ON THE INDEPENDENCE OF EQUATIONS
IN THREE VARIABLES

TERO HARJU AND DIRK NOWOTKA

ABSTRACT. We prove that an independent system of equations in three vari-
ables with a nonperiodic solution and at least two equations consists of bal-
anced equations only. For that, we show that the intersection of two different
entire systems contains only balanced equations, where an entire system is
the set of all equations solved by a given morphism. Furthermore, we estab-
lish that two equations which have a common nonperiodic solution have the
same set of periodic solutions or are not independent.

1. INTRODUCTION

Systems of word equations in three variables are investigated in this article.
Consider for example the following system S of two equations

TYz = 2YT and TYYz = 2YyT

which has a solution « with a(x) = «a(z) = a and «a(y) = b. This solution is called
nonperiodic since «(z), a(y), and a(z) are not powers of the same word. The
system S is also independent since there exist the solutions § and v, with 8(z) = a
and B(y) = b and B(z) = aba and y(x) = a and v(y) = b and v(z) = abba, which
solve either one of the two equations but not the other. Both equations in this
example are balanced, that is, the number of occurrences of each variable on the
left and the right hand side is the same.

The main result of this article states that every independent system with at least
two equations and a nonperiodic solution, consists of balanced equations only.

Let « be a nonperiodic solution. We call the set of all equations solved by «
the entire system of equations generated by «. It is shown that the intersection of
two different entire systems can only contain balanced equations. Furthermore, we
establish that two equations which have a common nonperiodic solution have the
same set of periodic solutions or are not independent. These two facts prove the
result mentioned above.

Even though this result is interesting in its own right, it also provides more
insight into the following question: Does there exist an independent system of three
equations in three variables that has a nonperiodic solution? If it does, it must
contain balanced equations only. This question was implicitely raised by Culik IT
and Karhumiki [3] first in 1983.

This introduction is followed by the preliminaries, Section 2, where the notations
for this article are fixed. Section 3 introduces Spehner’s [7] characterization of
solutions of equations in three variables which is compared with an earlier result
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by Budkina and Markov [1] in Section 4. The intersection of Spehner’s entire
systems is investigated in Section 5 which provides the foundation for the proof of
the main result in Section 6. This paper ends with concluding remarks in Section 7.

2. PRELIMINARIES

In this section we fix the notations for this paper. We refer to [4, 5, 2] for more
basic and general definitions.

Let X = {x,y, 2} be a fixed set of three variables and let X denote the semi-
group of all finite, nonempty words over X. Let € denote the empty word. A word
v is a prefix of u, denoted by v < wu, if there exists a word w such that u = vw.
If w # €, then v is a proper prefix of u, denoted by v < u. Accordingly, v < v and
v < u denote that v is a suffiz and proper suffix of u, respectively, that is u = wwv.

An equation in X is any pair (u,w) of words in X T, usually written as u = w.
An equation is called balanced if every variable has the same number of occurrences
on each side. Let e be an equation u = w, then we abbreviate v; < v and vy < w
by (v1,v2) < e, and v1 < u and vy 5 w by (v1,v2) < e. We say that an equation
e starts (or ends) with vy and v, if (v1,v2) < e (or (v1,v2) < e, respectively) or
(vg,v1) < e (or (ve,v1) X e, respectively). Let A = {a,b} be a fixed set of two
letters. A solution of an equation v = w is a morphism a: X+ — AT such that
a(u) = a(w). Note, that for any solution in a finite set of letters a solution in A
can be found, since any finitely generated semigroup can be embedded in A*. An
equation u = w is called reduced if ¢ is the greatest common prefix and suffix of u
and w. Note, that every equation can be transformed into its reduced form, that
is by dropping common pre- and suffixes, without changing its set of solutions.

Two morphisms a: XT — AT and 8: YT — BT are isomorphic if there exist
two isomorphisms p1: X — Y and py: AT — B™T such that poa = Sp1, that is,
the following diagram commutes:

Xt % At

o |

y+ 2, pt

We call a a permutation of §if X =Y and A = B. A morphism is called periodic
if it is isomorphic to a morphism in {a}™, that is, there exists a word w such that
a(z) € {w}t for all z € X; otherwise it is called nonperiodic. Let v € X and « be
as before, then A, (v) and B, (v) denote the number of occurrences of the letters a
and b, respectively, in «(v). We might abbreviate «(v) with v, if the context is
clear.

