here the aerosol radius, is normally distributed. Hansen and
Travis (1974) give its formula as

n(r) =
k1

r
exp

[
−1

2

(
ln(r)− ln(rg)

σg

)2
]

(29)

where k1 is a normalization constant and

rg =
reff

(1 + veff)5/2
and σ2

g = ln(1 + veff).

Note that in the log-normal distribution, ln(rg) is the mean value for ln(r). Hansen and
Travis (1974) de�ned the concepts of e�ective radius:

reff =

∫ r2
r1
rπr2n(r)dr∫ r2

r1
πr2n(r)dr

(30)

and e�ective variance:

veff =
1

r2
eff

∫ r2
r1

(r − reff)2πr2n(r)dr∫ r2
r1
πr2n(r)dr

(31)

in their paper. The e�ective radius is the mean radius of particles in a distribution
weighted by the particle geometric cross section. Note that since the term r2

eff appears in
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the denominator of Eq. 31, the e�ective variance is dimensionless.

Size distributions of the stratospheric aerosols are often bimodal (Deshler et al., 2003;
Deshler et al., 2008). This re�ects on the di�erent origins of the aerosols. A unimodal
distribution can be a good approximation and is often used since it is simpler to imple-
ment and retrieve from coarse observations (Bingen et al., 2004). Therefore, unimodal
distributions are used in this thesis.

3.2 Description of the simple analytical model (SAM)

Eq. 6 can be solved numerically but there also exist analytical solutions for special cases
and approximations. The simple analytical model (SAM) used in this work is based on one
of them, namely the two-stream approximation. In the following sections, it is introduced
along with the core equations of the SAM.

3.2.1 The two-stream approximation

To solve Eq. 6 we can make the two-stream approximation. It assumes that the di�use
intensity can be approximated by two streams, one going into the upper hemisphere
(µ > 0) and the other in the lower (µ < 0). This is visualized in Fig. 5. Remember that
µ describes the direction of the outgoing, i.e. scattered, radiation. According to Meador
and Weaver (1980) we can write this as

I(τ, µ) =

{
I+(τ) =

∫ 1

0
µI(τ, µ)dµ when µ > 0

I−(τ) =
∫ 1

0
µI(τ,−µ)dµ when µ < 0.

(32)

Using the two-stream approximation and averaging Eq. 6 over each hemisphere results
in two coupled di�erential equations. Meador and Weaver (1980) showed that they can
be written as

dI+

dτ
= γ1I

+ − γ2I
− − γ3ωFsune

−τ/µ0 (33)

dI−

dτ
= γ2I

+ − γ1I
− + γ4ωFsune

−τ/µ0 (34)

where the γ's are determined by the method used to estimate the integrals
∫ 1

0
I(τ,±µ)dµ

and
∫ 1

0

∫ 1

−1
I(τ, µ′)p(µ,±µ′)dµ′dµ.

Two di�erent two-stream methods are used in this work. One is the hemispheric con-
stant method (model 2), derived by Coakley and Chýlek (1975). It will be referred to as
CC75 hereafter. The other is the hybrid modi�ed Eddington-delta method. It was derived
by Meador and Weaver (1980) and will be referred to as MW80. Both of these meth-
ods, along with several others, are presented and discussed in the paper by Meador and
Weaver (1980). The derivation of the γ's for these di�erent methods (see Table 2) will
not be carried out here but the reader is encouraged to go through the works of Coakley
and Chýlek (1975) and Meador and Weaver (1980). For a more basic approach, see the
detailed solution of the radiative transfer equation using a two-stream approximation in
Petty (2006).
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Figure 5: An illustration of the two-stream approximation. Adapted from �gure 13.3 in
Petty (2006).

Although the idea behind the two-stream approximation is quite simple, it can still be
used for practical purposes. For example, when the atmosphere of a planet has much
greater horizontal extent that vertical, the horizontal propagation of radiation can be ig-
nored (Heng, 2017). If the atmosphere becomes thick relative to the radius of the planet
it surrounds this approximations may not hold. But since the Earth's atmosphere is quite
thin, the two-stream approximation is justi�able. Especially when dealing with global
means as in this thesis.

The two-stream approximation can also be used when the horizontal and vertical scales
are closer to each other, especially if the geographical setting is convenient. Petty (2006)
provides a good example. Imagine a balloon hovering between an optically thick cloud
and a uniform, di�use scattering surface. This could for example be over a glacier or
farmland. In this case it might be reasonable to approximate the radiative �eld with a
single di�use stream for the upper hemisphere and another single stream for the lower.
One must however be careful when using the two-stream approximation since it is a great
simpli�cation of the full radiative transfer equation.

Table 2: γ's for the CC75 and MW80 two-stream methods. β̄ and β(µ0) are the mean
and zenith angle dependent backscattered fractions respectively, ω the single scattering
albedo, and g the asymmetry parameter.

CC75 MW80

γ1 2[1− ω(1− β̄)] 7−3g2−ω(4+3g)+ωg2(4β(µ0)+3g)
4[1−g2(1−µ0)]

γ2 2ωβ̄ −1−g2−ω(4−3g)−ωg2(4β(µ0)+3g−4)
4[1−g2(1−µ0)]

γ3 β(µ0) β(µ0)

γ4 1− γ3 1− γ3
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3.2.2 Albedo and transmittance of the stratospheric aerosol layer

The following equations are the heart of the simple analytical model. Meador and Weaver
(1980) gave expressions for the albedo (equation 14 in their paper) and transmittance
(equation 15 in their paper) for an aerosol layer in a plane parallel atmosphere. They
used the boundary conditions I+(τ ′) = I−(0) = 0, i.e. no incident di�use radiation at
the top and no re�ections from the ground below (sometimes referred to as black earth).
τ ′ is the optical depth of the layer. For the albedo and transmittance we have respectively:

R̃′λ(µ0) =
ω
[
(1− kµ0)(α2 + kγ3)ekτ

′ − (1 + kµ0)(α2 − kγ3)e−kτ
′ − 2k(γ3 − α2µ0)e−τ

′/µ0
]

(1− k2µ2
0)[(k + γ1)ekτ ′ + (k − γ1)e−kτ ′ ]

(35)

T̃ ′λ(µ0) = e−τ
′/µ0

[
1−

ω
[
(1 + kµ0)(α1 + kγ4)ekτ

′ − (1− kµ0)(α1 − kγ4)e−kτ
′ − 2k(γ4 + α1µ0)e−τ

′/µ0
]

(1− k2µ2
0)[(k + γ1)ekτ ′ + (k − γ1)e−kτ ′ ]

]
(36)

where µ0 is the cosine of the angle of incident solar radiation, ω the single scattering
albedo, τ ′ the total optical depth of the layer, α1 = γ1γ4 + γ2γ3, α2 = γ1γ3 + γ2γ4, and
k =

√
γ2

1 − γ2
2 . The subscripts λ indicate that those quantities are monochromatic.

To get the hemispheric mean albedo and transmittance we integrate over all angles of
incoming radiation, from µ0 = 0 to µ0 = 1 (see for example the equations on page 2449
in Wiscomb and Grams, 1976, and discussion in Cronin, 2014). This is not possible to do
numerically so a �nite number of angles must be chosen. They are eleven in this thesis
since each iteration is quite time consuming. That does, however, seem to be enough.
Then we have

R̃λ =

∫ 1

0
R̃λ(µ0)µ0Sλdµ0∫ 1

0
µ0Sλdµ0

(37)

T̃λ =

∫ 1

0
T̃λ(µ0)µ0Sλdµ0∫ 1

0
µ0Sλdµ0

(38)

where Sλ is the wavelength dependent solar �ux, i.e. the solar spectrum. To include
re�ections from the ground below, the following equations can be implemented (see for
example Petty, 2006; Russel et al., 1979; and Donohoe and Battisti, 2011):

Rλ = R̃λ +
aeff T̃λ

2

1− R̃λaeff

(39)

Tλ =
T̃λ

1− R̃λaeff

(40)

where aeff is the e�ective albedo of a plane directly below the aerosol layer. See further
discussion about the e�ective albedo in section 3.2.5. Finally, to get spectrally averaged
quantities (see for example Eq. 29 in Wiscombe and Grams, 1976):

R̄ =

∫ λ2

λ1
RλSλdλ∫ λ2

λ1
Sλdλ

(41)
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T̄ =

∫ λ2

λ1
TλSλdλ∫ λ2

λ1
Sλdλ

. (42)

3.2.3 Re�ections between ground, atmosphere, and aerosols

Re�ections between the ground, the atmosphere and the stratospheric aerosol layer are
an important part of how the SAM works. It might therefore be a good idea to describe
how the expressions in Eqs. 39 and 40 are derived. Fig. 6 shows an idealized version
of the Earth system where only two layers are considered, namely the ground and the
aerosol layer. The atmosphere in between is ignored. The ground has an albedo agr and
the aerosol layer has albedo and transmittance of R and T respectively.

When a beam of sunlight meets the aerosol layer it is either re�ected back or transmit-
ted. The transmitted part is then either absorbed by the ground or redirected upwards.
Then it can re�ect from the aerosol or be transmitted into space. This process can go on
in�nitely many times or until the beam has been extinguished. To �nd the total top of
the layer albedo, all the outgoing terms above the aerosol layer on Fig. 6 are summed.
This in�nite series has the closed form given in Eq. 39. Similarly, if the downgoing terms
between the ground and the aerosols are summed they yield Eq. 40. The quantity R in
Fig. 6 corresponds to R̃λ in the previous section, T to T̃λ, and agr to aeff . This method of
�nding the total albedo or transmittance of a system can be expanded to multiple layers.
We take an advantage of this when parametrizing the atmosphere later in this thesis, see
Eq. 45. For a more detailed description, see chapters 13.7 and 13.8 in Petty (2006).

Figure 6: Idealized version of re�ections between the stratospheric aerosol layer and
the ground. Here the atmosphere is ignored. The aerosol layer has albedo R and
transmittance T while the ground has albedo agr. This �gure is adapted from �gure
13.10a in Petty (2006).

3.2.4 Treatment of the solar spectrum

The solar constant is S0 =
∫∞

0
Sλdλ ≈ 1360 W/m2 at the top of the atmosphere, see

for example page 3 in Stamnes et al. (2017). This is the �ux on a plane facing the
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sun on Earth's orbit. Since the Earth is close to being spherical, the mean �ux for the
sunlit hemisphere is S0/2. This is because the surface area of a sphere with a radius r
is Asph = 4πr2 and its cross section area Acr = 2πr2. Then Acr/Asph = 1/2. For one
rotation of the Earth (ignoring the axial tilt), each point on the surface has been both
illuminated and in darkness for an equal amount of time. The mean �ux for the entire
Earth is therefore S0/4 ≈ 340 W/m2. To calculate the �uxes at the top and the base
of the aerosol layer from the SAM, the appropriate R and T described in the previous
section are therefore multiplied with S0/4.

3.2.5 Parametrizing the atmosphere in the SAM

The SAM does not explicitly take the atmosphere into account. It only considers the
stratospheric aerosol layer. It is, however, possible to try to parametrize the atmosphere
and hence include it to the SAM. Here two related methods are proposed. They are
termed the e�ective albedo method (EAM) and the three layer method (TLM). Both are
based on the assumption that the atmosphere between the stratospheric aerosol layer and
the ground can be treated as a single layer with an albedo r2 and transmittance t2, see
Fig. 7. It is important to keep in mind that these parametrizations only take the part of
the atmosphere between the ground and the stratospheric aerosol layer into account. It
ignores the e�ects of the air molecules inside the aerosol layer and above. In the following
paragraphs these methods are described in more details.

Figure 7: The altitude pro�le of molecular density of air in the atmosphere is represented
by the blue curve. The light blue area indicates the aerosol layer which extends between
20 and 25 km. r1 and t1 indicate the albedo and transmittance of the aerosol layer,
and r2 and t2 the albedo and transmittance of the atmosphere between the ground and
the aerosol layer.

The e�ective albedo method (EAM)
The e�ective albedo method is the simpler of the two. It assumes that a plane just below
the stratospheric aerosol layer has an e�ective albedo, termed aeff . This e�ective albedo
boils the ground albedo (agr) and the albedo (r2) and transmittance (t2) of the atmosphere
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between the stratospheric aerosol layer and the ground into a single number (aeff). This
e�ective albedo is given by

aeff = r2 +
agrt

2
2

1− agrr2

. (43)

Note that the variables agr, r2 and t2 have to come from external sources. Those can
for example be scienti�c papers or other radiative transfer models. Eq. 43 is derived by
assuming in�nite re�ections between the ground and the atmosphere in the absence of a
stratospheric aerosol layer. This e�ective albedo method is very convenient since aeff can
be a direct input to the SAM where takes the place of a_avg (see the script for the SAM
in appendix). The simplicity in how this parametrization is implemented in the SAM
is the main advantage of this method. Notice that the albedo changes when an aerosol
layer is added for the EAM is on the form ∆REAM = REAM − aeff where REAM is the top
of the layer albedo for the Earth-atmosphere-aerosol system according to the SAM using
the EAM.

