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1. INTRODUCTION

SUMMARY

A key question for those who study magmatic and volcanic processes is: ‘How fast can
a magmatic intrusion travel?” Observations and models indicate ranges between 1072 and
I ms~! depending on several parameters, including magma buoyancy (or driving pressure),
viscosity and rock fracture toughness (K,). However, K, values are difficult to constrain, as
effective values inferred from large magmatic intrusions may be 2-3 orders of magnitude
larger than measured values from small laboratory samples. This can be attributed to non-
elastic processes that dissipate energy at different rates, depending on factors such as the
fracture dimension and fracture propagation velocity. Here, we aim to investigate this aspect
and provide a scheme for estimating effective fracture toughness values (K.f) by considering
fluid-filled fracture processes across different ranges of propagation velocities. To do so,
we combine (i) analogue laboratory experiments involving the propagation of oil- and air-
filled cracks within a solidified gelatin block, with (ii) numerical simulations, reproducing
the crack shape and velocity and providing an estimate of the energy dissipated by the fluid
flow between the crack walls. We show that even at the scale of our experiments, K ¢ values
exhibit significant variations spanning over an order of magnitude. Over the velocity ranges
relative to our two sets of experiments, we identify two empirical relations for an effective,
velocity-dependent fracture energy (AE,(v)), showing that when such an empirical relation is
implemented into the numerical model, it improves the prediction of velocities and velocity
variations. Following a similar procedure and building empirical relations for AE;(v) or Kegr(v)
at the scale of magmatic intrusions would improve predictions on dyke propagation velocities
in the crust. In order to do so, a considerable amount of observations on the geometry and
propagation velocity of magmatic dykes should be gathered.

Key words: Fracture and flow; Numerical modelling; Experimental volcanism; Physics of
magma and magma bodies.

In particular, determining the propagation velocity of an intru-
sion, given the characteristic parameters of magma and host rocks,

Magma propagation through the Earth’s crust mainly occurs by dyk-
ing, which may either feed eruptive vents or stall without reaching
the surface. Dyking processes are mainly driven by the interplay be-
tween crustal stress orientation, rock mechanics and magma proper-
ties. Addressing the dynamic processes involved in the propagation
of magmatic dykes has been the focus of several volcanological
studies using theoretical, laboratory and observational approaches
(e.g. Rivalta et al. 2015).

currently represents a problem of fundamental interest for volcanol-
ogy (e.g. Rivalta e al. 2015; Mori & Lecampion, 2022, 2023; Davis
et al. 2023; Furst et al. 2023). This is partially due to the relatively
scarce amount of direct observations but also to the theoretical chal-
lenges that models have to overcome to fully describe the physics of
fluid-filled fracture propagation. From an observational perspective,
monitored volcanoes offer the best opportunities. For instance, the
hypocentre migration of earthquakes associated with the cracking
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at the tip of an intrusion allows for tracking propagation velocities,
which have been found to range from kmd~! to kmhr~! (= 1072
to 1 ms™!, e.g. Prejean et al. 2003; Sigmundsson ez al. 2015, 2024;
Lengliné et al. 2021).

Theoretical models based on the lubrication theory describe the
velocity of fluid-filled fracture propagation under conditions where
viscous forces outweigh fracture resistance. This occurs when the
velocity is determined by the fluid viscosity (Spence ef al. 1987,
Lister 1990; Spence & Turcotte 1990; Rubin 1998; Roper & Lis-
ter 2007; Davis et al. 2023; Mori & Lecampion 2023). However,
they fail when viscous forces are not the limiting factor for the
propagation velocity of an intrusion, and the velocity of fracture
growth is instead governed by rock fracture toughness (K.), which
represents the resistance of the rocks to fracture (Garagash & Ger-
manovich 2014, 2022; Mori & Lecampion 2022, 2023, and refer-
ences therein). Magma viscosity and rock fracture toughness values
span several orders of magnitude. This suggests that dyking pro-
cesses may occur at different propagation regimes, ranging from
viscous- to fracture-dominated (Rivalta et al. 2015). Recently, new
2-D and 3-D models have been developed to simulate buoyant fluid-
filled fracture propagation within these two limits. Mori & Lecam-
pion (2023) addressed the release of a finite-fluid volume within a
3-D planar fracture. The fluid-filled fracture self-propagates when
it overcomes the hydrostatic limit, characterized by the buoyancy
and the viscosity factors. Importantly, the viscosity factor also de-
pends on the release rate of fluid, which in turn influences the
propagation regimes and affects the fracture shape. Noteworthy,
they found that even in the case of a finite volume, the propaga-
tion regime is likely to switch between the two limits. On the other
hand, Furst et al. (2023) implemented a new 2-D numerical ap-
proach to estimate the propagation velocity of viscous fluid-filled
cracks within a regime between fracture- and viscous-dominated.
This model considers both rock fracture toughness and fluid vis-
cosity, resulting in velocities and shapes that depend on both fac-
tors.

Complementary to numerical models, analogue laboratory
experiments—performed by injections of different fluids into so-
lidified gelatin blocks—are additional powerful tools to investigate
magmatic dyke dynamics. These fluid-filled fracture experiments
share similar physics with magmatic dykes, as they both propagate
as quasi-static fluid-filled cracks, with negligible contribution of
inertial terms (Rivalta et al. 2015; Kavanagh et al. 2018). Some
of these experiments have shown that the ratio between fracture
toughness (K,) and stress intensity factor (K;)—representing the in-
tensity of the stress singularity at the crack tip—correlates with the
propagation velocity of fluid-filled fractures (Takada 1990; Heim-
pel & Olson 1994; Smittarello et al. 2021). These results confirm
that non-elastic processes occurring at the propagating tip of the
crack determine its propagation velocity, as also noted by Rubin
(1993). Additionally, similar analogue experiments have been used
in the past to study velocity variations when a fluid-filled crack ap-
proaches the surface (Watanabe et al. 2002; Rivalta & Dahm 2006),
crosses a layer with different elastic properties (Maccaferri et al.
2010), or enters a heterogeneous stress field (Pinel et al. 2022).
Eventually, previous theoretical and empirical results suggest that
when the velocity of a fluid-filled fracture is not constrained by
fluid viscosity, the fundamental parameter governing the propaga-
tion velocity is the fracture toughness of the host rocks (Heimpel
& Olson 1994; Garagash & Germanovich 2014; Mori & Lecam-
pion 2023; Furst et al. 2023). Theoretical and experimental studies
on mode-I fracture mechanics showed that the process of tensile
fracturing—under different loading stress conditions—is governed
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by velocity-dependent empirical relations for static and dynamic
rock fracture toughness, as well as crack stress intensity factor
(Bhat et al. 2012, and references therein). However, these tensile
fracturing processes do not share the same driving mechanism with
fluid-filled cracks, and importantly, they may occur at very differ-
ent velocity regimes, with significantly higher velocities resulting
in differences between the static and dynamic fracture toughness.
Monitoring hydraulic fracture propagation rates in rocks remains
challenging (Liu & Lecampion 2022, and references therein), and
only a few studies were able to highlight velocity-dependent char-
acteristics of the fracture growth process within the velocity ranges
for fluid-filled fracture propagation (Chen et al. 2021, and refer-
ences therein). Recently, Liu & Lu (2023) investigated the effects of
velocity-dependent apparent fracture toughness on hydraulic frac-
ture propagation using a power-law empirical model. They present
results for plane strain and radial fractures, including an application
to a non-buoyant magmatic intrusion under constant magma sup-
ply. They found that both plane strain and radial fractures present
decreasing toughness as the fracture grows. Additionally, for the
radial fracture, the energy spent in creating new fracture surfaces
increases as the fracture extends, eventually causing the propaga-
tion to evolve towards a regime dominated by fracture toughness,
in contrast to the plane strain case. However, estimates of rock
fracture toughness can vary by orders of magnitude depending on
the scale of the fracture process. Typically, laboratory estimates
on small, centimetre-scale rock samples return fracture toughness
values that are 2-3 orders of magnitude smaller than those in-
ferred from large, kilometre-scale, magma-filled dykes exposed in
the field (Delaney & Pollard 1981; Olson & Schultz 2011; Zhu et al.
2022). Such different estimates are thought to be related to effec-
tive fracture toughness values resulting from non-elastic (velocity-
or scale-dependent) processes occurring at the tip of a propagat-
ing crack (Delaney et al. 1986; Rubin 1993, 1995; Rivalta et al.
2015).