A system of equations, or system for short, is a nonempty set of equations.
A solution of a system is a morphism that solves all equations in the system. Two
systems are equivalent if they have exactly the same set of solutions. A system of
equations is called independent if it is not equivalent to any of its proper subsets.

Let a: Xt — AT be a morphism. Then the kernel

ker() = {(u,w) | a(u) = a(w)} =a~" 0a

of « is also called an entire system generated by « in the context of equations, see
[7], denoted by K,. Here, K, consists of all equations for which « is a solution.
A subset C of AT is called a base of CT if C = CT\ (CT)2. A subset C of A* is
called incontractable if C is a base of C* and for any D C A", if C* and DV are
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isomorphic, then ) _~[v| < > cplv[. We call a an incontractable morphism if
the base of a(X ™) is an incontractable subset of A™.

Consider for example equation xyx = zz which is solved by all of the following
morphisms «, defined by

x — (ab)Pa y — baab 2z (ab)Pa

where p > 0. Now, «q, that is x — a and y — baab and z — aba, is incontractable,
whereas oy, for any p > 1, is not incontractable. Note, that o, is a principal
solution (cf. [4]) for all p > 0.

For the rest of this paper we consider nontrivial reduced equations and systems
of equations in X and solutions in AT only.

3. A CHARACTERIZATION OF INCONTRACTABLE SOLUTIONS

In this section we will give Spehner’s characterization, see Proposition 2.5 in [7],
of nonperiodic incontractable solutions of entire systems.

Theorem 1. For every entire system S generated by a monperiodic morphism,
there exists a unique, up to permutation, incontractable nonperiodic morphism «
such that S = K.

Let o: XT — AT be a nonperiodic incontractable solution, then « is of one
of the following types. We define o by a triple (a(x), a(y), a(z)), and we fix that
ged(p+1,¢+ 1) =1 in the following.

(1) Let p,g > 1, then
o (a,bq+1,bp+1) .
(2) Let p,q,k >1and i,j5 >0 and i+ j < k, then
Qa: <a7 (bak)qb, at (bak)pbaj) .
(3) Let p>¢>1land 1 <4,j <k <i+j, then
a: (a, (ba’“)q b,a’ (bak)pﬂk1 baj) .

Note that ¢ + 1 # p — ¢ since ged(p + 1,¢ + 1) = 1 by assumption.
(4) Letg>1land 1 <4, j<k<i+jandn>0and k; >0, forall 1 <t <n,
then

q o o o o
Q: (a, (vbak) vb, alba]> where v = baF1HiHipghetiti L pghntiti

Spehner gives n > 1 in [7], but this is a misprint. Indeed, we have thet

equation xyxyxr = zyz implies an entire system with an incontractable
solution where y +— bab and z — aba which is not in any of Spehner’s
types.

(5) Let p,q,4,5 > 1 and m > 0, then
Q: (a, (bai+j+"”)q ba’ | a'b (ai+j+’”b)p) .

In Spehner’s paper the second component in «(X) is b (a**7b)? a7 which
we think is a typo.
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(6) Let ¢ > 1 and ¢,7',5,7' > 0 and 4’ = jj' =0 and n > 0 and k; > 0, for all
1 <t < n, then

./ L L. L g\ 4 . .
a: (a, (al bakrtitipghetiti L pghntitipg ) ,albaj) .

As for type 4, Spehner gives n > 1 in [7], but this is a misprint. Indeed, the
equation x = z implies an entire system with an incontractable solution
where y — b and z — a which would not be in any of Spehner’s types.
However, this example could belong to case 1, if p,¢ > 0 there. But then
the entire system implied by xy = zx is not contained in any type here
since y +— ba and z — ab. So, assuming n > 0 in types 4 and 6 closes the
gap leaving type 1 as given in [7].
Note, that if i’ + 7' < i+ 7 then ¢ = 1 otherwise a does not satisfy any

nontrivial equation.

(7) In this type

a: (a,b,e) .