As mentioned earlier, the SAM requires the albedo of a plane directly below the strato-
spheric aerosol layer, termed a_avg in the SAM script, to run and this albedo must be
determined by the user. The e�ective albedo described in Eq. 43 is one way this can
be done. It is, however, not the only way a_avg can be estimated. It could for example
be taken from satellite observation for the 20 km altitude plane or directly from other
climate models. Cruder methods to estimate a_avg could also be used. This could for
example be the mean albedo of the Earth as observed from space. Using this plane-
tary albedo could be justi�ed if no other estimates of a_avg are available. According to
Donohoe and Battisiti (2011), the main contributor to the planetary albedo by far is the
atmosphere (as opposed to the ground) and the greatest values of atmospheric albedo
are found in cloudy areas. In their study based on satellite observations, Stubenrauch
et al. (2013) estimated that the global cloud cover for clouds with optical depth greater
than 0.1 is about 68% and about 56% when the optical depth is greater than 2. Tomasi
et al. (2005) discussed molecular scattering (that is Rayleigh scattering) and found that
94.5% of the optical depth at 500 nm due to Rayleigh scattering can be contributed to
the lowermost 20 km of the atmosphere. To put this into context, Pierrehumbert (2010)
discusses the importance of Rayleigh scattering and states that in clear sky conditions
the albedo of Earth's atmosphere is about 0.08 (see pages 342-343). We can therefore
expect the greatest contribution to the atmospheric albedo to come from the atmosphere
below the stratospheric aerosol layer. Hence the choice to put the e�ective albedo equal
to the planetary albedo is justi�able to some extent. This will be taken an advantage of
later in this thesis.

The three layer method (TLM)
The three layer method is slightly more complex than the e�ective albedo method and is
described by the following equations:

RTLM,clear = r2 +
agrt

2
2

1− agrr2

(44)

RTLM,aero = r1 +
r2t

2
1

1− r1r2

+ agr

(
t1t2

1− r1r2

)2 [
1− agr

(
r1 +

r2t
2
1

1− r1r2

)]−1

. (45)
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There are two things to notice here. One is that exactly the same variables are re-
quired for the two methods. The other is that Eq. 44 is the same as Eq. 43. Therefore
RTLM,clear = aeff . RTLM,aero is the top of the layer albedo for the whole Earth-aerosol-
atmosphere system when the SAM is used with the TLM.

The way the TLM works is that we assume the Earth-aerosol-atmosphere system can
be divided into three layers: A ground with an albedo of agr, a stratospheric aerosol layer
with albedo and transmittance of r1 and t1 respectively, and an atmosphere with r2 and
t2 in between. This is illustrated in Fig. 7. In order to �nd the global mean albedo when
the aerosol layer is included, Eq. 45 is implemented. It is derived in the same way as
Eq. 43 but for three layers instead of two. See chapters 13.7 and 13.8 in Petty (2006).
In order to use the three layer method, the SAM has to be run without an underlying
albedo, that is a_avg = 0. When this is done, the SAM returns the variables r1 and
t1 which are required in Eq. 45. Just as in the EAM, the changes in albedo are found
by subtracting the e�ective albedo given in Eq. 43 from the calculated total albedo at
the top of the layer, that is ∆RTLM = RTLM,aero − aeff . The main drawback of the TLM
is that it does not include an expression for the base of the layer transmittance. It is,
however, possible to include it by deriving an expression for the transmittance similar to
Eq. 45 and interested readers are encouraged to try.

3.2.6 Set-up of the SAM

The basic version of the SAM as described in the previous sections has two layers. One is
the stratospheric aerosol layer but the other everything below it. This lower layer includes
the ground and the lowermost part of the atmosphere. If the EAM parametrization of
the atmosphere is used, this layer has an e�ective albedo of aeff which is described by Eq.
43. If the TLM is used, the lower layer is split into two parts: The ground, which has an
albedo of agr, and the atmosphere in between, which has an albedo r2 and transmittance
t2. See Fig. 7.

A solar beam entering the top of the layer can travel along several paths, see Fig. 2.
It can be directly re�ected back into space by the aerosol layer or it can be transmitted.
Once it is through the layer, the beam either gets absorbed by the ground or redirected
upward. It can re�ect in�nitely many times between the ground, the atmosphere (includ-
ing clouds, tropospheric aerosols, air molecules, etc.), and the stratospheric aerosol layer
or until it is either transmitted back into space or absorbed. Those are the only paths a
beam of light can take in the SAM. It cannot be re-emitted as thermal radiation since
the SAM does not take the LW into account.

3.3 The libRadtran radiative transfer library

In order to judge the quality of the SAM, its results need to be compared to a more
complete radiative transfer model. Here it will be done using the uvspec radiative transfer
program from the libRadtran library which has been in development since the early 1990's.
It was originally designed to calculate �uxes in the visible and ultraviolet but since then
its spectrum has been broadened and now covers wavelengths between about 120 nm
and 100 µm. Another useful utility of libRadtran is its Mie code, mie. The use of both
uvspec and mie in this work is described in the sections 3.3.1 and 3.3.2. Full description
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of libRadtran and its properties can be found in the libRadtran User's Guide (Mayer et
al., 2019). In this thesis, version 2.0.3 of libRadtran is used. Both the mie and uvspec

codes were run on the Plato High Performance Computing cluster at the University of
Saskatchewan.

3.3.1 mie

We assume that the stratospheric aerosols we are interested in are spherical and their
optical properties can be described with Mie theory. libRadtran provides two Mie codes
which give almost identical results for the cases considered in this thesis. We could there-
fore choose to use either one but settle with the one by Wiscombe (1980). As stated in
Wiscombe (1980), there are two main quantities required to perform Mie calculations:
On one hand the size parameter x = 2πr/λ, where r is the radius of the particle in
question and λ the wavelength, and on the other the refractive index m = mRe − imIm,
where mRe and mIm are the real and complex parts respectively.

In this thesis, the stratospheric aerosols are assumed to follow a prede�ned size dis-
tribution. It relates to the size parameter through integration over the range of particle
radii (Wiscombe, 1980). The chemical composition of the aerosols is taken to be 75% sul-
phuric acid dissolved in water. The appropriate refractive indexes are taken from Palmer
and Williams (1975) as compiled in the Aerosol Refractive Index Archive by University of
Oxford 's Earth Observation Data Group (http://eodg.atm.ox.ac.uk/ARIA/index.html).
The output from these Mie calculations is used as an input for both the SAM and uvspec.
In the case of the SAM those are the single scattering albedo ω, the asymmetry parameter
g, and the extinction e�ciency Qext. For uvspec they are the single scattering albedo ω,
the extinction coe�cient βext (which has to be calculated manually from Qext and optical
depth), and the moments of the phase function according to Mie theory.

Below is an example of a mie input �le used in this thesis. See the libRadtran User's
Guide for more information on the syntax.

1 mie_program MIEV0 # Select Mie code by Wiscombe (1980)

2 refrac file ./ H2SO4_75_Palmer_1975_lambda_nm.ri

3 # Refractive indexes for 75% sulfuric acid

4 r_eff 0.01 3.5 0.02 # Effective radius in microns. Min - Max - Step

5 distribution gamma 2 # Gamma size distribution , the second argument

6 # indicates the spread of the distribution

7 nmom 10 # Number of phase function moments

8 nmom_netcdf 10 # Number of moments written to the netcdf file

9 output_user netcdf # Specify output format

10 verbose # Print diagnostics and error messages

3.3.2 uvspec

The uvspec radiative transfer model is quite extensive and can help solving all kinds of
problems relating to atmospheric radiation. In this work, the main focus is on an ide-
alized stratospheric aerosol layer so only uvspec features relating to that are discussed
here. In this thesis we are mainly interested in how the stratospheric aerosol layer af-
fects changes in SW radiation. To do that it is necessary to have calculations for the
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whole Earth-atmosphere-aerosol system and also for a case without any aerosols at all
for a reference. The only di�erence between these cases is the presence of an aerosol layer.

Below is an example of a uvspec input �le used in this thesis. Lines 1 to 13 are common
to all uvspec runs, the rest is added when an aerosol layer is included. See the libRadtran
User's Guide for more information on the syntax.

1 # The aerosol free sky:

2 rte_solver disort # Radiative transfer equation solver

3 atmosphere_file ./ afglus.dat # Atmospheric file

4 sza SZA # Looping over several solar zenith angles

5 mol_abs_param kato2 # Parametrization scheme

6 wavelength 385 3318 # kato allows for 241 nm to 4605 nm but at

7 # special intervals

8 zout toa # Output altitude

9 albedo 0.123 # Ground albedo. Constant for all wavelenghts

10

11 output_process sum # Sums over variables to get broadband values

12 output_user lambda edir edn eup uavg albedo sza zout

13 verbose

14

15 # Add the aerosol layer:

16 aerosol_default # Required to include any aerosols

17 aerosol_set_tau_at_wvl 555.016 0.01 # Set AOD at a special wavelength

18 aerosol_file explicit ./ AERO_FILES_TEMP_0 # Aerosol optical properties

19 disort_intcor moments # Required so disort can handle aerosols

In order to include a range of e�ective radii, the uvspec input �le has to be looped over.
Also, to calculate the mean of several solar zenith angles for each e�ective radius, another
loop has to be implemented. The set-up looks something like this:

1 for n in (range of r_eff)

2 do for m in (range of sza)

3 do uvspec_input_file

4 done

5 done

When using the SAM in the comparison later in this thesis, 175 values of the e�ective ra-
dius between 0.01 and 3.49 µm are used. But since uvspec requires much longer running
time than the SAM, only every �fth e�ective radius is used for its computations. The
solar zenith angles used to estimate global mean conditions are the same in the SAM and
uvspec. They are based on eleven evenly spaced values of µ0 between 0 and 1 where µ0

is the cosine of the solar zenith angle.

Since the output of the SAM is in the form of albedos and transmittances, we trans-
late the output �uxes from uvspec to those quantities. The albedo at the top of the
aerosol layer (which is at 25 km altitude) is calculated according to

R =
F+

25km

F−25km

=
eup_25km

edir_25km + edn_25km
(46)
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where F+
25km and F−25km are the outgoing and incoming total �uxes at 25 km altitude

respectively. The quantities eup_25km, edir_25km, and edn_25km are the �uxes written
in the terms of the uvspec variables at 25 km altitude. They are the outgoing di�use
�ux, incoming direct �ux, and incoming di�use �ux respectively. The transmittance at
the base of the layer is calculated in a similar manner:

T =
F−19km

F−25km

=
edir_19km + edn_19km

edir_25km + edn_25km
(47)

where F−19km is the downward total �ux at 19 km altitude. The edir_19km and edn_19km

are the direct and di�use downward �uxes at 19 km respectively given in the terms of
uvspec variables. The reason we calculate the �uxes at 19 km when the base of the aerosol
layer is at 20 km is the layering of the atmosphere in uvspec. There, 19 km is the �rst
altitude level below the base of the layer. All the �uxes mentioned in this section have
the units of W/(m2nm).

The radiative transfer equation solver used in uvspec in this thesis is the DISORT solver.
It is based on the discrete ordinates method and solves the radiative transfer equation
for a one dimensional, plane parallel atmosphere. It is one of the most popular radiative
transfer equation solver today (Petty, 2006; Mayer et al., 2019).
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4 Results

4.1 Evaluating the SAM

In order to assess if the SAM can simulate the real world well enough to be of practical
use, it is compared to the much more complete radiative transfer model uvspec from lib-
Radtran. In the following discussion, results from the SAM are compared to results from
uvspec for four di�erent aerosol layers. The aerosols are all composed of 75% sulphuric
acid in water and follow the same gamma distribution with veff = 0.2 (remember that
the e�ective variance is dimensionless). The e�ective radius ranges from 0.01 to 3.49 µm.
The only di�erence between the layers is the optical depth but it takes the values 0.01,
0.05, 0.10, and 0.15 at 550 nm.

There is one major di�erence between the SAM and uvspec which should be reiterated
here. While uvspec explicitly includes an atmosphere, the SAM does not. In order to
take the e�ects of molecular scattering and gaseous absorption into account in the SAM
these processes have to be parametrized along with tropospheric aerosols and clouds. Two
similar methods to do that were presented in a previous section of this thesis. They are
termed the e�ective albedo method (EAM) and the three layer method (TLM) and will
both be used in the following comparison.

To evaluate the quality of the SAM, an experiment was designed. In it, both the SAM
and uvspec are run for the four aerosol layers described earlier and the results compared.
This experiment consists two parts: One where an atmosphere is included and the other
where it is not. In both cases uvspec is run for two altitude levels. One is at 25 km,
which is where the top of the aerosol layer is located, and the other is at 19 km, one
kilometre below the base of the layer. The reason for that is the altitude grid used in
uvspec. The stratospheric aerosol layer is de�ned between 20 and 25 km and 19 km is
the �rst altitude level below it.