In this study, we conducted two sets of analogue experiments in-
volving the injection of fluids with extremely different viscosities—
silicon oil and air—into several gelatin blocks with very similar
elastic properties. We performed multiple injections with differ-
ent volumes for each fluid, resulting in a wide range of propa-
gation velocities spanning over 4 orders of magnitudes. We used
the experiment records to measure the crack geometries and es-
timate their stress intensity factors. We also used the numerical
code developed by Furst ef al. (2023) to reproduce the propaga-
tion velocity of oil-filled fractures with different volumes and de-
rived their stress intensity factor (K;) accounting for the viscous
oil flow between the fracture walls. In fact, during previous ana-
logue experiments of fluid-filled crack propagation, K; values have
often been estimated based on static crack formulae, which ne-
glect the effect of fluid viscosity (e.g. Takada 1990; Heimpel &
Olson 1994; Smittarello et al. 2021). We used K; estimates from
oil- and air-filled cracks to compute the gelatin fracture tough-
ness (K.) and eventually showed that these two sets of experiments
yield notably different K. estimates. We interpreted our findings
in terms of velocity-dependent effective fracture toughness values
(Keir), with slower fracture propagation velocities requiring less
energy to break a unit surface of gelatin at the crack tip. This is
consistent with previous experimental results (Heimpel & Olson
1994) and theoretical considerations (Rubin 1993). Our results sug-
gest that introducing non-elastic, velocity- (or, in general, ‘crack-")
dependent effective fracture toughness is fundamental for theoret-
ical models to predict fluid-filled fracture propagation velocities
successfully.
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2. METHODS

2.1. Analogue model framework

We conducted experiments using solidified gelatin as the analogue
material for the Earth’s crust. Gelatin is transparent and brittle-
elastic, and it is broadly used to study magma transport by injecting
different fluids (e.g. air, water and silicon oils) to form fluid-filled
fractures. These experiments are representative of intrusion mech-
anisms that involve brittle-elastic properties of the crust, offering
a good scaling for different types of magma (e.g. Takada 1990;
Heimpel & Olson 1994; Watanabe et al. 2002). To ensure adequate
scaling for magmatic dyke propagation studies, gelatin must be pre-
pared at a concentration < 5 wt % and cooled down at a temperature
below 10 °C (Kavanagh et al. 2013).

To simulate the mechanics of magmatic dykes at toughness- and
viscosity-dominated regimes, we respectively injected air and sili-
con oil (specifically, KORASINOL M10000 supplied by Obermeier,
which has a viscosity 10000 times higher than water) into the gelatin,
resulting in the formation of fluid-filled buoyant cracks. Gelatin and
silicon oil have similar densities (o ~ 1000 kgm~ and p; ~ 980
kgm™3 at 10°C, respectively); therefore, we increased the buoy-
ancy of the oil-filled cracks by dissolving salt within the gelatin
during preparation. While salt increases the gelatin density, im-
proving the model scaling for buoyant magma (Brizzi et al. 2016), it
also affects the gelatin structure, decreasing its rigidity (Smittarello
etal. 2021). Furthermore, previous studies showed that—for a given
shear modulus—salty gelatin blocks display higher values of frac-
ture toughness with respect to non-salty gelatin (Smittarello et al.
2021).

2.1.1. Gelatin preparation and laboratory setup

The experiments were performed in the Volcano Lab at the Ger-
man Research Centre for Geoscience (GFZ) in Potsdam, Germany.
We prepared 18.4 L of solution at 1.5 wt % gelatin and 15 wt
% salt in two steps. First, we dissolved 276 g of pigskin gelatin
(280 bloom and 16 mesh, Italgel) in 9 L of water at 60 °C, stir-
ring continuously until the gelatin reached a temperature of 50 °C.
Then, in a separate pot, we poured 2760 g of salt into 9.4 L of
cold water. To ensure a uniform salt blend in the water, stirring
was maintained while the pot with the salty solution was heated
to 50 °C. Then, after the two solutions were combined and cooled
to approximately 30 °C, we poured the liquid salty-gelatin into a
Plexiglas tank with dimensions 40 x 20 cm, reaching a height of
23 cm. The tank was placed in a fridge for 40 hr to solidify the
gelatin and cool it down to a stable and homogeneous temperature
of 8§ °C. We strictly followed the same procedure for preparing all
the gelatin blocks used in our experiments to ensure the repeatabil-
ity of the gelatin characteristics. In addition, the room temperature
was maintained below 15 °C to preserve the gelatin’s elastic prop-
erties during the experiments, which could last up to approximately
3 hr.

Before starting each experiment, we measured the gelatin density
and rigidity. Density measurements were performed by weighing
and measuring the volume of the gelatin block, obtaining consis-
tent values across all the experiments, ranging between 1101-1129
kgm™3 (Tables 1 and 2). For measuring the rigidity, we followed
the procedure described by Pansino & Taisne (2019), using the pho-
toelastic properties of gelatin to measure the velocity of the shear
waves. We set two polarized sheets at the front and back of the tank
and illuminated the tank to make visible the shear waves produced

by striking the gelatin surface with a plastic spoon. The propaga-
tion velocity v, of the shear waves allowed us to compute the shear
modulus G:

G = pV? (1)

considering a Poisson’s ratio equal to 0.5 for gelatin (Kavanagh
et al. 2013). The values for G are reported in Tables 1 and 2.

We formed fluid-filled cracks of various sizes by injecting dif-
ferent fluid volumes through holes at the bottom of the tank, using
a syringe and a metal needle. The needle had a sharp bevelled tip
that helped to control the initial crack’s orientation and was con-
nected through a silicon hose to the syringe. For each gelatin tank,
we performed up to three fluid-filled crack propagation experiments
of air and oil injections. Each injection was separated by at least
5 cm from the others to prevent mechanical interactions between a
propagating fluid-filled crack and the cuts left behind by previous
injections (Le Corvec et al. 2013). Additionally, in two experiments
(number 04 and 11), we tested the simultaneous propagation of two
oil-filled cracks (¢f. Fig. 1a) and observed no differences in the out-
comes compared to injections performed in a new—intact—gelatin
block or compared to the injections performed successively in the
same box. To record the experiments, we set a camera in front of
the gelatin tank and used a backlight to enhance the visibility of
the fluid-filled cracks. The volume of oil injections ranged from
10 to 50 mL. Given the high viscosity of the silicon oil, a single
oil-filled crack propagation experiment could last up to about 3 hr.
Thus, we set the camera shoot with a time lapse of 10 s. In con-
trast, air injections were carried out in volumes ranging from 1 to
10 mL. Due to their low viscosity, these injections display higher
velocities, allowing us to record them using videos (Fig. 1c). We
ran several experiments injecting the same amount of fluid in order
to check the repeatability of the experiments and the stability of our
measurements.