We observe that no nonerasing morphism is isomorphic to a morphism of
this type. Since we consider only nonerasing solutions here, type 7 will not
be further investigated.

(8) Let p,q,7 > 1 and 7,5 > 0, then

o: (a, (bai+j+’")q ba’tT attTh (a”j“b)p) .
The following theorem completes Spehner’s characterization.

Theorem 2. Any incontractable solution B is equal to a permutation of o in one
of the eight previous types.

Furthermore, we observe the following fact.

Lemma 3. If a is an incontractable solution then a(x’') = a, up to renaming of a,
for some x' € X.

4. A COMPARISON OF SPEHNER’'S AND BUDKINA & MARKOV’S
CHARACTERIZATION

Let a semigroup that is isomorphic to a subsemigroup with k generators of a free
semigroup be called F-semigroup with k generators. All F-semigroups with 3
generators have been completely characterized by Budkina and Markov in 1973
[1] and by Spehner in 1976 [6]. We use Spehner’s presentation on the Semigroups
conference in 1986 [7] to base our result on. Unfortunately, we had to correct some
details of Proposition 2.5 in [7] as mentioned in the previous section. In order to
justify these corrections we will compare our version of Spehner’s Proposition 2.5
with Budkina and Markov’s Theorem 1 in [1].

Budkina and Markov establish that any F-semigroup S with three generators is
of one of the following types.

(i) S is isomorphic to a subsemigroup of {a}*.
(ii) S is isomorphic to the free product of an F-semigroup with two generators
and an infinite monogenic semigroup, that is,

{a,b,c}™ or {a9,b,a?} "

with p,¢ > 1 and ged(p, ¢) = 1.
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(iii) S is isomorphic to
k knp i ip T iy k k e
a,ba™b---ba""ba’ ,a'b or a,a’ ba®tb---ba""b,ba

where 4,7 > 1 and ¢/,j',n > 0 and k; > ¢ and k; > j, for all 1 < t < n,
respectively.
(iv) S is isomorphic to
{a, ba*1b - - bakrb, aibaj}+
where i, > 1landn>0and k; > i+ j, forall 1 <t <n.
(v) S is isomorphic to
{a, at’ (bak)q baj/,ai (bak)p baj}
where k,p,¢ > 1 and 0 < 4,¢,5,j/ < r and ged(p+ 1,¢+ 1) = 1 and

i = jj' = 0.
(vi) S is isomorphic to

+

N+
{a, (bak)qb, alba]}
where ¢ > 1land 1 <i¢,j<kand k <i+j.
(vii) S is isomorphic to
Nt
{a, (ba*b- - - b bak) " baFrb - - bk, a’ba]}

where g > land 1 <i,j<kand k<i+jandn >0 and k; > ¢+ j, for
all 1 <t <n.

We observe the following correspondence between Spehner’s and Budkina & Mar-
kov’s types.

Budkina & Markov Spehner
(ii) (1) and (6), where i +5 =0
(iii) (6) where i +j >0 and ij =0
(iv) (6) where ij >0
(v) (2), (3), where p > g+ 1, (5), (8)

(vi (3), where p =g+ 1, (4), where n =0

(vii) (4), where n > 0
Note, that if a is of type (6) and i = j = 0, then (oz(X))+ is isomorphic to {a,b}T,
note also, that {a}™ and {a,b,c}T are not of rank 2.

~—

5. ABOUT THE INTERSECTION OF ENTIRE SYSTEMS

In this section we show that entire systems with nonperiodic solutions intersect
with balanced equations only. We investigate Spehner’s types of entire systems for
that purpose. Recall that we require solutions to be nonerasing. So, type (7) will
not be considered here.

For the rest of this section, let a, 3: X — AT be two nonperiodic incontractable
morphisms which are not identical up to renaming of a and b. Let us fix an equation
u = w, denoted by e, and let o and 8 both satisfy e. Assume that e is not balanced.