4.1.1 Comparing the SAM to uvspec without an atmosphere

We start by looking at the case where an atmosphere is not included. An atmospheric
pro�le is always required in uvspec. It is, however, possible to minimize its e�ects by
turning of all scattering by air molecules and gaseous absorption with the commands
no_scattering mol and no_absorption mol. That is done here. See the libRadtran
User's Guide for more detailed descriptions of these commands (Mayer et al., 2019).
Also, by not specifying tropospheric aerosols or clouds, uvspec does not take them into
account. By default, an atmosphere is not included in the SAM. It is therefore enough
to run it by setting the input variable a_avg (see the script for the SAM in appendix)
equal to the ground albedo, agr, to perform calculations without an atmosphere. Here
we choose agr = 0.123 as the ground albedo for both the SAM and uvspec according to
Donohoe and Battisti (2011).

Top of the layer albedo
In Fig. 8 we see the albedo at the top of the layer when no atmosphere is included
according to uvspec (blue curves) and the SAM (orange curves). Fig. 9 shows the same
but for changes in albedo when an aerosol layer is added to an otherwise aerosol free sky.
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Figure 8: Comparison of top of the layer albedo according to uvspec and the SAM in
the absence of an atmosphere. Blue curves represent uvspec and orange the SAM.
Unbroken SAM curves indicate CC75 but dashed MW80. The ground albedo for all
cases is agr = 0.123.

To make the comparison between uvspec and the SAM clearer, Fig. 10 has been made.
It shows the ratio of uvspec data to data from the SAM as it is presented in Figs. 8
and 9. The solid curves indicate the CC75 two-stream method used in the SAM but the
dashed the MW80 method. As we can see, using MW80 generally results in a better
agreement between the two models. The MW80 results are also more consistent than the
CC75 results and their agreement with uvspec does not depend as much on the optical
depth of the aerosol layer.

For the absolute albedo at the top of the layer, see Fig. 10 (left). There the ratio
Ruvspec/RSAM has been plotted as a function of e�ective radius where Ruvspec is the albedo
according to uvspec and RSAM the albedo according to the SAM. It lies between circa
0.985 and 1 when using the MW80 method but circa 0.975 and 1 when using CC75.

The two models disagree more when it comes to the changes in albedo, see Fig. 10 (right).
The ratio ∆Ruvspec/∆RSAM lies between about 0.925 and 1.080 when using MW80, and
0.885 and 1.080 when using CC75. Here, ∆ indicates changes when an aerosol layer is
added to an otherwise aerosol free sky. As with the absolute albedo, the MW80 method
gives overall better results than CC75 and does not waver as much with the optical depth
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Figure 9: The same as Fig. 8 but for albedo changes when an aerosol layer is added to
an otherwise aerosol free sky.

of the aerosol layer.

It is interesting to notice that the ratio of uvspec results to SAM results is usually
closest to unity for e�ective radii between about 0.2 and 0.6 µm. An exception are very
optically thin aerosol layers. This is convenient since this is close to the range of e�ective
radii for real stratospheric aerosols, see for example Russel et al. (1993).

The most notable di�erence between uvspec and the SAM is probably the presence of a
gaseous atmosphere. This has been taken into account in the discussion above by remov-
ing the e�ects of the atmosphere from both models as much as possible. We do, however,
still see a disagreement between uvspec and the SAM. This could be, at least partially,
explained with the method these two models solve the radiative transfer equation. The
SAM uses a two-stream radiative transfer equation solver whereas uvspec uses the DIS-
ORT solver. uvspec does provide the option to use a two-stream solver as well but it
could not be implemented during the writing of this thesis due to unresolved technical
issues encountered by the author. Estimating the e�ects of using these di�erent radia-
tive transfer equation solvers is therefore not within our capacity. This is unfortunate.
However, if we look at the case where τ550nm = 0.15 in Figs. 8 and 9, we see that the
di�erence between the data produced by the two radiative transfer equation solvers used
in the SAM (namely CC75 and MW80) is almost as large as the di�erence between the
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Figure 10: Comparison of top of the layer albedo according to the SAM and uvspec in
the absence of an atmosphere. Left: The ratio Ruvspec/RSAM as a function of e�ective
radius. Right: The ratio ∆Ruvspec/∆RSAM as a function of e�ective radius. Ruvspec

represents the top of the layer albedo according to uvspec and RSAM the albedo accord-
ing to the SAM. The ∆ indicates changes in albedo when an aerosol layer is added to
an otherwise aerosol free sky. Dashed curves indicate the MW80 two-stream method
but unbroken CC75.

data provided MW80 in the SAM and DISORT in uvspec. From this we can see that the
choice of radiative transfer equation solver does indeed a�ect our results - but to which
extent remains unresolved.

Although gaseous absorption and molecular scattering have been removed from the atmo-
sphere in the uvspec model runs used in this section, not all traces of the atmosphere are
gone. All uvspec input �les must include altitude pro�les of temperature and pressure.
In our calculations, we use the U.S. standard atmosphere from 1976 as it is presented
by libRadtran. It is divided into numerous layers from the ground and up to 120 km
altitude. Between the ground and 25 km, each layer is 1 km thick. This means that the
stratospheric aerosol layer, which spans the 20 to 25 km altitude interval, is composed
of �ve layers in uvspec. The SAM, on the other hand, is made up of much fewer layers.
In its basic version they are only two: The ground and the aerosol layer. Both uvspec

and the SAM take re�ections between di�erent layers into account and, as we shall see
in section 4.1.2, the number of layers included in a model has considerable e�ects on the
radiative transfer. This might be another reason for the di�erences we observe between
uvspec and the SAM.

Base of the layer transmittance
On Fig. 11 we can see the ratio of uvspec results to SAM results for base of the layer
transmittance (left) and transmittance changes when an aerosol layer is added to an
otherwise aerosol free sky (right). As we can see, the results are very similar to those
for the top of the layer albedo. Again the agreement between uvspec and the SAM is
generally the best for e�ective radii between circa 0.2 and 0.6 µm, with the exception
of transmittance changes for very low stratospheric aerosol optical depths. We also see
how the MW80 two-stream solver used in the SAM performs better than the CC75 two-
stream solver. The ratios observed in Fig. 11 are, however, considerably further away
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from unity than the ones in Fig. 10. Since we do not have uvspec model runs using a
two-stream solver, it is impossible to say whether this increased disagreement between
the two models when going from top of the layer albedo to base of the layer transmittance
is due to the choice of radiative transfer equation solver or not.

Figure 11: Same as Fig. 10 but for base of the layer transmittance.

4.1.2 Comparing the SAM to uvspec with an atmosphere

Let's now consider the case where an atmosphere is included in the comparison. The
atmosphere used in uvspec is the U.S. standard atmosphere from 1976 as presented in
libRadtran. It is one dimensional and describes altitude pro�les of pressure, temperature,
total air molecular density, and several species of absorbing gases. The pro�les of the
absorbers included in the U.S. standard atmosphere are plotted in Fig. 12. uvspec takes
other absorbers, such at methane, into account but their pro�les are not explicitly given
in libRadtran's expression of the U.S standard atmosphere.

The SAM is run for the same aerosol layers as uvspec. For both models, the optical
parameters of the aerosols are the same and calculated with libRadtran's mie code. Both
the EAM and the TLM are used to parametrize the atmosphere between the stratospheric
aerosol layer and the ground. However, as mentioned before, the TLM as presented in
this thesis does not provide a solution for the base of the layer transmittance.

In order to use the SAM with the EAM and the TLM, the variables agr, r1, t1, r2,
and t2 have to be known (see Fig. 7 and list of variables in appendix). The ones used in
this experiment are listed in Table 3. Here, the global mean ground albedo is taken from
Donohoe and Battisti (2011). They estimated it to be agr = 0.123 from satellite data
from the Cloud and Earth's Radiant Energy System (CERES) experiment (Wielicki et
al., 1996). r2 and t2 are calculated using uvspec between the ground and 19 km altitude.
It is done for a black Earth (that is agr = 0) and in the absence of clouds and aerosols,
both tropospheric and stratospheric. Gaseous absorption is included along with Rayleigh
scattering by air molecules.

It must be noted that the atmosphere above 20 km is ignored in both of the parametriza-
tions in question. This might lead to some di�erences between uvspec and the SAM.
However, as mentioned before, most of the molecular scattering takes place below this
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Table 3: The input variables for the comparison of the SAM and uvspec. The r2 and
t2 are calculated with uvspec for the atmosphere between 0 and 19 km. Both gaseous
absorption and Rayleigh scattering by molecules are taken into account. All clouds
and aerosols are excluded. The ground albedo agr is taken from Donohoe and Battisti
(2011). The last column shows the e�ective albedo according to Eq. 43.

agr r2 t2 aeff

0.123 0.049 0.801 0.129

altitude level. Also, as we can see in Fig. 12, most of the absorbing gases reside in the
lower atmosphere. Around 95% of the molecular oxygen and carbon dioxide lie below 20
km. These ratios are almost the same as the ratio of total air molecules residing below
20 km, see Fig. 7. Virtually all the water vapour is in the troposphere. However, there
are still some important absorbers in the stratosphere which are being excluded from our
atmospheric parametrizations. According to the U.S. standard atmosphere from 1976,
56.6% of the total ozone lies above 20 km along with 70.8% of the nitrogen dioxide.

In the following discussion we will look at several quantities derived from the uvspec

and SAM products as a function of the e�ective radius of the aerosols.

Figure 12: Altitude pro�les of the most abundant absorbing gases in the U.S. standard
atmosphere from 1976. The blue shaded area represents the stratospheric aerosol layer
between 20 and 25 km. The numbers indicate the percentages of each gas species to be
found at each of the intervals between ground and 20 km, 20 and 25 km, and above 25
km.

Top of the layer albedo
Fig. 13 shows the top of the layer albedo according to uvspec and the SAM for the four
aerosol layers described earlier. The orange curves represent the SAM with EAM but the
green curves the SAM with TLM. Also, the unbroken SAM curves represent the CC75
two-stream method but the dashed the MW80 method. Fig. 14 shows the same as Fig.
13 but for the change in albedo when an aerosol layer is added to an otherwise aerosol
free sky.
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Figure 13: Comparison of top of the layer albedo according to uvspec and the SAM
including the atmosphere. Blue curves represent uvspec, orange the SAM with EAM,
and green the SAM with TLM. Unbroken SAM curves indicate CC75 but dashed MW80.
The SAM results are based on the values in Table 3 and the ground albedo for all cases
is agr = 0.123.
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Figure 14: The same as Fig. 13 but for albedo changes when the stratospheric aerosol
layer is added compared to an aerosol free sky.
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In Figs. 15 and 16 we can see the ratios of the uvspec results to the SAM results. These
�gures are based on the data presented in Figs. 13 and 14. The scales on the horizontal
axes are the same for the left and the right panels on each of the �gures for a clearer
comparison. To the left in both of these �gures is the ratio Ruvspec/RSAM where Ruvspec

is the albedo according to uvspec and RSAM the albedo according to the SAM. To the
right is the ratio ∆Ruvspec/∆RSAM where ∆ indicates the changes when an aerosol layer
is added to an otherwise aerosol free sky.

As we can see in Fig. 15, the TLM gives better results than the EAM for the top of
the layer albedo when the SAM is compared to uvspec. Furthermore, the CC75 two-
stream method gives slightly better results than the MW80 method, especially for greater
optical depths. It is interesting to notice that the ratios are remarkably stable as a func-
tion of e�ective radius. It is only for reff smaller than about 0.3 µm that we see sudden
changes. That being said, the agreement between uvspec and the SAM is quite good, re-
gardless of how the atmosphere is parametrized in the SAM or which two-stream method
is used. The ratio Ruvspec/RSAM almost always stays between 1.00 and 1.07.

Figure 15: The ratio of uvspec results to SAM results for the top of the layer albedo
when an atmosphere is included. Based on the data presented in Fig. 13. Dashed
lines represent MW80 but solid CC75. To the left the EAM is used to parametrize the
atmosphere but the TLM to the right. Dashed curves indicate the MW80 two-stream
method but unbroken CC75.

Since the SAM and uvspec agree very well when it comes to the absolute albedo, regard-
less of the method used to parametrize the atmosphere, Fig. 16 is somewhat surprising.
There we can see the ratio of uvspec results to SAM results for changes in top of the
layer albedo when a stratospheric aerosol layer is added. That is ∆Ruvspec/∆RSAM. The
agreement is quite good when using the SAM with EAM and stays between 0.8 and 0.9
for most e�ective radii and optical depths. We see a much greater spread when using the
TLM. This is peculiar since earlier we saw that the TLM gave better results than the
EAM when it comes to absolute albedo. The reason for this lies in how the albedo for
the aerosol free sky is de�ned. For the uvspec case, the aerosol free albedo is calculated
at 25 km altitude with the cloudless U.S. standard atmosphere. Rayleigh scattering by
molecules is included along with gaseous absorption. In this case we get the aerosol free
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Figure 16: The same as Fig. 15 but for changes in albedo. Based on the data presented
in Fig. 14.

albedo according to uvspec as 0.138. In the SAM cases we use the e�ective albedo de-
�ned in Eq. 43 as the reference albedo for an aerosol free sky, both when using the EAM
and the TLM. Here we get aeff = 0.129 as can be seen in Table 3. As we can see there is
a noticeable di�erence between the aerosol free albedo used by uvspec and the SAM. A
light in shed on this in the following derivations.