2.1.2. Measurements of fluid-filled crack aspects and velocity and
associated errors

In order to measure the propagation velocity of an ascending fluid-
filled crack, we monitored the crack-tip position on its trajectory
to the surface. We created videos from image stacks (for oil-filled
cracks) and processed them using the free software Tracker (Brown
2012). We tracked the dyke tip position over time manually, and the
software provided the velocity between two consecutive positions
(Fig. 1c). Additionally, we computed the mean propagation velocity
(Vinean)» 1ts minimum (vy,;,) and maximum values (Vi ), excluding
an initial ‘crack formation’ phase (marked in grey in Fig. 1¢) and
the final acceleration when approaching the free surface (Rivalta
& Dahm 2006). For oil-filled cracks and air injections up to 5 mL,
this phase is characterized by an initially high velocity that quickly
decelerates to a more stable trend. In fact, in these cases, the initial
crack growth phase occurs at a faster rate than the buoyancy-driven
propagation phase. Conversely, the larger air-filled cracks (10 mL)
initially display an accelerating velocity. This is due to the fact
that these cracks start the buoyant propagation before the end of
the injection. As their volume grows, their buoyancy progressively
increases, accelerating their propagation velocity until the final vol-
ume is reached. In both cases, during these initial phases of deceler-
ation or acceleration, the velocity is significantly influenced by the
crack nucleation phase and the rate of fluid injection. These factors
are not accounted for in our numerical simulations; hence, their im-
pact cannot be analysed. However, these observations are consistent
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Table 2. Gelatin properties and experimental results for propagating air-filled cracks. The experiments are listed in order of injected volumes (V). The first two
digits of the ‘Exp. ID” indicate the ID of the gelatin block, followed by the progressive number of the air (‘4’) injection. The gelatin density (p), shear modulus
(G), starting depth (Zy), as well as physical and geometric crack parameters such as mean-, minimum- and maximum-velocity (Vmean, Vmin and vVmax), crack
opening (0), width (W) and length (L), along with the stress intensity factor estimated from eq. (2) (K;®P)), are reported.

4 Exp. P G Zs Vmean Vmin Vmax o w L KI(SD)
[mL] D [kgm—3] [Pa] [cm] [mms~'] [mms~']  [mms~'] [cm] [cm] [cm] [Pa- m!'/?]
1 10-A1  [11.06 £ 0.28]x10% [1.2540.23]x10> 97402  229+40.15 225+0.15 2384015 0.65+£0.02 1.51£0.06 23+02 2542
1 11-A1 [11.05 4 0.28]x10% [1.324+027]x10> 93402  198+0.17 189+0.17 2.04+0.17 0.66+0.06 1.40+0.08 24+02 2542
1 12-A1 [11.06 £ 0.24]x10% [1.29 4 0.22]x10>  17.1 £0.1 17404 09404 21404 062+0.02 1.41+006 24+0.1 25+ 1
2 11-A2  [11.05+0.28]x10% [1.3240.27]x10>  19.9+0.2 6+1 541 8+1 0754002 1774005 25+02 2942
2 12-A2  [11.06 & 0.24]x 10> [1.29 4 0.22]x10>  20.3 £ 0.1 741 541 81  081£003 191+£007 27+0.1 3242
2 13-A1  [11.06 £ 0.28]x10% [1.33 +0.21]x10>  20.4 +0.2 741 541 941  097+0.02 1914003 28402 3443
3 10-A2  [11.06 4 0.28]x 10> [1.25 + 0.23]x10*>  19.2+£0.2 12+1 941 14+1  1.054+003 2274002 28402 3743
3 11-A3  [11.05+0.28]x10% [1.3240.27]x10> 192402 1142 9+2 1442 1.01£0.02 2254002 29+02 38+3
3 12-A3  [11.06 £ 0.24]x10% [1.29 # 0.22]x10>  20.3 £ 0.1 1m+1 9+1 1341 1.10£0.03 231+0.06 29+0.1 3842
4 13-A2  [11.06 4 0.28]x 10> [1.33 £ 0.21]x10*>  19.3+£0.2 1542 1342 1842 1354006 2464001 31402 42+3
5 10-A3  [11.06 + 0.28]x10% [1.25 4 0.23]x10>  18.4+0.2 1942 1742 2242 1354006 276+0.07 34402 4943
5 11-A4  [11.05+0.28]x10% [1.3240.27]x10> 183 +0.2 1842 1542 2242 1324001 2774003 34402 4943
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Figure 1. (a) Laboratory setup and image of two parallel oil-filled crack propagation corresponding to experiments 11-O2 (left) and 11-O1 (right) (see Table 1).
(b) Top-view image of experiment 11-O1 highlighting the crack width () and opening (O) just before the arrival at surface. (c¢) Crack propagation velocity
(v) against depth (Z) for a 10 mL oil-filled crack experiment (11-O1) and a 10 mL air-filled crack (10-AS5). Note that the velocity range for an oil-filled crack is
3 orders of magnitude smaller than for an air-filled crack for the same injected volume. The opposite behaviours (deceleration and acceleration) observed for
the 10 mL oil- and air-filled cracks during the ‘initial phase’ (marked in grey) are mainly due to the large buoyancy difference of these fluids and are discussed

in Section 2.1.2.

with the theoretical considerations and the numerical results ob-
tained by Mori & Lecampion (2022, 2023), who highlight similar
dynamics in the transition from initial radial to buoyancy-driven
propagation. For each experiment, we identified the depth reached
by the dyke tip once the crack formation phase was over (Z; in Ta-
ble 1). Crack characteristics, including its maximum opening (O),
head width (/) and length (L), were measured from the recorded
images using Tracker. We used images from the front camera to
measure L, while O and W were measured from images taken from
a top view. To mitigate the influence of light refraction in the gelatin
block (Furst et al. 2024), measurements from top-view images were

taken when the crack reached about 2 cm from the surface. For
consistency, the same was applied also to length measurements (cf.
Fig. 1b). Images were calibrated using transparent graduated sheets
placed on the gelatin surface and the tank walls. Some cracks formed
with a slight dip angle with respect to the vertical (e.g. 11-O1 in
Fig. 1), which was due to the orientation of the injection needle
(controlling the initial fracture orientation). Consistently producing
exactly vertical cracks, as well as cracks which are perpendicular
to the front camera, remains challenging. Therefore, we sometimes
needed to change the view angle of the camera to capture the crack
opening and width. This procedure introduced a distortion that had
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to be taken into account during the image calibration in order to
measure O and V.

Uncertainties (Tables 1 and 2) were estimated from direct mea-
surement errors, taking into account the sensitivity of our instru-
ments, but also other possible error sources. In particular, the errors
associated with measurements taken on recorded images strongly
depend on the quality of the image, that is, its sharpness, resolution
and possible distortion effects. For instance, when measuring the
length L of a crack on a digital image, we considered its maximum
and minimum estimates in pixels, accounting for the thickness of
the line marking the crack borders on our recordings. The associated
error was taken as the difference between these two estimates. As
a consequence, the sharper the recorded image, the thinner the line
marking the crack border, and the smaller the error. Additionally,
when scaling the pixels of an image, we accounted for distortion
effects at its edges using transparent graduated sheets placed on the
sides of the gelatin tank. Similarly, for the manual pick of the crack
front, we considered the midpoint of the crack borderline. These
picks were used to compute the crack propagation velocity using
the software ‘Tracker’. The errors associated with the velocity were
computed as their standard deviation within a time interval with
relatively stable average velocity. Eventually, the errors associated
with derived quantities were computed by combining the relative
errors associated with direct measurements (for instance, the error
associated with the gelatin density in Tables 1 and 2, was computed
using o ,/p = o /M + o y/V).