We can assume that a(z) = a without restriction of generality. Let 7, and 73
denote the type of a and [, respectively. In general, let us subscript variables with
«a and B to indicate the solution they belong to.
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The numbers of occurences of letters a and b will be frequently made use of in

the proofs of this section. Therefore, observe that

|uly + Aa(y)|u|y + Aa(2)|ul; = |wl: + Aa(y)|w|y + Aa(2)|wl.

and

Ba(y)|uly + Ba(2)|ul: = Ba(y)|wly + Ba(z)lwl

which implies

Case: Assume a(z) = f(x) = a. Then we have

Bs(y)luly + Bs(2)|ul: = Ba(y)wly + Bs(2)|wl-

which implies

(1)

Ba(y) _ Jw|z — |uls _ Bs(y) )
Ba(z)  |uly —|wly  Bs(z)

Case: Assume a(z) = B(y) = a. Then we have

Bg()lulz + Bg(2)[ul. = Bs()wls + Bp(2)|wl-

which implies

Bﬁ(z) _ |0, — |ule

Bg(z) B ul. — |w|.

and
2 Aale) = Al 52 = 325
and

Asle) = A5 B2 = B

Case: Assume a(z) = S(z) = a. Then we obtain in the same way

Le

wh

At) — Ase) 540 = B2

The first lemma states that we can assume « and  to be of a certain shape.
mma 4. If all equations v = vy in Ko N Kg such that
a(zy) < a(ze) <= B(xa) < B(x1)

ere x1 < vy and xo < vy and x1,x2 € X are balanced, then all equations in

K, N Kpg are balanced.
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Proof. Assume v; = vy is any equation in K, N Kg.

Case: a(z1) = afzz) or B(xz1) = PB(xz). Note that if a(x;) = a(xs) and
B(z1) = B(z2), then v1 = vy is balanced by assumption.

Let a(x1) = a(z2) and B(z1) < B(x2), the other case is symmetric. Assume that
v1 = vg is not balanced. Since o and f§ are incontractable, we have a(x) = a and
a(y) = a(z) = b up to permutation of letters and variables as can be easily seen

from the types of incontractable solutions in Section 3. Now, |v1], = |va|s, and
we have also B(x) = a, otherwise the shape of 8 implies that either |vi], = |v2],
or |vi], = |vals, since Bg(v1) = Bpg(ve), and v1 = vq is balanced, which is a

contradiction. But now, equation (1) gives

Baly) _ Bp(y)
Ba(z)  Bp(2)

a contradiction again since we have necessarily ged(Bg(y), Bs(z)) = 1 and also
max{Bg(y), Bg(z)} > 1, otherwise 8 is a permutation of a.

Case: a(z1) < a(z2) and B(x1) < B(xg). Let o XT — AT and f/: X+ — AT
such that

o (22) = ow1) " au(w2) and B (x2) = B(x1) "' Bla2)

and o'(z3) = a(xs) and B'(x3) = B(x3) for all z5 € X such that x3 # x2, and let
o: XT — X7 such that

o(xg) = x129

and o(z3) = x3 for all z3 € X such that x3 # z2. Let v] = v} be the reduced
equation o(v1) = o(v2).
Now, o’ and 3’ are both solutions for v} = v} and

1)/1 :Ué € Ky ﬂKg/

and it is easy to see by the shape of o that v; = vy is balanced, if, and only if,
v} = v} is balanced.

Let o’ and ” be incontractable morphisms such that K, = K, and also
Kg = Kgr. Then o is of smaller size than « and 8" is of smaller size than S.
Now, either v{ = v} is balanced or we can repeat this construction. In the former
case we have that v; = vy is balanced. By repetition of the above construction,
we get a sequence of equations where the size of the corresponding incontractable
solutions gets strictly smaller. Therefore, the sequence of equations must end with
a balanced equation which implies that also v; = vs is balanced. ([

Remark 5. Since, by Lemma 4, only equations v; = vz in K, N K such that
a(z1) < a(z2) <= B(22) < B(21)

where 1 < vy and 22 < vo and x1, 72 € X need to be shown to be balanced, the
case where a(z) = 8(z) = @ and v = w begins or ends with « does not need to be
investigated in the following.

In the next two subsections we investigate the intersection of entire systems
of different type first and of the same type then.
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5.1. Entire Systems of Different Type. The entire systems K, and Kz are
assumed to be of different type throughout this subsection.

Lemma 6. If 7, =1 or 73 =1 then K, N Kg contains only balanced equations.