Remember equation 43 for the e�ective albedo:

aeff = r2 +
agrt

2
2

1− agrr2

.

Assume that 0 < agr < 1 and 0 < r2 < 1. Then the second term in the left hand side of
the equation above satis�es:

1− agrr2 > 0⇒ agrt
2
2

1− agrr2

> 0 (48)

and hence aeff > r2. In order for aeff to be greater than agr it is su�cient that the latter
term on the right hand side of Eq. 43 be less than agr. That is:

agrt
2
2

1− agrr2

< agr (49)

⇒ t22
1− agrr2

< 1 (50)

⇒ t22 < 1− agrr2. (51)

If we assume conservative scattering, that is 1 = r2 + t2, we can write the previous
inequality (51) as
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(1− r2)2 < 1− agrr2 (52)

⇒ r2
2 + (agr − 2)r2 < 0 (53)

⇒ r2 + agr < 2. (54)

This is true for all 0 < agr < 1 and 0 < r2 < 1. From this we can see that in the case
of conservative scattering, the e�ective albedo is always larger than the ground albedo
and the albedo of the layer between the ground and the aerosol layer. That is to say:
aeff > agr and aeff > r2.

Note that the previous statement does not always hold for non-conservative scattering.
This is illustrated in Fig. 17 which is based on Eq. 43. There we can see the e�ective
albedo, aeff , as a function of ground albedo, agr, and atmospheric albedo, r2. To the left
we have conservative scattering, that is no absorption. As we can see, this �gure �ts with
the results from our derivations. The e�ective albedo is indeed always larger than both
agr and r2. The other panels include absorption, αabs. In the middle one, αabs = 0.06
which is a realistic value for gaseous absorption in the atmosphere between the ground
and the aerosol layer according to uvspec calculations. As we can see, aeff can be greater
than agr for su�ciently high values of r2. For the ground albedo used in this thesis,
agr = 0.123, we must have r2 > 0.0185 so that aeff > agr. In this thesis we use r2 = 0.049
which is indeed larger than this threshold value. As the absorption in the atmosphere
increases, so does the threshold value of r2. This can be seen on the right panel of Fig.
17 where we have αabs = 0.15.

Figure 17: The e�ective albedo, aeff , plotted as a function of the ground albedo, agr,
and the albedo of the atmosphere between ground and the stratospheric aerosol layer,
r2, according to Eq. 43. Left: Conservative scattering, i.e. no absorption. Middle:
Realistic gaseous absorption in the lowest 20 km of the atmosphere, αabs = 0.06. Right:
Greater that realistic absorption, αabs = 0.15. Here αabs represents the absorptance of
the atmosphere.

Now, let's assume that the atmosphere between the ground and the aerosol layer can be
divided into two thinner layers. The upper layer still has the albedo and transmittance of
r2 and t2 but the lower has albedo and transmittance of r3 and t3. At the top the lower
layer we can de�ne a new e�ective albedo which has the formula
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aeff,3 = r3 +
agrt

2
3

1− agrr3

. (55)

This new e�ective albedo then replaces the ground albedo in Eq. 43 so we get

a′eff = r2 +
aeff,3t

2
2

1− aeff,3r2

. (56)

where a′eff is the new e�ective albedo at the base of the stratospheric aerosol layer. If we
continue to assume conservative scattering (or su�ciently high value of r2), this means
that a′eff > aeff,3. The process of dividing the layers in the atmosphere into more sub-layers
can be continued in�nitely many times. As we have seen, each time a new sub-layer is
introduced, the e�ective albedo at the base of the stratospheric aerosol layer increases.
Because uvspec has more atmospheric levels than the SAM, we could therefore expect
a greater albedo in the case of an aerosol free sky when using uvspec then when using
the atmospheric parametrizations presented in this thesis. This is what we observed. It
must, however, be reiterated that this only holds for conservative scattering and non-
conservative scattering to some degree.

From the derivations above we can also see that the value of RTLM,aero (see Eq. 45)
increases with increased number of layers in the atmosphere between the ground and the
stratospheric aerosol layer. This means that increasing the number of atmospheric layers
would bring the results of the TLM for the top of the layer albedo closer to the results
of uvspec.

From the discussion above, we could expect the results from the TLM to better agree
with the uvspec results as the number of atmospheric layers increases. This applies both
for the absolute albedo and the albedo changes when an aerosol layer is added. That
is, however, outside the scope of this thesis and we will let a single layer between the
stratospheric aerosols and the ground do.

Base of the layer transmittance
In Fig. 18 we se the ratio of uvspec results to SAM results for the base of the layer trans-
mittance. To the left the have the ratio of absolute transmittance, Tuvspec/TSAM, but the
ratio of the transmittance changes to the right, ∆Tuvspec/∆TSAM. As before dashed curves
indicate the MW80 two-stream method but unbroken curves the CC75 method. Only the
EAM is used since an expression for the base of the layer transmittance is not derived
for the TLM in this thesis. For uvspec, the changes in transmittance are calculated by
subtracting the transmittance at 19 km when no aerosols are present from the transmit-
tance at 19 km when an aerosol layer has been included. The aerosol free transmittance is
slightly smaller than unity since uvspec takes the whole atmosphere between the ground
and 120 km altitude into account. The SAM, on the other hand, ignores the presence of
the atmosphere in and above the stratospheric aerosol layer. The 19 km transmittance
for an aerosol free sky is therefore unity in its case. This explains the di�erence between
the ratios in the left and right panels of Fig. 18.

As we can see, the SAM does agree very well with uvspec when it comes to absolute
transmittance. The ratio Tuvspec/TSAM depicted in Fig. 18 (left) lies between 0.995 and
1.004. The CC75 and the MW80 two-stream methods show very comparable results. The
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agreement for transmittance changes is not nearly as good. The ratio ∆Tuvspec/∆TSAM

lies for the most parts between 0.75 and 0.85 for the reason discussed earlier. Here the
MW80 performs slightly better than the CC75.

Figure 18: Results from uvspec and the SAM compared for base of the layer trans-
mittance. Left: The ratio of the transmittance according to uvspec to the SAM,
Tuvspec/TSAM. Righ: The ratio of the transmittance changes according to uvspec to
the SAM, ∆Tuvspec/∆TSAM. This is only for the SAM using the EAM.

4.1.3 A summary of the comparison

In the previous sections we described an experiment in which results from the SAM
are compared to results from a more complete radiative transfer model, namely uvspec.
Overall the agreement between these two models is quite good, both for the top of the
layer albedo and transmittance through the layer. Here is a short summary of the most
important results from the comparison, namely how well the SAM managed to simulate
the results of uvspec for the top of the layer albedo.

When the e�ects of the atmosphere are ignored - i.e. no gaseous absorption, molecu-
lar scattering, or clouds - the ratio Ruvspec/RSAM was found to lie between 0.975 and
1, depending on the optical depth of the layer, the e�ective radius of the aerosol size
distribution, and the two-stream solver used in the SAM. Here the MW80 two-stream
method always gave a better agreement with uvspec than CC75.

When the atmosphere is included, the ratio Ruvspec/RSAM was found to lie between 1 and
1.07. The CC75 two-stream method performed slightly better than the MW80 method
(see Fig. 13). When comparing the two atmospheric parametrization schemes for the
SAM, we found that the TLM performs better when it comes to absolute albedo but
the EAM has the upper hand when it comes to albedo changes as they are de�ned here.
The TLM, as it is presented in this thesis, is only applicable to the top of the layer albedo.

We discussed how the atmospheric parametrization in the SAM could be improved and
concluded that at least a part of the disagreement between the SAM using the TLM
and uvspec could be accounted for by introducing more atmospheric layers in the SAM.
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We already saw how the results for the absolute albedo at the top of the layer can be
improved when the ground and the atmosphere are treated as separate layers (the TLM)
instead of boiling them down to a single number (the EAM). See Fig. 16. To dive deeper
into that is, however, outside the scope of this thesis.

Apart from the representation of the atmosphere, there are two major di�erences be-
tween uvspec and the SAM. One is the phase function of the stratospheric aerosols. In
uvspec, the Mie phase function is used. It is a good approximation of the real phase
function but can be computationally expensive. The SAM uses the Henyey-Greenstein
phase function. It is much simpler that the Mie phase function but returns good results
when we are rather interested in integrals over the phase function rather than its �ne
structure. This is the case here. The other large di�erence between uvspec and the
SAM which should be mentioned here is the radiative transfer equation solver. While the
SAM uses two-stream methods, uvspec used the disort solver in the comparison in the
previous sections. The uvspec code does include an option to use a two-stream solver
but due to unresolved technical di�culties that solver was not used in this thesis.

4.1.4 Short on the shape of the curves

In the discussion of the previous sections, we have noticed that the e�ective radius of the
aerosols has considerable e�ects on both the top of the layer albedo and base of the layer
transmittance. This can be observed in results from both uvspec and the SAM.

In Fig. 19 the spectrally averaged optical properties of the aerosols discussed in the
previous sections are plotted as a function of e�ective radius. In the top panel we have
the single scattering albedo, ω, and the asymmetry parameter, g. The single scattering
albedo is close to unity for most of the e�ective radius range in question. This means
that extinction is predominantly in the form of scattering. For small aerosols the value of
ω drops which indicates that absorption plays an increasingly large role with decreasing
aerosol size. The asymmetry parameter, g, is mainly in the range between 0.7 and 0.8
for reff > 0.4 µm. This indicates predominantly forward scattering. For reff > 0.4 µm
the value of g decreases rapidly and approaches zero. This means that for small aerosols,
scattering becomes increasingly isotropic. However, neither of these properties follow a
similar dependence on the e�ective radius as the albedo and transmittance do.

In Fig. 19 (bottom left) the extinction e�ciency, Qext, is plotted. Earlier in the the-
sis we related the spectral changes in extinction e�ciency to spectral changes in optical
depth in Eq. 13. Using this equation we calculate the ratio of optical depth at any
wavelength λ to the optical depth at 550 nm, that is τλ/τ550nm. This ratio is then av-
eraged over the solar spectrum and plotted as a function of e�ective radius in Fig. 19
(bottom right). As we can see, there is a resemblance between the reff dependence of
this ratio on one hand and the albedo and transmittance on the other. For these three
variables - namely albedo, transmittance, and τλ/τ550nm - we have a local minimum at
around reff = 0.2 µm and a local maximum somewhere between 1 and 1.5 µm. Very
similar relationship between the e�ective radius of the stratospheric aerosols and SW ra-
diative transfer can also be found in existing literature. See for example �gure 2 in Lacis
et al. (1992) where changes in SW �ux at the tropopause are plotted as a function of
e�ective radius. This indicates that changes in albedo and transmittance can be strongly

40



related to the optical depth of the aerosol layer. We will return to this topic in section 4.2.

Note that if the ratio τλ/τ550nm is multiplied by the optical depth at 550 nm, we get
an expression for how the spectrally averaged optical depth changes as a function of
e�ective radius.

Figure 19: Optical properties of aerosols composed of 75% sulphuric acid in water and
following a gamma distribution with veff = 0.2 as a function of e�ective radius. Top
left: Single scattering albedo, ω. Top right: Asymmetry parameter, g. Bottom left:
Extinction e�ciency, Qext. Bottom right: The ratio τλ/τ550nm. All quantities are
spectrally averaged.
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4.2 Using the SAM

As discussed earlier in this thesis, the relationship between the stratospheric aerosol op-
tical depth and changes in radiative �ux are of great interest. Lacis et al. (1992) found
that the most important optical property of the stratospheric aerosol layer is the optical
depth. Their study focused on the �ux changes at the tropopause but similar conclusions
could be drawn for the TOA. See for example the comparison of the albedo and trans-
mittance of the aerosol layer earlier in this thesis. Lacis et al. (1992) also found that
the size of the aerosols plays an important role. They arrived at this conclusion for the
net radiation, that is SW plus LW, and showed that the stratospheric aerosol layer could
cause net heating at the tropopause for large enough e�ective radius. However, as can be
seen on Figs. 13 and 14 and �gure 2 in Lacis et al. (1992), the particle size also matters
in the SW regime, especially for e�ective radii smaller than about 1 µm.

In the following sections, the SAM is used to investigate the relationship between TOA
SW �ux changes on one hand and optical depth and aerosol size on the other. In section
4.2.1 we will investigate the aftermath of the 1991 Pinatubo eruption and compare our
results to existing literature. In section 4.2.2 we will dive deeper into the relationship
between �ux changes, optical depth and the aerosol size distribution.

4.2.1 The Pinatubo 1991 eruption

Of the papers listed in Table 1, all but Chou et al. (1984) addressed the 1991 Pinatubo
eruption. This event is probably the best studied of all volcanic eruptions when in
comes to the e�ects on the stratospheric aerosol layer. This is due to the fact that
the 1991 Pinatubo eruption it is one of the largest to have occurred since the begin-
ning of regular stratospheric aerosol research in the 1960's. It is also the most explosive
eruption to have happened since then, the only one classi�ed as having a Volcanic Ex-
plosivity Index of VEI ≥ 6. See the Global Volcanism Program, Smithsonian Institution
(https://volcano.si.edu/).