2.1.3. Fracture toughness computation

The fracture toughness K, is a parameter used to characterize the
resistance to the fracturing of a brittle material. A fluid-filled crack
is stable (does not grow larger) when the stress intensity factor at
the crack tip is lower than the fracture toughness of the host solid.
The stress intensity factor K; depends on the fluid excess pressure
with respect to the confining stress and the shape of the crack. 3-D
and 2-D stress intensity factor estimates can be provided by the
following static crack formulae (Secor & Pollard 1975; Heimpel &
Olson 1994, respectively):

2
KO = /;Ap~g'L~/W, 2)

K;w) _ ,%Ap g L3 3)

where Ap is the density contrast between the fluid and the solid,
and g is the acceleration due to gravity. Using eq. (2), we computed
K@D for fluid-filled cracks with different volumes, propagating at
different velocities, and provided an estimate of the gelatin fracture
toughness K, by extrapolating K;®P)(v) for the velocity approach-
ing zero (Smittarello e al. 2021). In fact, even though K, does
not explicitly depend on the fluid-filled crack propagation velocity
(eq. 2), it depends on the injected fluid volume (affecting L and
W). In our experiments, a larger fluid volume implies a larger over-
pressure and an increased crack propagation velocity. This is gener-
ally true for toughness-dominated buoyant cracks, while during the
transition between viscosity- to toughness-dominated regimes, the
velocity increases even though the crack head volume actually de-
creases (Mori & Lecampion 2022). However, within the range of our
experiments, we do not observe such a transition in the propagation
regimes.

In the assumption that K; = K.x(v) during the fluid-filled crack
propagation, extrapolating K; values for v —> 0 is equivalent to
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computing K. = K.(v —> 0). Note that more general frameworks
for the dynamics of fracture propagation consider different (more
complex) velocity dependencies for K;(v) and K.i(v) (Bhat et al.
2012), as compared to the relations used for quasi-static fluid-filled
fractures.

Additionally, eq. (2) applies to stationary cracks, and it can be
used for quasi-static moving cracks only when viscous forces do
not alter their shape. This is true for air-filled cracks, as their shape
is indistinguishable from the static one (Dahm 2000a). Several pre-
vious studies that used air- and oil-filled crack injections in gelatin
(e.g. Takada 1990; Heimpel & Olson 1994; Smittarello et al. 2021)
neglected the effect of fluid viscosity, in the assumption that ei-
ther the fluid viscosity was sufficiently low (for air-filled cracks),
or the fluid-filled crack propagation velocity was slow enough (for
oil-filled cracks).

Here, we will first compute K, for air- and oil-filled crack
propagation experiments using eq. (2), and we will estimate K. for
both sets of experiments separately. However, we will additionally
provide independent estimates of K;® for the oil-filled cracks,
accounting for the oil viscosity, since the shape of these cracks in
our experiments differs from the static case. In order to do so, we
will make use of 2-D numerical simulations applied to the oil-filled
cracks. Finally, to compare results from 3-D experiments and 2-D
simulations, we introduce a method to convert 3-D and 2-D stress
intensity factor estimates.

Smittarello et al. (2021) used 3-D and 2-D stress intensity factor
formulae to derive a relation between them, combining eqs (2) and

@3):

4 |w
KPP = —\J 7 K “)

This relation will be used to consistently show on the same plots
results from (3-D) laboratory experiments and (2-D) numerical sim-
ulations. In particular, we will use W/L average values for 10, 30
and 50 mL oil injections when converting to 3-D, the 2-D estimates
obtained with the numerical simulations of those experiments, as
the numerical model is in plane strain and does not provide W val-
ues. In the Discussion (Section 4.2), we will provide further details
about /L measurements and their use in eq. (4) to convert between
2-D and 3-D estimates.

2.2. Numerical model for viscous fluids

In order to account for the effect of oil viscosity on the stress in-
tensity factor calculation and fracture toughness estimates, we used
the numerical model developed by Furst ef al. (2023). We did not
use the numerical model to simulate the air-filled crack propagation
experiments as the viscosity of air is so low that the dynamic-crack
shape and pressure profile coincides with the analytical static-crack
solution, confirming the validity of eq. (2) for our air-filled cracks.
The 2-D model developed by Furst et al. (2023) integrates fracture
mechanics with fluid flow equations to simulate the evolution of a
fluid-filled crack in terms of its shape and propagation velocity. This
model refers to a vertical cross-section of the fracture, discretized
using dislocation elements in plane strain approximation (e.g. the
fracture is considered to extend infinitely in the out-of-plane direc-
tion). The model simulates a fracture filled with a compressible fluid
flowing between the crack walls in a Hagen—Poiseuille flow regime.
The crack propagation velocity (v) is determined through an en-
ergy balance criterion, performed over the entire crack length, and
considering different energy contributions: potential energy varia-
tions (AFE), which include elastic and gravitational energy changes
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associated with the upward propagation of a buoyant fluid-filled
crack; fracture energy (AEy), the energy per unit surface required
to fracture the host solid at the crack’s tip, multiplied by the frac-
ture elongation (/); and viscous energy dissipation (AE,), arising
from the flow of viscous fluid between the crack walls. Due to the
plane strain (2-D) approximation, all energy terms are expressed as
energy per unit length, also referred to as ‘energy density’ (Rice
1968), and the energy budget equation is:

AE = AE; -1+ AE, (5)

with AE, = (v - n)D’, where n is the fluid viscosity and D’ is
a function that depends on the crack geometry and magma flow
(Furstet al. 2023, where D = - D'). The energy budget equation (5)
introduces a direct constraint on the fluid-filled crack propagation
velocity:

AE — AE; -1
V= —M——

D (©)

Note that AE and D' intrinsically depend on v, and eq. (6) must
be solved iteratively (Furst e al. 2023).

AEf depends on the fracture toughness K. of an elastic material
through the following relation (e.g. Rice 1968; Dahm 2000b):

1 —nu
AE; = K; YRR (7

In the numerical approach (Furst ef al. 2023), the fracture energy
per unit surface AEyis constant during the crack growth; therefore,
K. also is assumed to remain constant. As a consequence, for a given
value of K such that AE,- I < AE, the viscous flow within the crack
represents the only limiting factor for the propagation velocity of
the fluid-filled crack. However, if the viscosity approaches zero,
eq. (6) is not suitable for computing v, as the velocity would grow
to unrealistic values (as in the case of air-filled cracks), making this
model inapplicable for the computation of the propagation veloc-
ity of low viscosity (fracture-dominated) fluid-filled cracks (Furst
et al. 2023). Therefore, here, we performed numerical runs directly
constrained by the oil-filled crack experiments.

The model requires several inputs: the mechanical properties of
the fluid and the embedding medium (p, G, nu, pyand n), an initial
velocity guess (v;, which is a numerical parameter needed to reach
the algorithm convergence, without affecting the final results), the
cross-sectional area of the fluid-filled crack at a reference pressure
(Ao), and the fracture energy (AEy). As output, the simulations pro-
vide the crack shape and its velocity profile during propagation.
Although we could obtain precise measurements for most input pa-
rameters, such as p, G, nu, py, n and the velocity guess (taken as the
average observed velocity Viean, Table 1), two parameters remained
unknown or poorly constrained: the fracture energy (AEy) and the
cross-sectional area of the crack (4y), respectively. In fact, measur-
ing the crack area is particularly challenging as the cracks are thin,
and their orientation is not always perpendicular to the camera view
(Smittarello e al. 2021). Also, estimating the 2-D cross-section
using the actual 3-D injected volume is not straightforward, as we
could only measure the crack head length L, its maximum open-
ing O, and width I, but not their distributed values over the crack
surface. As a consequence, following Furst et al. (2024), for each
simulation we looked for the values of 4y and AE; that provided
the best simultaneous fit for both the maximum crack opening (O)
and the observed propagation velocity (considering the Viseans Vinin
and v, values averaged over all the experiments with the same
volumes indicated as overlined variables, last three rows of Ta-
ble 1). In fact, this is the combination of parameters that are deemed

the most reliable quantities to constrain the Furst et al. (2023)
model, as it has been shown for similar experiments in Furst et al.
(2024).