Proof. If 7, =1 then |u|, = |w|,; which implies 5(z) = a, for, otherwise |u|, = |w|,
or |ul, = |w|;, by counting the number of occurences of b in S(y) and £(z), and
u = w is balanced. Now, 753 € {2,6} since u = w starts and ends with y and z.
But, « implies (yz1, zz2) < e where x1, z2 € {y, 2} which implies that 73 # 2 since
ks > 1. But, also 753 # 6 since equation (1) gives

th + 1 _ B (y) or qa + 1 _ 1 .
Pa +1 ? pat+1l  Bg(z)’
a contradiction since ged(py + 1,¢0 +1) = 1. O

We will not consider type (1) for the rest of this section anymore.

Lemma 7. If (y,z) < e and a(z) = B(z) = a then Ko,NKpg contains only balanced
equations.

Proof. Since a(x) = a, we have that b < a(y) and b < a(z) and a must be of type
2 or 6, and since B(x) = a we have b < 3(y) and b < f(z) and  must be of type 2
or 6. Equation (1) gives that B, (y)/Ba(z) is an integer if « is of type 6, and if « is
of type 2 then B, (y)/Bs(z) is not an integer since gcd(pa+1, ¢o+1) = 1. The same
holds for Bg(y)/Bg(z). So, a and 8 must be of the same type; a contradiction. O

Lemma 8. If (z,y) < e and a(x) = B(y) = a then K,NKpg contains only balanced
equations.

Proof. We have a < a(y) and a < f(z) and b < a(z) and b < (z). It follows that
To = 6 and « is of the shape

Tr—=a

) . . 0\ 9o
g (aebahotiop.  pabrotiopalt )
z — ba’e

where gq,i,, > 1 and jq,j, > 0 and j,j, = 0 and k; o > 0, for all 1 < ¢ < n, and
ne > 0, and
(6) (xi/f’z,y) <e.
Case: Assume 73 = 2. Then f3 is of the shape
z — a'® (bakﬁ)pﬂ ba’s
Yy a
zZ (bakﬁ)qﬂ b
where pg, s, kg, ig > 1 and jg > 0 and ig + jg < kg. We have that solution
implies (zy* ~792,y) < e and we have kg = jig, by equation (6), a contradiction,
or (zy*s~6=Jsg, y) < e and ks = ig + jg and equation (3) gives
1
—Ga (na + 1) = kjﬁ
B

a contradiction.
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Case: Assume 73 = 3. Then f is of the shape
x — a? (bakﬁ)pﬁiqﬁil ba’?
Yyr>a
Z (bakﬁ)qﬁ b

where pg > g > 1 and 1 < ig,jg < kg < ig + jg. Solution B implies (zy,y) < e
which contradicts «, see equation (6).
Case: Assume 73 = 4. Then f3 is of the shape

x — a'#ba’®
Yy a

PN (bakl,[:f“ri[i"l’j/ib ... bafns-stists bakﬁ)qﬁ baFrstistisy ... pgkns.pTistisy

where gg > 1 and 1 < ig,jg < kg < ig+jgand kyg > 0, for all 1 <¢ < ng and
ng > 0. Now, (a:ilaz, y"#2) < e and by the shape of 3(z) necessarily i/, > ng + 1. If
il, =ng + 1 then kg = jg, and if i, > ng + 1 then kg = ig + js; a contradiction in
both cases.

Case: Assume 73 = 5 or 73 = 8. Then a < f(x) and b < S(z) and a = B(y)
and b < B(z) and a < 8(2) and e ends in y and z which implies j, = j,, = 0 and
equation (2) gives

a contradiction. O

Lemma 9. If (z,2) < e and a(x) = B(y) = a then K,NKg contains only balanced
equations.

Proof. We have a < a(z) and b < a(y) and b < B(z) and b < 3(z), and it follows
that 75 € {2,6}.
Case: Assume 73 = 2. Then f is of the shape
T (bakf‘)qa b
(7) yr—ra
Z = (bakﬂ)pﬁ ba’s

or

T — (bakﬂ)pﬁ ba’®
(8) yr—a

z (bakﬂ)qﬂ b
where 0 < jg < kg.