In this section, the SAM is used to estimate the e�ects of the 1991 Pinatubo eruption on
changes in SW �ux. Here, the top of the atmosphere is approximated by the top of the
stratospheric aerosol layer. Both the EAM and the TLM are used to parametrize the at-
mosphere. As discussed earlier, the variables required to parametrize the atmosphere are
the ground albedo, agr, and the albedo and the transmittance of the atmosphere between
the ground and the aerosol layer, r2 and t2 respectively. In the following calculations,
those parameters are taken from the paper by Donohoe and Battisti (2011). They are
based on observations from the Clouds and Earth's Radiant Energy System (CERES)
experiment (Wielicki et al., 1996) and are listed in Table 4. Those values of 2 and t2
apply for the entire atmosphere, not only the part between the ground and the aerosol
layer, and include the e�ects of all the constituents of the atmosphere, including clouds.
Although somewhat crude, this approach can be justi�ed to some extent as discussed in
section 3.2.5. Therefore the values in Table 4 will be used in the following calculations.
We also refer to section 3.2.5 for a discussion on how the two atmospheric parametriza-
tions are implemented to the SAM. Only the MW80 two-stream method is used in the
following SAM calculations. The reason is that the agreement between uvspec and the
SAM is less dependent on the aerosol optical depth when using MW80 than CC75, see
section 4.1.2.
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Table 4: Coe�cients for the EAM and the TLM. Based on the observational data from
table 2 in Donohoe and Battisti (2011). This table is the same as Table 3 but with r2

and t2 assuming a full, cloudy atmosphere.

agr r2 t2 aeff

0.123 0.262 0.532 0.298

In Fig. 20 the global stratospheric aerosol optical depth at 550 nm (left) and the e�ective
radius of the aerosols (right) for the 1990's is shown. We base our radiative transfer
calculation for the 1991 Pinatubo eruption on this data. The optical depth comes from
Hansen et al.'s (2002) extension of Sato et al.'s (1993) long timeseries. The e�ective radii
are derived from the optical depth data by Hansen et al. (2002), using a retrieval method
described by Lacis et al. (2000). This method assumes a gamma size distribution of the
aerosols. Both the optical depth and the e�ective radius data is taken from the GISS
website (https://data.giss.nasa.gov/modelforce/ strataer/).

Figure 20: Global stratospheric aerosol optical depth at 550 nm (left) and stratospheric
aerosol e�ective radius (right) from Hansen et al. (2002). The vertical lines represent
the start of the 1991 Pinatubo eruption (unbroken) and a year after its end (dashed).
The mean τ550nm for the �rst twelve months after the eruption was 0.12.

To investigate the e�ects of the stratospheric aerosol layer on SW �ux changes following
the 1991 Pinatubo eruption, we take a look at ten di�erent aerosol size distributions.
Five of them are gamma distributions and �ve of them log-normal. They are the same
except the e�ective variance, veff , is allowed to vary, see Table 5. Those values of veff

are chosen with a reference to Neely III et al. (2016) and Toohey et al. (2016), which
use log-normal distributions in their papers, and Lacis et al. (1992) which use gamma
distributions in their. Note that the expression σ(ln(r)) is often used when describing
the spread of log-normal distributions. It is the standard deviation of ln(r) where r is
the aerosol radius. We assume that the aerosols are composed of 75% sulphuric acid in
water and take the appropriate refractive indexes from Palmer and Williams (1975) as
elsewhere in this thesis. libRadtran's mie code is used to calculate the relevant optical
properties.
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Table 5: Di�erent expressions for the spread of the size distributions discussed in the
text. The top line is the standard deviation for ln(r) where r is the particle radius,
σ(ln(r)). The middle line is the standard deviation for r, σ(r) = ln(σ(ln(r))). The
bottom line is the e�ective variance, veff(r) = σ(r)2.

σ(ln(r)) 1.05 1.2 1.4 1.6 1.78

σ(r) 0.04879 0.1823 0.3365 0.4700 0.5774

veff(r) 0.00238 0.03324 0.1132 0.2209 0.3333

In the following discussion we will focus our attention on the TOA albedo. This is ap-
proximated by the top of the layer albedo when using the SAM. In order to estimate
the e�ects of the 1991 Pinatubo eruption on SW radiation, we use the same method as
Hansen et al. (2005). The �ux changes at the TOA, ∆FTOA, are represented by anoma-
lies relative to the mean of the year leading up to the eruption (May 1990 to April 1991).
We then calculate the mean �ux anomalies for the �rst year following the eruption (July
1991 to June 1992) along with the mean optical depth at 550 nm for the same period.
The ratio ∆FTOA/τ550nm is based on those means. As discussed earlier, we assume that
the solar constant is S0 = 1360 W/m2. The albedo calculated by the SAM is translated
into �uxes by multiplication with S0/4 = 340 W/m2.

Figure 21: TOA �ux anomalies (left) and the ratio ∆FTOA/τ550nm (right). Solid lines
represent gamma distributions but dashed log-normal. Using the SAM with the EAM.
See Table 4 for the atmospheric parametrization coe�cients.

Figs. 21 and 22 show the SW �ux changes at the TOA according to the SAM using
the EAM and the TLM respectively. The solid vertical lines represent the beginning of
activity in Pinatubo preceding the massive explosions which took place in June 1991.
The dashed vertical lines marks one year from the end of the cataclysmic phase. The
results from Figs. 21 and 22 are summarized in Table 6. There we can see the ratio
of �ux changes to optical depth, averaged over the �rst year after the explosive events
in June 1991. As we can see, the log-normal distributions generally give slightly lower
values for the ratio ∆FTOA/τ550nm than the gamma. Using the TLM always yields lower
values than using the EAM. This means the TLM gives smaller �ux changes following the
Pinatubo eruption. We also see that the ratio increases with larger e�ective variance. For
periods following large volcanic eruptions we could expect a more uniform size distribu-

44



Figure 22: Same as Fig. 21 but using the TLM.

tion of aerosols in the stratosphere, that is a narrower distribution and hence a lower ratio.

Estimates of the relationship between optical depth and SW �ux changes at the TOA
from several researches were complied in Table 1 earlier in this thesis. There the ratio
FTOA/τref for a reference optical depth of τref = 0.1 was also calculated for a clearer
comparison. These earlier papers put FTOA/τref in the range between 1.01 and 3.43. The
mean value is 2.56. Using ten di�erent size distributions and two methods of parametriz-
ing the atmosphere, the SAM places the ratio FTOA/τ550nm between 33.7 and 39.6, i.e.
FTOA/τref between 3.37 and 3.96. Let's assume that the stratospheric aerosol layer fol-
lowing the Pinatubo eruption can best be described by a log-normal distribution with
σ(ln(r)) = 1.2. Toohey et al. (2016) use the same assumption in their paper. Then the
SAM using the TLM gives the estimate FTOA/τref = 3.54. This is higher than any of the
values listed in Table 1. It is however close to the estimates of Stowe et al. (1992), 3.31;
Russel et al. (1993) [large], 32.4; Andronova et al. (1993) [basic], 3.35; and Ramachan-
dran et al. (2000) [clear], 34.3. This means that the SAM slightly overestimates the
e�ects of the stratospheric aerosol optical depth on the SW radiative transfer compared
to those earlier papers.

Table 6: The ratio ∆FTOA/τ550nm for the results in Figs. 21 and 22. Both ∆FTOA and
τ550nm are averages between July 1991 and June 1992. Upper panel: Using the EAM.
Lower panel: Using the TLM. The EAM and the TLM use the coe�cients in Table 4.

σ(ln(r))

1.05 1.2 1.4 1.6 1.78

∆FTOA

τ550nm
using the EAM

Gamma 34.5 35.8 37.5 38.8 39.6

Log-normal 34.3 36.0 37.3 38.7 39.6

∆FTOA

τ550nm
using the TLM

Gamma 34.0 35.2 36.9 38.1 39.0

Log-normal 33.7 35.4 36.7 38.1 39.0
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As mentioned earlier, we use the same method as Hansen et al. (2005) to investigate the
relationship between optical depth and TOA �ux changes following the 1991 Pinatubo
eruption. Furthermore, both this thesis and Hansen et al. (2005) use the same aerosol
optical depth and e�ective radius data, namely the updated version of Sato et al. (1993)
available on the GISS website. In their paper, Hansen et al. (2005) used the GISS global
climate model to analyse the e�ects of the stratospheric aerosol layer. They focused their
attention on the change in total radiative �ux at the TOA, not only the SW as done here.
They do not explicitly present numbers for the decomposed parts of the radiation but
they include plots of the SW and the LW for the Pinatubo period, see �gure 11 in their
paper. They plot both the �ux changes following the eruption according to observations
(citing Wong et al., 2004) and the GISS climate model. According to the observations,
the maximum SW �ux reduction following the 1991 Pinatubo eruption occurs in Septem-
ber 1991 and reaches a magnitude of around 4.7 W/m2. According to the GISS model,
the maximum �ux reduction reaches about 5.5 W/m2 in late 1991 and early 1992. It
must be iterated that these numbers are not published in their paper but deducted by
the author of this thesis from �gure 11 in Hansen et al. (2005). They should therefore
only serve as rough guidelines.

Let's again assume a log-normal size distribution of the stratospheric aerosols follow-
ing the Pinatubo eruption with σ(ln(r)) = 1.2. Then the SAM using the TLM gives
a maximum SW �ux reduction at the TOA of 5.4 W/m2 in March 1992. This is very
close to the results of Hansen et al. (2005) and, interestingly, a slightly lower estimate.
Although the SAM and the GISS model used by Hansen et al. (2005) give very similar
results for the magnitude and time of the maximum SW �ux anomalies, the develop-
ment of the �ux cahnges over time is somewhat di�erent. More detailed comparisons to
Hansen et al. (2005) will not be made here due to the lack of knowledge about their data.

When running the SAM using the EAM, it calculates both the albedo and the top of
the layer and the transmittance through it. When one thing is required the other fol-
lows automatically without any extra computing time. This is a result of how re�ections
between the ground and the aerosol layer are accounted for. Fig. 23 shows the base of
the layer transmittance for the same ten size distributions as before according to the
SAM using the EAM. As we can see, the ratio ∆Fbase/τ550nm is considerable higher than
∆FTOA/τ550nm. Instead of being roughly between 30 and 40 it is mostly between 50 and
60 for the year following the eruption. This indicates that changes in the stratospheric
aerosol layer have more e�ects on the SW �ux changes at the tropopause than at the
TOA. In table 1 in Andronova et al. (1999), which summarizes results from several pre-
vious researches, we can see how the the ratio ∆Fnet/τ is lower for the TOA than it is for
the tropopause. Here Fnet is the net radiation, that is the sum of the SW and the LW.
We will not dive deeper into the changes in tropospheric �ux due to the 1991 Pinatubo
eruption here, but it is a subject which the SAM could be used to investigate further.
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Figure 23: Same as Fig. 21 but for the base of the layer transmittance.

4.2.2 Relating �ux changes to optical depth and e�ective radius

Lacis et al. (1992) concluded that the most important parameters of the stratospheric
aerosols when it comes to changes in SW �ux are the optical depth and the particle size.
In this section we will use the SAM to investigate the relationship of SW �ux changes
to optical depth and e�ective radius. According to Sato et al. (1993) and Hansen et
al. (2002), the e�ective radius of the stratospheric aerosols between the years 1850 and
2000 ranged from circa 0.2 to 0.6 µm. Junge et al. (1961) measured aerosols with radius
between 0.1 and 1.0 µm and Russel et al. (1993) got the range of 0.16 to 1.15 µm. In the
following discussion we will therefore take a look at aerosol with e�ective radii between
0.01 and 1.50 µm. Referencing Sato et al. (1993) and Hansen et al. (2002), optical depths
between 0 and 0.2 are considered. We will both take a look at results when the reference
optical depth is taken at at 550 nm, τ550nm, and when it is spectrally averaged, τ̄ . When
running the SAM, it is possible to use several combinations of radiative transfer equation
solver and atmospheric parametrization. Those do, however, yield very similar results
and in the following discussion we use the MW80 two-stream method with the EAM.

Using τ550nm as a reference
In Fig. 24 the �ux changes at the TOA, ∆FTOA, are plotted for the ten size distributions
discussed in section 4.2.1. Here the reference optical depth is taken at 550 nm, τ550nm.
The upper panel represents gamma distributions and the lower log-normal. As we can
see they give very similar results. It does seem that the �ux changes depend much more
strongly on the spread of the distribution than its type. We also see that there is a
considerable dependence on the e�ective radius and that it grows stronger for narrower
distributions, i.e. for distributions with lower variance. As discussed in section 4.2.1,
the aerosol size distribution following a large eruption is usually narrow, a reasonable
estimate of the spread can for example be σ(ln(r)) = 1.2. Fig. 24 does therefore indicate
that a good knowledge about the aerosol size distribution, especially the e�ective radius,
is important for accurate �ux calculations. In Fig. 24 we can also see that optical depth is
indeed a very important factor. It is usually more important than the size of the aerosols
with the exception of very narrow distributions. It does, in fact, look like ∆FTOA changes
almost linearly with τ550nm. In other words: ∆FTOA ≈ Cτ550nm where C is a constant.
This is nothing but the ratio ∆FTOA/τ550nm discussed in last section. This approximate
relationship seems to hold for all the size distributions considered. The value of C is,
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however not constant, neither with regards to the spread of the distributions nor the
e�ective radius.