In order to perform the fit between the simulated and observed
velocity, here we followed a simple trial-and-error approach, vary-
ing AE; and visually adjusting the simulated velocity profiles—
excluding the initial rapid velocity decay—to the measured ve-
locities. This procedure worked efficiently as different AEs values
would essentially shift the simulated velocity profile towards higher
or lower velocity values.

Given AEy, eq. (7) would then provide estimates of the gelatin
fracture toughness K. for each simulated experiment. If the fluid-
filled fracture propagation occurs as a purely brittle elastic process,
AEy values (and the corresponding estimates of K.) must be equal
for all simulations. Additionally, K. estimates from oil- and air-
filled crack experiments should also be equal once we accounted
for the oil viscosity and corrected for the 2-D approximation of the
numerical simulations (eq. 4, taking K. = K).

However, as we will show in the results section, our numerical
simulations provide us with different AE; estimates for different
oil-filled crack simulations propagating with different velocities.
Because of this, we implemented a modified version of the numer-
ical model, introducing a velocity-dependent relation for the frac-
ture energy AE(v). Such relation will be computed by interpolating
AEjyvalues obtained from the different simulations characterized by
different propagation velocities. This is equivalent to considering
effective fracture toughness values K.g(v), instead of a constant X,
and a fracture propagation condition K; = K.g(v). Consistently, we
should replace eq. (7) with:

1 —
AE[(4) = Kiy(v) — ®)

In the next section, we will also present results obtained by in-
troducing velocity-dependent fracture energy AE/(v) within the nu-
merical code for fluid-filled fracture propagation by Furst et al.
(2023). This was achieved by implementing an empirical expres-
sion for AE(v) in the numerical code provided as input. At each
time step, the energy balance (eq. 5) is solved iteratively, starting
with the velocity value obtained by the crack growth at the pre-
vious time step and updating it along with all energy terms until
convergence is reached.

Eventually, as our numerical model does not provide direct esti-
mates of K; values, estimates of K;(v) for the oil-filled cracks will be
provided by the values of AE/v) obtained with the numerical sim-
ulations, using eq. (8), and the propagation condition K; = Kcw(Vv).
Note that these estimates consider the effect of fluid viscosity, as
numerical simulations account for the viscous dissipation in the
energy budget (eq. 5).

3. RESULTS

In Tables 1 and 2, we present our measurements and results for 21
silicon oil injection experiments, with volumes ranging from 10 to
50 mL and 15 air injections, with volumes ranging from 1 to 10 mL.
All injections were performed within eight different gelatin blocks
with very similar elastic properties. Oil-filled cracks display stress
intensity factors ranging between 9 < K, < 41 Pa-m'?, associated
with average velocities in the order of 1072 mms~!. For air-filled
cracks, we obtain 24 < K;®" < 64 Pa-m'? for cracks propagating
with a velocity between 1 and 36 mms~'. In Fig. 2, we plotted the
stress intensity factor against the mean propagation velocity (Vinean)
for each oil injection experiment (Fig. 2a), and for the air injections
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Figure 2. Stress intensity factor K plotted against mean velocities (Vimean) obtained from fluid-filled crack propagating in gelatin. Note that in the assumption
of crack propagation with K; = Kr(v), the y-axis can also be interpreted as the gelatin’s effective fracture toughness. (a) Cracks filled with viscous fluid
(silicon oil) and volumes ranging from 10 to 50 mL: 10 mL in squares, 30 mL in triangles, 50 mL in diamonds and others in circles (Table 1). (b) Cracks filled
with non-viscous fluid (air) and volumes ranging from 1 to 10 mL (Table 2). For each set of experiments, the dashed lines represent the linear regression of K;

as a function of vean: K/ = 404.9v + 2.2 and K, = 1.2v + 24.0.

(Fig. 2b). The dashed lines represent the linear regression of K; as a
function of Vyean. Assuming that the crack propagation occurs with
a stress intensity factor equal to fracture toughness, K; = Keg(v), the
y-intercept provides an estimate of K. = K (v —> 0) for both sets
of experiments. Although the characteristics of the gelatin blocks
are very similar across all experiments, the estimates of K. obtained
with the two sets of experiments differ by more than one order
of magnitude: K.V = 2.2 Pa-m"? and K. = 24.0 Pa-m"? for
oil and air, respectively. This shows that the two linear regressions
for K;(v), obtained over very different ranges of crack propagation
velocities (for oil- and air-filled cracks), are not adequate to extrap-
olate consistent estimates of gelatin strength. Rather, considering
K; = Kex(v), the two regressions displayed in Fig. 2 suggest that
the effective fracture toughness should be characterized by differ-
ent velocity-dependent relations over such largely different velocity
ranges.

Additionally, in Fig. 2, we used eq. (2) to compute K;. How-
ever, eq. (2) neglects the effect of fluid viscosity on the fluid pressure
profile and consequently disregards the viscous energy dissipation
due to the internal friction caused by the viscous shear flow of a
fluid, which may be important for the estimation of K; for oil-filled
cracks.

In order to overcome this limitation and find improved relations
for Keg(v), we used the numerical model from Furst ez al. (2023),
which accounts for the effect of fluid viscous motion, and performed
three simulations of oil-filled crack propagation corresponding to
the experiments with 10, 30 and 50 mL oil injections. The simula-
tions were constrained by averaging the geometrical and physical
parameters measured for 10, 30 and 50 mL oil-injection experi-
ments, listed in Table 1, and labelled as 10-AV, 30-AV and 50-AV.
The other input parameters are the oil density po; = 980 kgm™3,
and viscosity n = 9.7 Pa-s, both constant for all simulations, and the
initial crack cross-sections: 4y = 2.4, 4.9 and 6.7 cm?, respectively.
Note that these values of 4, were constrained using the crack max-
imum openings O and velocity v, as we explained in Section 2.2.
The approximate 3-D volume corresponding to 4, can be estimated
by multiplying 4, times the measured crack width 7 (not provided
by the 2-D model). Even though this represents quite a rough esti-
mate, using /¥ mean values for 10, 30 and 50 mL oil experiments,
we obtained crack volumes which are compatible with the actual

injected volumes, with relative differences ranging between 10 and
20% (see Supporting Information, Table S1). In Fig. 3, we display
the full velocity profiles (grey lines) as recorded throughout the
entire duration of each oil-injection experiment, together with the
velocity obtained with the numerical simulations (bold lines), for
10, 30 and 50 mL injected volumes (Figs 3a, b and c, respectively).
The observed velocity profiles show that during the initial phase
of an oil injection experiment, the velocity of the propagating tip
of the oil-filled cracks decreases relatively fast. This phase is gov-
erned by the formation of the fluid-filled fracture, and the velocity
observed during this initial phase of propagation is also strongly
affected by the oil injection rate, as we will further discuss in Sec-
tion 4. However, our numerical simulations do not account for the
fluid injection rate because each simulation starts with all the fluid
already in place within an initial crack length L (cf. Table 1, rows
10-AV, 30-AV and 50-AV). Therefore, we discard from our analysis
the initial part of the velocity profiles below the depth Z;, identified
by the fast decrease in the observed propagation velocity (areas of
fast velocity decay in Fig. 3).