Figure 24: Flux changes at the TOA as a function of τ550nm and reff . The upper panel
shows results for gamma distributions but the lower for log-normal.

Figure 25: Same as Fig. 24 but for the ratio ∆FTOA/τ550nm.

In order to investigate the relationship between �ux changes and optical depth better,
Fig. 25 was made. It shows ∆FTOA/τ550nm and is based on the data presented in Fig.
24. As we can see, the ratio ∆FTOA/τ550nm is close to a constant in some cases but not
others. For all the distributions considered, the ratio is close to a constant for aerosols
with reff < 0.15 µm. This is also the case for aerosols with reff ≈ 0.5 µm for narrower
distributions. However, for roughly 0.2 < reff < 0.4 µm and reff > 0.6 µm this does not
hold. As the spread of the distributions grows, the �ux changes become less sensitive to
variations in e�ective radius. The ratio ∆FTOA/τ550nm is also not as readily approximated
by a constant for wider distributions, not even for special cases of the e�ective radius like
those discussed above.
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Let's consider the left panel of Fig. 26. It shows an enlarged plot of the ratio ∆FTOA/τ550nm

for a log-normal distribution with σ(ln(r)) = 1.2. As mentioned earlier, this distribution
can be used as a realistic representation of the stratospheric aerosol population following
large eruptions. Here we can clearly see that the ratio ∆FTOA/τ550nm can not always be
considered a constant. For example, if reff ≈ 0.35 µm, it is not a constant at all. The
same goes for reff ≈ 0.8 µm. However, if we happen to have the right e�ective radius,
the ratio ∆FTOA/τ550nm could be used to reasonably accurately connect �ux changes to
optical depth at 550 nm.

If we look at Fig. 20, we see that the e�ective radius of the stratospheric aerosols
rose from about 0.2 µm to 0.55 µm following the 1991 Pinatubo eruption according to
Hansen et al. (2002). As we can see on Fig. 26 (left), the ratio ∆FTOA/τ550nm cannot be
considered a constant for that range of e�ective radii. According to the data from Hansen
et al. (2002), the mean e�ective radius for the year following the Pinatubo eruption was
0.45 µm. From Fig. 26 (left) we see that at this value, the ratio ∆FTOA/τ550nm can be
approximated with a constant to a reasonable degree. It is, therefore, possible to use this
ratio to connect optical depth to �ux changes in some cases but it must be done with care.

Figure 26: Comparing the ratio ∆FTOA/τ for τ550nm and τ̄ using a log-normal distribu-
tion with σ(ln(r)) = 1.2.

Using τ̄ as a reference
Earlier in this thesis the choice of reference optical depth was brie�y discussed. As we
have seen, the most popular way of expressing the aerosol optical depth is to do it for
a single wavelength, λ0. This is often for λ0 = 550 nm or there around. This reference
wavelength has been used so far in this thesis to compare the SAM to other models and
results. The reason for choosing an optical depth at a speci�c wavelength has practical
reasons. It is convenient to have some kind of standard for an easier comparison between
di�erent studies and measuring the optical depth at a single wavelength is simpler than
to measure it at many. However, the optical depth τλ0 taken at λ0 does not tell the full
story. Let's imagine two di�erent size distributions. It is possible that they have the
same optical depth at the wavelength λ0 but not at some other wavelength λ′0. If the
information of how the optical depth varies with wavelength is available, it is possible to
calculate the mean optical depth over a speci�c wavelength interval, see Eq. 14. This
would give a better overall representation of the optical depth.
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Figure 27: The spectrally averaged extinction ratio for λ0 = 550 nm. To the left are
gamma distributions but log-normal to the right.

In this thesis, we have been working with theoretical size distributions and have used
measured refractive indexes for the aerosols over a broad spectrum (Palmer and Williams,
1975). libRadtran's mie code can use this information to calculate the optical properties
of the aerosols as a function of wavelength and from them the spectrally varying optical
depth can be found, see Eq. 13. This equation can be rewritten such that

τλ
τλ0

=
Qext,λ

Qext,λ0

⇒ τ̄

τλ0

=
Q̄ext

Qext,λ0

(57)

where the right hand side is termed the extinction ratio. τ̄ and Q̄ext are spectrally aver-
aged quantities according to Eq. 14. Fig. 27 shows τ̄ /τ550nm based on the extinction ratio
for the ten size distribution described earlier in this thesis as a function of e�ective radius.
Note that it is a coincidence that the curves seem to intersect at reff ≈ 0.55 µm. They do
not, in fact, intersect all at the same point. Furthermore, choosing an e�ective radius of,
say, 3 µm does not result in an apparent intersection point at λ ≈ 3 µm. As we can see in
Fig. 27, the optical depth is not a constant along the solar spectrum. Otherwise τ̄ /τ550nm

would equal unity everywhere. We also notice that this ratio is strongly dependent on the
e�ective radius, especially for the narrower distributions. Also, the wavelike behaviour
we can observe in Figs. 24 and 25 can clearly be seen here.

In order to see how the choice of reference optical depth in�uences how the radiative
�ux is presented, Figs. 28 and 29 were made. They are the same as Figs. 24 and 25
but τ̄ is used as a reference instead of τ550nm, both when calculating the �ux changes
and when �nding the ratio ∆FTOA/τ . When τ̄ is assumed, the SAM uses the extinction
e�ciency Qext to calculate the spectral optical depth according to Eq. 15. As we can see
when comparing Figs. 25 and 28, there is a considerable di�erence in the �ux changes
depending on how the reference optical depth is de�ned. The wavelike features observed
when τ550nm is used are largely absent in the case of τ̄ and variations with e�ective radius
are smoothed out.

The ratio ∆FTOA/τ̄ also looks considerably di�erent. This is highlighted in Fig. 26.
There we can see the ratio ∆FTOA/τ for τ550nm to the left and τ̄ to the right. As we can
see, the ratio ∆FTOA/τ̄ (note that here τ̄ is used as a reference optical depth) is only close
to a constant for very small aerosols, reff < 0.15 µm or thereabouts. For larger e�ective
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radii, ∆FTOA/τ̄ can not be readily approximated by a constant. It must, however, be
noted that the relationship between ∆FTOA/τ and reff is simpler when τ̄ is used as a
reference optical depth than when τ550nm is used.

Figure 28: Same as Fig. 24 but the reference optical depth is τ̄ .

Figure 29: Same as Fig. 28 but for the ratio ∆FTOA/τ̄ .

Short on the transmittance
The main focus of this thesis is the TOA albedo but since the SAM calculates the albedo
and transmittance of the layer simultaneously it provides an opportunity to take a glance
at the �ux changes at the tropopause. Fig. 30 shows the �ux changes at the base of the
layer and Fig. 31 shows the ratio ∆Fbase/τ550nm. As could be expected, the the changes
in the transmitted radiation relate to the optical depth and e�ective radius in a very
similar manner to the re�ected light at the top of the layer. The main di�erence is the
magnitude. As we saw earlier, the �ux changes at the base of the layer seem to be greater
than at the top and that observation is further reinforced here. Due to the similarities
to the TOA results, we will not look at the base of the layer changes when using τ̄ as a
reference.
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Figure 30: Same as 24 but for the base of the layer.

Figure 31: Same as Fig. 30 but for the ratio ∆Fbase/τ550nm.
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5 Conclusions

5.1 Summary of results

In this thesis a simple analytical model (SAM) of SW radiative transfer in the strato-
spheric aerosol layer has been developed and presented. It is based on the two-stream
approximation of the radiative transfer equation. Its purpose is to be a compromise
between complete radiative transfer models, which require considerable computing re-
sources but return accurate results, and simpler methods of relating the stratospheric
aerosol optical properties to the SW radiative �ux.

In order to estimate the quality of the SAM, it was compared to the radiative trans-
fer model uvspec from the libRadtran toolbox. To quantify the comparison, the ratio of
the results from uvspec to the results of the SAM was calculated. For the top of the
layer albedo, this ratio is represented by Ruvspec/RSAM where R stands for albedo. In
model runs where the gaseous atmosphere is absent, this ratio was found to lie between
about 0.975 and 1, depending on the optical depth of the layer, the e�ective radius of
the aerosols, and the two-stream method the SAM used to solve the radiative transfer
equation. To include the e�ects of the atmosphere, two parametrizations were developed
in this thesis. Depending on which of them was used, the ratio Ruvspec/RSAM ranged from
about 1 to 1.07. Generally speaking, the SAM performed best for optically thinner layers.
In the absence of an atmosphere, the agreement between the SAM and uvspec was found
to be the greatest for e�ective radii between about 0.2 and 0.5 µm. When using the atmo-
spheric parametrizations, less dependence on the e�ective radius was observed although
the two models generally agreed better for smaller aerosols. Also, including more layers
to the atmospheric parametrization seemed to improve the results of the SAM. Similar
conclusions were drawn for the base of the layer transmittance. By looking at the optical
properties of the aerosol layer, the results of this thesis indicate that the e�ective radius
dependence of the albedo and transmittance are strongly related to how the optical depth
varies with e�ective radius.

The SAM was also used to investigate the e�ects of the 1991 Pinatubo eruption on SW
radiative transfer. Its results were used to estimate the the ratio of SW �ux changes at the
top of the atmosphere to the optical depth of the stratospheric aerosol layer, ∆FTOA/τ .
It was found to lie between 33.7 and 39.6, depending on the aerosol size distribution and
the atmospheric parametrization, and always be lower for narrower distributions. For
a realistic representation of the stratospheric aerosol layer following the 1991 Pinatubo
eruption, this ratio was found to be 35.4. This is a slightly larger value than reported in
many previous studies (see Table 1).

Finally, the SAM was used to look more closely at the ratio of SW �ux changes at the top
of the atmosphere to optical depth, ∆FTOA/τ , along with the choice of reference optical
depth when performing radiative transfer calculations. When using the optical depth at
550 nm as a reference, the results showed that ∆FTOA/τ cannot always be approximated
with a constant. That can only be done for speci�c intervals of e�ective radius, reff , and
works better for narrower aerosol size distributions. For the distributions considered in
this thesis, the ratio ∆FTOA/τ is close to a constant for reff . 0.15 µm and reff ≈ 0.5 µm
when the reference optical depth is taken at 550 nm. When spectrally averaged optical
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depth was used as a reference, the ratio ∆FTOA/τ can only be approximated by a con-
stant for e�ective radii less than about 0.3 µm. This indicates that the e�ective radius
of an aerosol population must be well known in order to use the ratio ∆FTOA/τ to relate
�ux changes to optical depth.

5.2 Outlook and further proceedings

There are several things which could be expanded on regarding this work. The most
notable of them is probably to include the LW to the SAM. Writing a simple analytical
model for the LW should be on a similar level of complexity as the SAM described in
this thesis. In order to include LW radiation to the SAM, one would have to decide if
the SW and the LW should be coupled or not. An idea of how to do that would be to
include contributions from both the direct solar beam and the di�use thermal emissions
from the Earth system in the source term of Eq. 2. Doing this would mean that it would
not be possible to analyse the SW and the LW separately. On the other hand, using the
two-stream approximation to only solve for a single radiative transfer scheme at a time
might be simpler to implement. That method also has the advantage that results for the
SW and the LW can be analysed separately. However including the LW should be done, a
good starting point would be the paper by Toon et al. (1989) which outlines this problem.

Another important aspect is to improve the SAM as it is. The most straightforward
way to do this would be to include more layers in the atmospheric parametrization. Ear-
lier in this thesis it was demonstrated that the results for the top of the layer albedo
were improved when treating the atmosphere between the aerosols and the ground as a
separate layer (the three layer method, TLM) instead of boiling it and the ground down
to one number (the e�ective albedo method, EAM).

Finally, it could be useful to further compare results from the SAM to already exist-
ing literature. If the SAM can be shown to perform well enough it could be used to get
a rough feeling for the e�ects of the stratospheric aerosol layer on SW radiative transfer
without having to implement a complete radiative transfer model.
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Appendix A: A list of symbols and abbreviations

Symbol Meaning and examples of units when applicable
A geometric cross section area [m2]
Acr cross section area of a sphere [m2]
Asph surface area of a sphere [m2]
a_avg albedo of a plane right below the aerosol layer in the SAM
aeff e�ective albedo
agr broadband, global mean ground albedo
ap planetary albedo
bn the n-th moment of a phase function, equal to (2n+ 1)kn
bHG,n the n-th moment of the Henyey-Greenstein phase function
CC75 the hemispheric constant (model 2) two-stream method from Coak-

ley and Chýlek (1975)
DISORT Discrete Ordinate Radiative Transfer solver
EAM e�ective albedo method for atmospheric parametrization
F radiative �ux density (or �ux) [W/m2]
F0 total incident �ux [W/m2]
F0,diff di�use incident �ux [W/m2]
Fdir direct radiant �ux [W/m2]
Frefl total re�ected �ux [W/m2]
Fsun direct solar �ux density (or �ux) [W/m2]
Fthr,diff di�use �ux, transmitted through a medium [W/m2]
Fthr total radiative �ux transmitted through a medium [W/m2]
FTOA radiative �ux density (or �ux) at the TOA [W/m2]
fd the daylight fraction of a day
GISS Goddard Institute for Space Studies
g asymmetry parameter
I di�use radiant intensity (or radiance) [W/(m2sr)]
I+, I− upward (+) and downward (-) di�use intensities [W/(m2sr)]
J(τ, µ, φ) source term or source function in the radiative transfer equation
kn the n-th moment of a phase function, see bn
LW longwave radiation, has λ > 4 µm in this thesis
MW80 the hybrid two-stream method from Meador and Weaver (1980)
m, mRe, mIm total, real and complex refractive indexes respectively
mie libRadtran's Mie code
N number density concentration of particles [1/m3]
n(r) size distribution
Pn the n-th Legendre polynomial
p(µ, φ;µ′, φ′) phase function
p(µ, µ′) azimuthally averaged phase function
p(µ) azimuthally averaged phase function with θ′ = 0
pHG(µ) the Henyey-Greenstein phase function
Qext extinction e�ciency
Qext,λ monochromatic extinction e�ciency
R general expression for albedo
R̃′λ(µ0) monochromatic, µ0 dependent albedo over a black surface
R̃λ monochromatic, µ0 averaged albedo over a black surface
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Rλ monochromatic, µ0 averaged albedo over a re�ective surface
R̄ broadband, µ0 averaged albedo over a re�ective surface
RT radiative transfer
RSAM the top of the layer albedo according to the SAM
Ruvspec the top of the layer albedo according to uvspec

r radius [m]
reff e�ective radius [m]
r1 the albedo of the stratospheric aerosol layer
r2 the albedo of the atmosphere between the ground and the strato-

spheric aerosol layer
Sλ solar spectrum [W/(m2µm)]
S0 solar constant [W/m2]
SAL the stratospheric aerosol layer
SAM the simple analytical model presented in this thesis
SW shortwave radiation, has λ < 4 µm in this thesis
s geometric distance [m]
T general expression for transmittance
T̃ ′λ(µ0) monochromatic, µ0 dependent transmittance over a black surface
T̃λ monochromatic, µ0 averaged transmittance over a black surface
Tλ monochromatic, µ0 averaged transmittance over a re�ective surface
T̄ broadband, µ0 averaged transmittance over a re�ective surface
TSAM the base of the layer transmittance according to the SAM
Tuvspec the base of the layer transmittance according to uvspec

TLM three layer method for atmospheric parametrization
TOA top of the atmosphere
t1 the transmittance of the stratospheric aerosol layer
t2 the transmittance of the atmosphere between the ground and the

stratospheric aerosol layer
uvspec libRadtran's radiative transfer code
veff e�ective variance
x size parameter
z altitude [m]
αabs absorptance
βabs volume absorption coe�cient [1/m]
βext volume extinction coe�cient [1/m]
βsca volume scattering coe�cient [1/m]
βext,λ monochromatic volume extinction coe�cient [1/m]
β(µ0) backscattered fraction as a function of angle of incident solar radi-

ation
β̄ solar zenith angle averaged backscattered fraction
γ1, γ2, γ3, γ4 two-stream method coe�cients
∆ indicates changes when placed in front of a variable
Θ angle between incoming and outgoing beams of radiation
θ zenith angle of outgoing (i.e. scattered) radiation
θ′ zenith angle of incoming radiation
λ wavelength of radiation [m]
µ cos θ
µ′ cos θ′
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µ0 cosine of the zenith angle of incoming solar radiation
σext extinction cross section area [m2]
σ(r), σ(ln(r)) standard deviation of a size distribution
τ general expression for optical depth
τ ′ optical depth of the stratospheric aerosol layer
τ̄ spectrally averaged optical depth
τ550nm optical depth at 550 nm
τvis optical depth averaged over the visible spectrum
τλ monochromatic optical depth
φ azimuthal angle of outgoing (i.e. scattered) radiation
φ′ azimuthal angle of incoming radiation
φ0 azimuthal angle of incident solar radiation
Ω̂ direction of outgoing (i.e. scattered) radiation
Ω̂′ direction of incoming radiation
ω single scattering albedo
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Appendix B: A guide to the SAM

In the following appendix is a guide on how to use the SAM along with its script. The
SAM and all related functions are written in Python 3.6.4. Hopefully the main text of
this thesis and the comments in the scripts below are clear enough to enable the user to
run the SAM.

The main function of the SAM is called sam_RT and can be found below. In this the-
sis, the atmosphere in the SAM is parametrized in two ways, with the e�ective albedo
method (EAM) and the three layer method (TLM). When the TLM is used, the SAM
has to be run with a_avg = 0. The results from the sam_RT function are then fed into
the function TLM_albedo_aerosol as the parameters r1 and t1. In addition to those
parameters, the TLM_albedo_aerosol function requires the albedo and transmittance of
the atmosphere between the ground and the aerosol layer, r2 and t2 respectively, and
the ground albedo a. The output from the TLM_albedo_aerosol function is the total
top of the layer albedo according to the TLM. When the EAM is used, the output from
the function a_eff_function is directly plugged into sam_RT as the variable a_avg.

When using these two atmospheric parametrizations to �nd the changes in albedo when
an aerosol layer is added, one needs to be careful. It is not enough to �nd the di�erence
R-a_avg without hesitation since the atmosphere modi�es the radiative transfer between
the ground and the aerosol layer. Instead the di�erence R-a_eff needs to be found where
a_eff is the e�ective albedo calculated with the function a_eff_function.

Almost all the inputs to the SAM are either decided by the user or taken directly from a
Mie code, such as libRadtran's mie. It can, however, sometimes be di�cult to get values
for the backscattered fractions b_mean and b_mu. In this thesis they were found using the
equations from Wiscombe and Grams (1976). In order to enable the reader to use the
SAM if they want, the functions which calculate b_mean and b_mu are included below.
They are called beta_bar_HG and beta_mu_HG for the mean and zenith angle dependent
backscattered fractions respectively. They use the Henyey-Greenstein phase function. It
must, however, be noted that they are not well written and are quite slow. The results
from them can be used directly in the sam_RT function.

The SAM:

1 def sam_RT(mu, lam , r_eff , w, g, b_mean , b_mu , tau_inp , S_lam , a_avg , qext , method ,

opdepth):

2 # This function takes in the following variables and calculates the spectrally

3 # integrated albedo (R) and transmittance (T) for a the stratospheric

4 # aerosol layer.

5 # Note: "micron" stands of course for "micro -meter".

6 # Inputs:

7 # - mu: Cosine of angles of incident radiation. Should be a 1D vector of

evenly spaced values from 0 to 1.

8 # - lam: Wavelengths in [microns] at which R and T are calculated. 1D

vector.

9 # - r_eff: Effective radii in [microns] at which R and T are calculated. 1D

vector.

10 # - w: Single scattering albedo , array with dimensions [len(lam),

len(r_eff)].

11 # - g: Asymmetry parameter , array with dimensions [len(lam), len(r_eff)].

12 # - b_mean: Mean backscattered fraction , array with dimensions [len(lam),

len(r_eff)].

13 # - b_mu: Zenith angle dependent backsc. fraction , array with dimensions

[len(mu), len(lam), len(r_eff)]
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14 # - tau_inp: Layer optical depth at 550nm (if opdepth ="550") or the

integrated optical depth (if opdepth =" integrated "). Scalar.

15 # - S_lam: Solar spectrum evalated at lam. Has units of [W / (m2 micron)].

Should be a 1D vector.

16 # - a_avg: Spectral and global mean albedo for a plane directly below the

layer. See effective albedo. Scalar.

17 # - qext: Extinction efficiency from Mie calculations , array with

dimensions [len(lam), len(r_eff)]

18 # - method: Choose between "CC75" for the CC75 - model 2 hemispheric

constant , or "MW80" for the hybrid from MW80. Has to be a string.

19 # - opdepth: Choose between "550" (if tau_inp is evaluated at 550 nm) or

"integrated" (if tau_inp is the spectrally integrated optical depth). Has

to be a string.

20 # Outputs:

21 # - R: Global mean albedo at the top of the layer. Spectrally averaged.

22 # - T: Global mean transmittance through the layer. Spectrally averaged.

23

24 import numpy as np

25 from scipy import integrate

26

27 ##########

28

29 # Define necessary functions:

30

31 def R_lam_mu_blackearth(mu, w0, tau , g1, g2, g3, g4):

32 # Eq. 14 from Meador and Weaver (1980). Monochromatic.

33 # Calculates top of the layer albedo for a black Earth.

34 # Inputs:

35 # - mu: Cosine of the angle of incident radiation.

36 # - w0: Single scattering albedo.

37 # - tau: Optical depth.

38 # - g*: Depend on the two -stream mehtod , see MW80.

39 import numpy as np

40 k = np.sqrt(g1**2 - g2**2)

41 a1 = g1*g4 + g2*g3

42 a2 = g1*g3 + g2*g4

43

44 num = (1-k*mu)*(a2+k*g3)*np.exp(k*tau) -

(1+k*mu)*(a2 -k*g3)*np.exp(-k*tau) - 2*k*(g3 -a2*mu)*np.exp(-tau/mu)

45 den = (1-((k*mu)**2))*((k+g1)*np.exp(k*tau) + (k-g1)*np.exp(-k*tau))

46 R = w0*(num/den)

47 return R

48

49 def T_lam_mu_blackearth(mu, w0, tau , g1, g2, g3, g4):

50 # Eq. 15 from Meador and Weaver (1980). Monochromatic.

51 # Calculates base of the layer transmittance for a black Earth.

52 # Inputs:

53 # - mu: Cosine of the angle of incident radiation.

54 # - w0: Single scattering albedo.

55 # - tau: Optical depth.

56 # - g*: Depend on the two -stream mehtod , see MW80.

57 import numpy as np

58 k = np.sqrt(g1**2 - g2**2)

59 a1 = g1*g4 + g2*g3

60 a2 = g1*g3 + g2*g4

61

62 num = (1+k*mu)*(a1+k*g4)*np.exp(k*tau) -

(1-k*mu)*(a1 -k*g4)*np.exp(-k*tau) - 2*k*(g4+a1*mu)*np.exp(tau/mu)

63 den = (1-((k*mu)**2))*((k+g1)*np.exp(k*tau) + (k-g1)*np.exp(-k*tau))

64 T = np.exp(-tau/mu)*(1 - w0*(num/den))

65 return T

66

67 def R_ref_avg(R_avg , a_avg , T_avg):

68 # Eq. B8 in Russel et al. (1979).

69 # Accounts for reflections between layer and the ground for the albedo.

70 # Inputs:

71 # - R_avg: Top of the layer albedo for a black Earth.

72 # - a_avg: Ground albedo

73 # - T_avg: Base of the layer transmittance for a black Earth.

74 alb = R_avg + (a_avg*( T_avg **2))/(1 - R_avg*a_avg)

75 return alb

76

77 def T_ref_avg(R_avg , a_avg , T_avg):
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78 # Eq. 13.78 in Petty (2006).

79 # Accounts for reflections between layer and the ground for the

transmittance.

80 # Inputs:

81 # - R_avg: Top of the layer albedo for a black Earth.

82 # - a_avg: Ground albedo

83 # - T_avg: Base of the layer transmittance for a black Earth.

84 trans = T_avg /(1 - R_avg*a_avg)

85 return trans

86

87 def tau_lambda_550nm(tau550 , qext , lam , r_eff):

88 # Calculates varying tau with wavelength for a given optical depth at

550 nm.

89 # Returns: An array for optical depth as a function of lambda and reff.

90 # Inputs:

91 # - tau550: Optical depth at 550 nm. Scalar.

92 # - qext: Extinction efficiency from Mie calculations based on

refractive data from Williams and Palmer.

93 # Has dimensions of (len(lam), len(r_eff)).

94 # - lam: Wavelengths at which tau550 and qext are evaluated.

95 # - r_eff: Effective radius at which qext is evaluated.

96 import numpy as np

97 idx550 = (np.abs(lam - 0.55)).argmin () # Find the index where lam =

550 nm.

98 q550 = qext[idx550 ,:] # Extract the extinction

efficiency at 550 nm.

99 q_all = np.zeros ((len(lam),len(r_eff))) # Empty array to fill in.

100 for i in range(len(r_eff)):

101 q_all[i,:] = qext[i,:]/ q550 # Find the "extinction ratio".

102 tau_lam = q_all*tau550 # Find the optical depth for each

wavelength.

103 return tau_lam

104

105 def tau_lambda_frombar(tau_bar , qext , S_lam , lam_0 , r_eff):

106 # Function which calculates varying tau with wavelength for a given

integrated optical depth , tau_bar.