In Fig. 3, the horizontal lines represent the values of the mean,
maximum and minimum velocities averaged over each set of exper-
iments for depths above Z;: Viean (solid line), Vi and vy (dashed
lines), respectively (Table 1). For each simulation, we looked for the
value of the gelatin fracture energy AE,that provides a good overlap
between the simulated and observed velocity profiles. In fact, de-
creasing AE; would essentially shift the simulated velocity profile
towards higher velocities and vice versa. Following the initial phase
of fast velocity decay, both laboratory experiments and numerical
simulations show velocity profiles that exhibit a stable decelerating
trend until approaching the free surface, where acceleration is ob-
served. A progressive velocity decrease, following the initial crack
growth phase, is also predicted by the lubrication theory (Spence &
Turcotte 1990). However, our numerical simulations—that converge
to (Spence & Turcotte 1990) solution in the viscous-dominated
regime (Furst ez al. 2023)—display a faster velocity decay than the
experiments, and a larger final acceleration (cf. Fig. 3). These dif-
ferences cannot be reduced when using a constant value for AEy, as
we will show in more detail later in this section.

In Fig. 3d, we plot the values of AE obtained from each of
the three simulations as a function of their average velocities, and
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Figure 3. (a), (b) and (c) Velocity variations as a function of depth for 10, 30 and 50 mL oil injections, respectively. Experimental records are plotted in grey
lines in the background; bold lines are the numerical simulations; horizontal solid lines and horizontal dashed lines are the mean, maximum and minimum
velocities averaged over all experiments with 10, 30 and 50 mL injections (Vmean, Vmin and Vmax), (Table 1). The vertical dotted lines represent the end of the
initial growing phase of the crack (depth Z > Z;). (d) Fracture energy estimated from the numerical simulations versus average propagation velocity (Vmean)-
Square, triangle and star markers represent 10, 30 and 50 mL numerical equivalent cracks. The linear relationship depends on the propagation velocity Vmean

expressed in mms~!.

we display the best-fitting linear trend across these points. Our nu-
merical simulations suggest that a simple linear relation AE(v) =
6.14 v + 0.09 Pa-m (which corresponds to a square root relation for
Kx(v), using eq. 8), may be sufficient to describe fracture energy
variations within the velocity range explored in our oil-filled crack
experiments (Fig. 3d). In general, this supports the idea that frac-
ture energy (as well as gelatin fracture toughness) is an effective
parameter that depends on the fracture velocity.

Therefore, we modified the numerical model for fluid-filled frac-
ture propagation accounting for the linear relationship between AE,
and v displayed in Fig. 3d. In Fig. 4, we show the results from the
new numerical simulations performed for the 10, 30 and 50 mL oil
injections, with AE/(v) = 6.14 v 4 0.09 Pa-m. The fit between model
results and observed velocity profiles improves considerably within
the range of model applicability (e.g. when the initial fast velocity
decay ends). Particularly, the final acceleration due to the free sur-
face obtained with the new simulations reproduces the experimental
observations much better.

Since the numerical simulations supported the hypothesis of
velocity-dependent fracture energy AE(v), we used AEAV =V pean)
values and eq. (8), along with the propagation condition K; = K.g(v),
to provide new estimates of the stress intensity factor K; for the oil-
filled cracks. As the numerical simulations are 2-D, these estimates
of K; are also in 2-D. To make these values directly comparable to
previous 3-D estimates, we used eq. (4), considering average W/L

values for each volume experiment (W/L = 0.65, 0.64 and 0.47 for
10, 30 and 50 mL, respectively), obtaining the empty symbols dis-
played in Fig. 5a. In Fig. 5a, we also display K, values previously
computed using eq. (2) (which does not account for the effect of fluid
viscosity), plotted as solid symbols to the left side of the plot. Con-
sidering K; = K.(v) during propagation, the differences between
the values computed with eq. (2) (solid symbols) and those esti-
mated from the numerical simulations (empty symbols) are due to
the fact that the numerical simulations account for the fluid viscosity,
which affects the fluid pressure profile and, consequently, the crack
stress intensity factor. The comparison between them confirms that
the larger the velocity, the greater the difference between neglecting
(solid symbols) or accounting for (empty symbols) the effect of fluid
viscosity.

Finally, in Fig. 5a (dashed line), we display the square root func-
tion for K.m(v) obtained by combining AEA(v) = 6.14v + 0.09
Pa-m with eq. (8), using a Poisson’s ratio nu ~ 0.5, and the 2-D
to 3-D conversion function (eq. 4) with W/L = 0.56, an averaged
value over all the oil-filled injections. In this plot, K.¢(v) is ex-
trapolated to the velocity domain of the air-filled fracture propa-
gation experiments, shown as solid symbols to the right side of
Fig. 5a. Note that since air is essentially inviscid, K, values
(obtained with eq. 2) should not be significantly affected by ne-
glecting the fluid viscosity. However, it is evident that the relation
for K.g(v) still does not match K;®" values. This suggests that
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Figure 5. (a) Log plot of the effective fracture toughness K versus mean velocity vinean for air- and oil-filled fracture experiments (solid symbols to the left
and right side of the plot, respectively) and for oil-filled fracture simulations (empty symbols). The dashed line represents the square root regression of Kefr as
function of v, obtained by combining the linear regression for AE(v) from numerical simulations (Fig. 3d) with eq. (8) for v = 0.5, and C being a 2-D-3-D
conversion factor obtained from eq. (4). (b) Semi-log plot of the fracture energy AEy obtained for oil-filled fracture simulations (empty symbols) and air-filled
fracture experiments (solid symbols). The vertical bars represent the errors. For each set of A £y values (for oil- and air-filled cracks), the dashed lines represent
the linear regressions as a function of the mean velocity vmean. Symbols stand for different volumes: squares represent 10 mL injections, triangles are for

30 mL, diamonds for 50 mL and circles represent other volumes.

the linear relation for AE«(v) also cannot be extrapolated over sig-
nificantly different ranges of propagation velocities, such as those
relative to our oil- and air-filled sets of experiments. The linear
trend we computed for AE(v) improves our numerical simula-
tions (and their fit with the experiments) when applied to a lim-
ited velocity range, but extending it over a largely different veloc-
ity range does not appear to be appropriated (the fastest oil-filled
crack, ~ 0.1 mms~!, propagates at a velocity that is more than
one order of magnitude smaller than the slowest air-filled crack,
~2mms™).

In order to show this, we calculated the effective fracture en-
ergy, AE(v), for the air-filled crack experiments, first converting
KP@0 10 2-D values using eq. (4) (with W/L values relative to each
air injection), and then applying eq. (8). We plotted these values
alongside those from numerical simulations on Fig. 5b, also dis-
playing the best-fitting linear regressions for both data sets: for the
air-filled fracture experiments, we obtained AE/®" = 0.13v + 0.82
Pa-m (dashed line interpolating solid symbols), while for the oil-
filled fracture simulations AEf("“) = 6.14v 4+ 0.09 Pa-m (dashed
line interpolating empty symbols). These linear regressions rep-
resent an empirical relationship for the ‘effective fracture energy’
of our gelatin blocks across various velocities and velocity ranges.
Notably, at the lower velocities that we tested (the oil-filled frac-
ture experiments and their simulations), the slope of the regres-
sion line is significantly steeper than that for the air-filled fracture
experiments.