107 # Returns: An array for optical depth as a function of lambda and reff.

108 # Inputs:

109 # - tau_bar: Integrated optical depth. Scalar.

110 # - qext: Extinction efficiency. Has dimensions of (len(lam_0),

len(r_eff))

111 # - S_lam: Solar flux , has to fit with the wavelengths used to

calculate qext , i.e. lam_0.

112 # - lam_0: Wavelengths at which solar spectrum and optical depth

are evaluated , i.e. lam_0.

113 # - r_eff: Effective radii at which optical depth is evaluated.

114 import numpy as np

115 from scipy import integrate

116 # The integral in the numerator.

117 lam_int1 = integrate.simps(S_lam , lam_0) # Integrating the solar

spectrum over all wavelengths.

118 # The integral in the denumenator.

119 lam_int2 = np.zeros(len(r_eff))

120 for i in range(len(r_eff)):

121 lam_int2[i] = integrate.simps(qext[:,i]*S_lam , lam_0 , axis =0)

122 # The spectrally optical depth.

123 tau_lam = tau_bar*qext*lam_int1/lam_int2

124 return tau_lam

125

126 ##########

127

128 # Calculate the optical depth as it varies with wavelength.

129 if opdepth == "550":

130 tau = tau_lambda_550nm(tau_inp , qext , lam , r_eff)

131 elif opdepth == "integrated":

132 tau = tau_lambda_frombar(tau_inp , qext , S_lam , lam , r_eff)

133 else:

134 print('Error')

135

136 # Calculate R(mu) and T(mu) for black earth from eqs. 14 and 15 in MW80.

137 r_mu = np.zeros((len(mu), len(lam), len(r_eff))) # An empty 3D array with

dimensions mu*lam*r_eff

138 r_mu_mu = np.zeros((len(mu), len(lam), len(r_eff))) # An empty 3D array with
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dimensions mu*lam*r_eff

139 t_mu = np.zeros((len(mu), len(lam), len(r_eff))) # An empty 3D array with

dimensions mu*lam*r_eff

140 t_mu_mu = np.zeros((len(mu), len(lam), len(r_eff))) # An empty 3D array with

dimensions mu*lam*r_eff

141 if method == "CC75":

142 for i in range(len(mu)):

143 g1 = 2*(1 - w*(1 - b_mean/w))

144 g2 = 2*w*b_mean/w

145 g3 = b_mu[i,:,:]/w

146 g4 = 1 - g3

147

148 r_mu[i,:,:] = R_lam_mu_blackearth(mu[i], w, tau , g1, g2, g3,

g4) # The zenith angle dependent albedo

149 r_mu_mu[i,:,:] = r_mu[i,:,:]*mu[i] # R(mu)*mu (for the

integral , see page 2449 in WG76)

150

151 t_mu[i,:,:] = T_lam_mu_blackearth(mu[i], w, tau , g1, g2, g3,

g4) # The zenith angle dependent transmittance

152 t_mu_mu[i,:,:] = t_mu[i,:,:]*mu[i] # T(mu)*mu (for the

integral , see page 2449 in WG76)

153 elif method == "MW80":

154 for i in range(len(mu)):

155 g1 = (7 - 3*(g**2) - w*(4+3*g) + w*(g**2) *(4* b_mu[i,: ,:]/w +

3*g))/(4*(1 - (g**2)*(1-mu[i])))

156 g2 = -(1 - (g**2) - w*(4-3*g) - w*(g**2) *(4* b_mu[i,:,:]/w + 3*g

- 4))/(4*(1 - (g**2)*(1-mu[i])))

157 g3 = b_mu[i,:,:]/w

158 g4 = 1 - g3

159

160 r_mu[i,:,:] = R_lam_mu_blackearth(mu[i], w, tau , g1, g2, g3,

g4) # The zenith angle dependent albedo

161 r_mu_mu[i,:,:] = r_mu[i,:,:]*mu[i] # R(mu)*mu (for the

integral , see page 2449 in WG76)

162

163 t_mu[i,:,:] = T_lam_mu_blackearth(mu[i], w, tau , g1, g2, g3,

g4) # The zenith angle dependent transmittance

164 t_mu_mu[i,:,:] = t_mu[i,:,:]*mu[i] # T(mu)*mu (for the

integral , see page 2449 in WG76)

165 else:

166 print('Error')

167

168 ##########

169

170 # Calculate R and T for black earth from eqs. on p. 2449 in WG76 , i.e.

integrate over mu.

171 # The integral in the numerator for R and T

172 r_mu_mu_S = np.zeros((len(mu), len(lam), len(r_eff))) # An empty 3D array with

dimensions mu*lam*r_eff

173 t_mu_mu_S = np.zeros((len(mu), len(lam), len(r_eff))) # An empty 3D array with

dimensions mu*lam*r_eff

174 for i in range(len(lam)):

175 r_mu_mu_S [:,i,:] = r_mu_mu[:,i,:]* S_lam[i]

176 t_mu_mu_S [:,i,:] = t_mu_mu[:,i,:]* S_lam[i]

177

178 r_mu_mu_S_int = integrate.simps(r_mu_mu_S , mu, axis =0)

179 t_mu_mu_S_int = integrate.simps(t_mu_mu_S , mu, axis =0)

180

181 # The integral in the denominator , the same for R and T.

182 S_lam_array = np.repeat(S_lam , len(r_eff))

183 S_lam_array = np.reshape(S_lam_array , (len(lam),len(r_eff)))

184 S_lam_array_mu = np.zeros ((len(mu), len(lam), len(r_eff))) # An empty 3D array

with dimensions mu*lam*r_eff

185 for i in range(len(mu)):

186 S_lam_array_mu[i,:,:] = S_lam_array*mu[i]

187 S_lam_array_mu_int = integrate.simps(S_lam_array_mu , mu, axis =0)

188

189 # The mu-integrated R and T.

190 r_int = r_mu_mu_S_int/S_lam_array_mu_int

191 t_int = t_mu_mu_S_int/S_lam_array_mu_int

192

193 ##########

194
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195 # Add reflections from the ground , see for example Petty (2006).

196 r_refl = R_ref_avg(r_int , a_avg , t_int) # Albedo

197 t_refl = T_ref_avg(r_int , a_avg , t_int) # Transmittance

198

199 #########

200

201 # Calculate spectrally averaged R and T for refelctive earth , see eq. 29 in

WG29.

202 # The integral in the numerator.

203 lam_int1_r = np.zeros(len(r_eff))

204 lam_int1_t = np.zeros(len(r_eff))

205 for i in range(len(r_eff)):

206 lam_int1_r[i] = integrate.simps(r_refl[:,i]*S_lam , lam , axis =0)

207 lam_int1_t[i] = integrate.simps(t_refl[:,i]*S_lam , lam , axis =0)

208

209 # The integral in the denominator.

210 lam_int2 = integrate.simps(S_lam , lam) # Integrating the solar spectrum over

all wavelengths.

211

212 # The spectrally integrated R and T.

213 R = lam_int1_r/lam_int2

214 T = lam_int1_t/lam_int2

215

216 return (R, T)

The e�ective albedo:
1 def a_eff_function(r2,t2,a):

2 # This function calculates the effective albedo.

3 # Note that this is the same equation as for the clear sky in the

three -layer -method.

4 # a: ground albedo

5 # r2: clear sky albedo of the atmosphere for black earth.

6 # t2: clear sky transmittance of the atmosphere for black earth.

7 # Returns the total clear sky albedo as a function of ground albedo.

8 r_tot_clear = r2 + a*(t2**2) /(1 - a*r2)

9 return r_tot_clear

The top of the layer albedo using the TLM:
1 def TLM_albedo_aerosol(r1,t1 ,r2,t2,a):

2 # This function calculates the albedo of the of the

3 # Earth -atmospehre -aerosol system for given:

4 # a: ground albedo

5 # r1: aerosol albedo for black earth (comes from the SAM using a_avg =0).

6 # t1: aerosol transmittance for black earth (comes from the SAM using a_avg =0).

7 # r2: clear sky albedo of the atmosphere for black earth.

8 # t2: clear sky transmittance of the atmosphere for black earth.

9 # Returns the total Earth -atmosphere -aerosol albedo.

10

11 # Shorthands:

12 x0 = r1 + (r2*(t1**2))/(1 - r1*r2)

13 x1 = (t1*t2)/(1 - r1*r2)

14

15 r_tot_aero = x0 + a*(x1**2) /(1 - a*x0)

16 return r_tot_aero

The mean backscattered fraction:
1 def beta_bar_HG(g):

2 # Calculates the zenith angle mean backscattered fraction using the

3 # Henyey -Greenstein phase function and dased on Eq. 15b in Wiscomb and Grams

(1976).

4 # NOTE: This output needs to be multiplied by 1/ omega_0 to fit in the MW80

equations.

5 # Input:

6 # - g: The asymmetry parameter. Can only be a single scalar.

7 # Output:

8 # - beta_int_HG: Mean backscattered fraction using the Heyey -Greenstein

phase funciton.

9 import numpy as np

10 from scipy import integrate

11
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12 if g == 1:

13 g = 1-10e-8 # Make 1 be just a bit less than 1.

14

15 theta = np.linspace(0, np.pi, 500) # Scattering angles from

0 to pi.

16 p = (1 - g**2) /((1 + g**2 - 2*g*np.cos(theta))**(3/2)) # The Henyey -Greenstein

phase function.

17 dev = theta*p*np.sin(theta)

18 beta_int_HG = integrate.simps(dev , theta , 0)/(2*np.pi) # Calculating the

backscattered fraction.

19

20 return beta_int_HG

The zenith angle dependent backscattered fraction:

1 def beta_mu_HG(mu , g):

2 # Calculate zenith angle dependent backscattered fraction , beta(mu), according

to

3 # Eq. 22 in Wiscomb and Grams (1976). Uses the Henyey -Greenstein phase function.

4 # NOTE: This output needs to be multiplied by 1/ omega_0 to fit in the MW80

equations.

5 # Input:

6 # - mu: Cosine of the zenith angle. Has to be a scalar , a single value.

7 # - g: Asymmetry parameter. Must be an array , can be of length 1 or longer.

8 # Must be one dimensional.

9 # Output:

10 # - beta_tot: Zenith angle dependent backscattered fraction using the

Heyey -Greenstein

11 # phase funciton.

12 import numpy as np

13 from scipy import integrate

14

15 def find_nearest(arr , K):

16 # Finds the value closest to K in an array arr , returns it and it's

index.

17 import numpy as np

18 arr = np.asarray(arr)

19 idx = (np.abs(arr - K)).argmin ()

20 return (arr[idx], idx)

21

22 ##########

23

24 # Take care of g = 1. This is just a cheap fix but it works.

25 if np.amax(g) == 1:

26 g[g == np.amax(g)] = 1-10e-8 # Make 1 be just a bit less than 1.

27

28 # Take care of mu = 1. This is just a cheap fix but it works.

29 if mu == 1:

30 mu = 1 - 10e-7

31

32 ##########

33

34 theta = np.linspace(0, np.pi, 2001) # Defingin the scattering angles from 0 to

pi.

35 theta_0 = np.arccos(mu) # theta_0 is the angle of incoming

radiation.

36

37 # Define the domains (see integration limits in Eq. 22 in WG76)

38 dev1_index1 = find_nearest(theta , np.pi/2 - theta_0)[1]

39 dev1_index2 = find_nearest(theta , np.pi/2 + theta_0)[1]

40 dev2_index = dev1_index2

41

42 dev1_domain = theta[dev1_index1:dev1_index2]

43 dev2_domain = theta[dev2_index :]

44

45

46 p = np.full((len(g),len(theta)), 0.0) # Empty array for the phase

function

47 dev1 = np.full((len(g),len(dev1_domain)), 0.0) # Empty array for

arccos(cot(theta)cot(theta '))*p'*sin(theta ')

48 dev2 = np.full((len(g),len(dev2_domain)), 0.0) # Empty array for p'*sin(theta ')

49

50 for i in range(len(g)):
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51 p[i,:] = (1 - g[i]**2) /((1 + g[i]**2 - 2*g[i]*np.cos(theta))**(3/2)) #

The HG phase function

52 # Sometimes Python approximates beta as slightly outside

53 # the range of arccos so the outliers need to be modified a bit.

54 beta = 1/(np.tan(dev1_domain)*np.tan(theta_0))

55 beta[beta > 1] = 1 # Set values slightly larger than 1 to 1.

56 beta[beta < -1] = -1 # Set values slightly smaller than -1 to -1.

57 dev1[i,:] =

(np.arccos(beta))*p[i,dev1_index1:dev1_index2 ]*np.sin(dev1_domain)

58 dev2[i,:] = p[i,dev2_index :]*np.sin(dev2_domain)

59

60 beta_dev1 = integrate.simps(dev1 , dev1_domain)/(2*np.pi)

61 beta_dev2 = integrate.simps(dev2 , dev2_domain)/2

62

63 beta_tot = (beta_dev1 + beta_dev2)

64 return beta_tot
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