4. DISCUSSION

4.1. Effective fracture toughness and fracture energy

Our results revealed a significant discrepancy in fracture toughness
estimates derived from oil- (K, ©" = 2.2 Pa-m"?) and air-filled crack
experiments (K@= 24.0 Pa-m"?). These estimates were obtained
by extrapolating K; = K.i(v) for a vanishing fracture propagation
velocity using linear regressions (Fig. 2), applied separately to our
data sets of air- and oil-filled cracks. Despite two distinct linear
regressions providing a good fit for K.¢(v) values within their re-
spective velocity ranges, the K, estimates differed by an order of
magnitude. To account for the effect of fluid viscosity, we used
a numerical model for fluid-filled fracture propagation applied to
the oil experiments. The numerical simulations provided a different
relationship for K.¢(v) (a square root function), derived by combin-
ing a linear regression of AE(v) with eq. (8). However, even this
square root function for K.g(v), obtained from oil-filled crack simu-
lations, did not match K. values in the velocity range relative to the
air-filled crack experiments (cf. Fig. 5a), suggesting that also this
relationship for K.g(v) cannot be extrapolated over several orders
of magnitude of velocity.

In fact, one of the main differences between air- and oil-filled frac-
ture propagation experiments—beyond the effects of oil viscosity—
is the velocity range of the fracturing process, as air-filled fractures
propagate at velocities between 1 and 3 orders of magnitude larger
than oil-filled fractures. Additionally, K. estimates may depend not
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only on fracture propagation velocities but also on fracture lengths,
as already suggested by previous studies on hydraulic fracturing
(e.g. Papanastasiou 1999), and magmatic dykes (Rubin 1993; Ri-
valta et al. 2015, and references therein). However, in our data sets,
a dependence of K.t on crack length might be obscured by the
more pronounced effect of velocity, given that our crack lengths
vary over roughly one order of magnitude (cf. L values in Tables 1
and 2), whereas velocities span almost four (Fig. 5c).

But how relevant are these results for crustal rocks and magmatic
intrusions? The large differences that have been observed between
fracture toughness values measured from rock samples in the lab
and magmatic dykes in the field may be due to a similar effect,
which already led Rubin (1993) to suggest that fracture toughness
is unlikely a characteristic purely dependent on the rock properties.
Laboratory measurements have empirically shown that fracture size
may significantly influence fracture toughness. For instance, Aya-
tollahi & Akbardoost (2014) performed several fracture tests on
rock disks with an initial circular crack sized 0.3 times the rock
sample diameter. They found that K. measurements highly depend
on the rock sample diameter and, therefore, the initial crack size.
Additionally, Rivalta et al. (2015) calculated the ‘critical’ dimen-
sions for the propagation of a magmatic dyke using a field-based
estimate for the effective fracture toughness of the crust (K. = 100
MPa-m'?), which is 2 orders of magnitude larger than values from
laboratory measurements, resulting in a critical length and thick-
ness in the order of 2 km and 0.5 m, respectively. Given that these
values align with those observed for magmatic dykes, Rivalta ez al.
(2015) propose a scale-dependency of fracture toughness on dyke
dimensions. Rivalta et al. (2015) also showed that the propagation
distance travelled by magmatic intrusions displays a dependency
on their velocity, with low viscosity magmas propagating longer
distances in shorter time ranges (from a few hours to days) under a
K. in the order of ~ 1000 MPa-m'?.

The point made for the effective fracture toughness also applies
to the energy required to generate a new fracture surface, as K, and
AE; are linked by eq. (7). Hence, the fracture energy should also
be a function of the fracture growth velocity rather than a constant
parameter, implying that gelatin should not be considered as a lin-
ear brittle elastic material over a large range of crack propagation
velocities.

Similar arguments may apply to crustal rocks: Zhu et al. (2022)
suggested that in addition to the energy dissipation due to viscous
flow, a fracture process zone at the crack tip can explain the orders
of magnitude difference between laboratory tests on rock samples
and field measurements. They found that a fracture process zone
can vary from 1072 to 10~' m in rock samples, which is expected
to scale up to 10" m, for magmatic intrusions. In gelatin experi-
ments, a similar effect may be due to a zone undergoing plastic
or viscoelastic deformation in the vicinity of the crack tip. Even
though our findings for air- and oil-filled cracks cannot be readily
scaled up to rock fracture toughness values, we suggest that a sim-
ilar procedure to the one followed in this study may be applied to
magmatic dykes, and help better constrain effective fracture tough-
ness values for magmatic intrusions, if enough observations can be
gathered.

We showed that two distinct linear regressions fit our AE; values
at best, within different velocity ranges (e.g. the slower oil-filled
crack simulations and the faster air-filled crack injections), dis-
playing an increased AEAv) slope at lower velocities (Fig. 5). This
suggests that a more general and comprehensive relationship link-
ing AE; and v should also be able to reproduce such a change in
slope. However, to better understand the relationship between the

two observed trends of AE/(v), new experiments using a fluid with
intermediate viscosity are necessary to bridge the gap between the
two velocity ranges covered by our sets of experiments. Additional
experiments may also highlight the effect of other crack charac-
teristics on AEy, such as crack lengths and overpressure gradients
(buoyancy).

4.2. Experimental errors and differences between
experiments and numerical simulations

We estimated the gelatin fracture energy AL, at different propa-
gation velocities using a numerical model and fitting the velocity
profiles recorded during oil-filled crack propagation experiments
with three different volumes: 10, 30 and 50 mL. For the larger vol-
umes (30 and 50 mL), the crack propagation velocity during the
initial phase of the experiment may be more affected by the oil in-
jection rate than the 10 mL injections. Indeed, the duration and the
velocity profile during the initial crack growth phase depend on the
time required to manually inject the viscous oil through the needle.
This resulted in a greater dispersion among the velocity profiles rel-
ative to the larger volume injections, compared to others (¢f. 50 mL
velocity profiles, in Fig. 3c).

In order to highlight the impact of this effect on our experimental
velocity profiles, we used a thicker needle in experiments 14-O1, 14-
02 and 14-03, drastically reducing the time needed to inject the oil.
By comparing the velocity profiles for experiments 14-O1, 14-02
and 14-03 with the others, it is possible to appreciate a larger initial
velocity and a faster velocity decay during the injection phase of
the experiments performed with a thicker needle, particularly for 30
and 50 mL injections (Fig. S1, Supporting Information). Hence, to
ensure that our results are not influenced by the initial velocity decay,
we excluded the initial part of the propagation for the fit with the
numerical simulations (vertical dotted lines in Fig. 3). Additionally,
we noted another difference in the experiments performed with
thicker needles: oil-filled cracks developed under higher injection
rates, particularly 30 and 50 mL injections, consistently had larger
aspect ratios (W/L), mainly due to slightly shorter head lengths L,
compared to the cracks developed under slower injection rates (cf. W
and L values for exp 14-01-02-03, compared to other experiments
with the same volumes). This observation is compatible with the fact
that cracks formed under a slower injection rate may have developed
in height (due to buoyancy) for a longer time before the injection
was finished. Therefore, they accommodated the oil volume along a
longer head length with respect to the oil-filled cracks that formed
more rapidly under a higher injection rate. However, this difference
did not significantly impact velocity values after the initial ‘crack
formation phase’, at least within our error estimates (cf. Fig. S1,
Supporting Information, and Table 1).

We used eq. (8) to calculate AEyvalues for air-filled crack experi-
ments, assuming that the crack propagation occurs with K; = K.(v)
(Dahm 2000b), and the viscous dissipation is negligible for air-filled
fracture propagation. We also used eq. (8) to compute K; given the
AEjvalues obtained from numerical simulations of oil-filled cracks.
In both cases, we must consider that values for air-filled crack ex-
periments are in 3-D and numerical simulations for oil-filled cracks
are in 2-D. In order to account for the difference introduced by the
2-D approximation of the numerical model and compare numerical
simulations and experiments, we used eq. (4) with measured values
for W/L.

In particular, we used the averaged W/L values for 10, 30 and
50 mL oil injections when computing 3-D estimates of K. based
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Table 3. Average parameter values used to constrain the numerical simulations, their standard deviation
(assuming that they follow a Gaussian distribution), and the ratio between their average and standard

deviation.

Vol ID 0 o, 0,/p[%] G o 06/G[%] o oo 00/0[%]
10 10-AV 1110  10.6 0.96 135 7.3 5.4 0.45 0.06 13.3
30 30-AV 1107 1.5 0.13 133 8.0 6.0 0.78 0.07 9.0
50 50-AV 1106 3.0 0.27 134 8.3 6.2 0.98 0.03 3.1

on AEyvalues from 2-D numerical simulations. Similarly, to provide
2-D estimates for AE, based on 3-D values of K. from air-filled
crack experiments, we used the W/L ratios from each of those exper-
iments. Finally, for plotting a 3-D estimate for the effective fracture
toughness Kei(v) = /4G - (6.14v + 0.09) derived from the 2-D nu-
merical simulations, we used the average /L ratio over all oil-filled
cracks. Such average value does not capture the trends exhibited by
W/L ratios as a function of L, shown in the Supporting Information,
Fig. S2, where we plot W(L) for both sets of experiments. These
different W(L) trends for oil- and air-filled cracks are not trivial
to interpret and may suggest additional dependencies on the crack
geometry that have not been fully considered in our analysis, such
as effects related to injection rates. However, within the range of
variability of W/L values, our results remain robust, as evidenced
by the small differences between the dashed line and symbols in
Fig. 5a.

As we mentioned in Section 2.1.2, errors associated with length
measurements may vary according to the sharpness and possible
distortion effects of the recorded images. Particularly, since the
camera used to capture crack opening and width was not fixed to
the experimental setup, the reference scale sometimes suffered from
distortion effects that increased measurement errors. This mainly
affected the errors in K;, which are strongly influenced by inaccura-
cies in crack length and width measurements (eq. 2). In general, the
relative errors associated with parameter estimates can range from a
few per cent to approximately 50%, or—in exceptional cases—even
higher, particularly for the lowest values of propagation velocities
(Table 1). These relatively large errors primarily stem from manu-
ally picking the crack tip positions and the sharpness of the images
used for this purpose.

Smittarello ez al. (2021) compared dynamic Young’s modulus es-
timates obtained with shear wave velocity measurements in gelatin
with static estimates obtained with deformation measurements in-
duced by a load placed at the gelatin’s surface. Their results showed
that Young’s modulus estimates with these two methods may some-
times display large differences, but they could not highlight any
systematic trend. In their study, the measurements were performed
on gelatin with different concentrations, making it difficult to un-
derstand which of the two methods provided more stable results.
On the other hand, our experiments are performed using always the
same gelatin concentration, and the fact that our shear modulus esti-
mates are consistent (within errors) indicates that the technique we
used provided robust estimates. Smittarello ez al. (2021) also noted
that the shear wave method reflects the gelatin condition within the
block. In contrast, estimates obtained using the surface load method
only provide information about the gelatin’s shallow portion, fail-
ing to offer insights into the gelatin’s condition at greater depths.
Additionally, surface load estimates may be significantly influenced
by the ratio of the load surface to the distance from the walls,
and they exhibit stiffness gradients depending on where the load
is placed. For these reasons, we consider the shear wave method
preferable for our modelling purpose. Eventually, we note that the
shear modulus of our gelatin blocks (& 100 Pa) would correspond to

approximately 100 MPa in nature (cf. Kavanagh et al. 2013), which
may be 1 to 2 orders of magnitude lower than crustal rocks. How-
ever, increasing the gelatin rigidity would also increase its strength,
making oil-filled crack propagation more difficult, requiring larger
crack lengths that would not be manageable with our laboratory
setup.

In order to constrain the numerical simulations, we computed av-
erage values for several parameters relative to the oil-filled fracture
experiments for 10, 30 and 50 mL injections (10-AV, 30-AV and
50-AV rows in Table 1). The uncertainties associated with these av-
erage parameters were determined by taking the greater of the two
values: (1) the standard deviation of the parameter measurements
for each set of experiments with the same injected volume, and (2)
the average measurement error for each set of experiments with
the same injected volume. This approach ensures that the reported
uncertainty reflects the actual variability of each parameter across
different experiments, as indicated by the standard deviation unless
this variability is smaller than the average instrumental error asso-
ciated with those measurements. This conservative approach was
chosen because a low standard deviation may sometimes be merely
due to the relatively small number of experiments performed with
the same injected volume.

Eventually, in order to provide uncertainties on the AE, values
obtained from the numerical simulations, we performed additional
simulations constrained by the values of the maximum fracture
opening plus and minus their associated uncertainties (O and oo
in 10-AV, 30-AV and 50-AV rows of Table 1). Among the input
parameters for the numerical simulations—gelatin and oil densities,
gelatin rigidity and maximum fracture opening (O)—we chose to
vary O, as it displayed the larger variability among experiments
with the same injected volumes (Table 3).

5. CONCLUSION

We used two sets of experiments with two different fluid viscosi-
ties to estimate the fracture toughness of gelatin blocks with the
same elastic properties. We first provided these fracture toughness
estimates using static crack formulae that neglect the effect of fluid
viscosity (e.g. Weertman 1971). Through this approach, we found
that fracture toughness estimates obtained from air- and oil-filled
crack experiments differ by more than 1 order of magnitude. The
equation used to derive these estimates does not account for the
(viscosity-dependent) dynamic fluid-pressure profile, making it less
suitable for high-viscosity oil-filled cracks. To address this limita-
tion, we used the numerical model from Furst ef al. (2023), which
accounts for the effect of fluid viscosity and allowed us to provide
new estimates of the crack stress intensity factor based on the sim-
ulations of three different volumes of oil-filled crack experiments.
Our results show that when the fluid viscosity is considered, the
faster the crack, the larger the difference between stress intensity
factor estimates that neglect or account for the fluid viscosity (solid
and empty symbols to the left side of Fig. 5a). Furthermore, our
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analysis demonstrates that the estimates of AE(v) derived from
the numerical simulations of oil-filled experiments and those from
air-filled experiments cannot be adequately described by a single
linear regression across a velocity range spanning several orders of
magnitude (Fig. 5b). This may be partly attributed to the fracture
energy and, therefore, the effective fracture toughness of gelatin,
which may not only depend on the propagation velocity but also
on other crack characteristics such as its dimension and/or internal
pressure gradient (buoyancy). These findings may be very relevant
for magmatic dykes, with similar arguments for the effective frac-
ture toughness applying to crustal rocks, as it has been previously
proposed and discussed by several authors (e.g. Heimpel & Olson
1994; Rubin 1998; Rivalta et al. 2015; Zhu et al. 2022). We conclude
that introducing an effective, velocity-dependent fracture toughness
in theoretical frameworks is necessary when aiming to describe
fluid-filled fracture propagation velocities across various regimes.
The main challenge lies in establishing empirical relationships for
Kei(v) at the scale of magmatic intrusions, similar to our approach
in analogue experiments. Achieving this would require extensive
direct observations of the propagation velocity and characteristics
of magmatic dykes within crustal rocks. Such comprehensive data
collection would necessarily involve monitoring observations from
several active volcanic systems.
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