Subcase: Assume jz = 0. Then both shapes of 75 are symmetric and we
consider only case (7). Note, equations solved by 8 end with  and 2z which gives
To € {3,4,6}. If 7, = 3 then k, = j, since [ implies (z, zy) < e but this contradicts
the definition of type 3 where ko > jo. If 7o = 4 or 7, = 6 then equation (3) gives
g +1

Baly) = ks (s — ds)
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a contradiction since ged(pg + 1,95 + 1) = 1.

Subcase: Assume jg > 0 and S is of shape (7). Then e ends with y and z, and
7o = 6. Solution S implies now (zy, zy*#=7%) < e and kg = js or a(y) = b by the
shape of a. If kg = jg then equation (3) gives

g +1
Ba - )
W) = s D

a contradiction since ged(pg + 1,9 + 1). If a(y) = b then equation (2) gives

qg+1_.
pg+1

(O]

a contradiction since ged(pg + 1,95 + 1) = 1.

Subcase: Assume jg > 0 and S is of shape (8). Then e ends with = and y, and
7o € {5,6,8).

If 7, = 5 or 7, = 8 then « implies (z,zz) < e and § implies (z,zy) < e;
a contradiction.

If 7, = 6 then 8 implies (zy*¢~7#, 2y) < e and kg = jz by the shape of a. Now,
equation (3) gives

a contradiction.
Case: Assume 75 = 6. Then f is of the shape
x — ba’?
(9) yrra

) PN
2 (bakl,ﬁﬂab. .. bak7‘5ﬁ+-/ﬁba]/g>

or

T (bakl'ﬁﬂf’b- . bak"ﬁ’ﬂ”ﬁbaj’g)qﬁ
(10) y—a
2+ ba’?
where gg,i; > 1 and jg, jiz > 0 and jgjz = 0 and ky g > 0, for all 1 < ¢ < ng and
ng 2 0.
Subcase: Assume 3 is of shape (9). Then equation (3) gives
Ba(?)
Ba(y)

which implies B, (y) = 1, but then 7, = 6; a contradiction.
Subcase: Assume f is of shape (10). Then equation (3) gives

= As(z) — As(2)Bs(2)

Ba() _; _ Asl)
Ba(y) 7" Bs(a)
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where jz > 1 and jj = 0 and e ends with y and z which implies 7, = 2 with i, > 1
and j, = 0. So, « is of the shape

T a

T (ba’““)q” b

2 ale (bak“)pa b
where i, < ko. If iy = k, then equation (2) gives

1 Do +1

gs(ng+1)  “ga+1
a contradiction since ged(py + 1,g0 + 1) = 1. If 4, < k, then « implies that
(zkay, xka—taz) < e which gives ¢z = jz = 1 and ng = 0 But now, equation (3)
gives

Pat1l 1
da +1
a contradiction since ged(py + 1,¢0 +1) = 1. O

)

Lemma 10. If (y,2) < e and a(z) = B(y) = a then K,NKp contains only balanced
equations.

Proof. Since a(z) = a we have b < a(y) and b < a(z) and « must be of type 2 or 6,
and since 8(y) = a we have a < 8(z) and b < B(x).
Case: Assume 7, = 2. Then i, = 0 and « is of the shape

T—a
y (bak“)qa b
Z (baka)pa bale

where pqo, o, ko > 1 and j, > 0 and j, < ko. Now, a implies

(11) (yake, zake—i=) < e
and
(12) (xkafjayxja7xkafjaz) <e.

Subcase: Assume 7, =2 and 73 = 3. Then § is of the form
T (bakﬁ)qﬁ b
Yyr>a
2 a' (bakﬁ)pﬂiqﬁil ba’s
where 1 <ig, jg < kg < ig+ jg and equations solved by 5 end with y and z, which
implies j, = 0. But now, by (11) and (12), we have ig = jg=1and 1 < kg < 2; a

contradiction.
Subcase: Assume 7, = 2 and 73 = 4. Then 3 is of the form

T (bakl"ﬁ—"_iﬁ—"—jﬂb .. bakTLﬁ’B+iB+jﬂ bak;j)qﬁ bak1’5+iﬂ+jﬁb . baknﬁ,s'i‘iﬂ"!‘jﬁb

y—a

z — a'?ba’?



12 TERO HARJU AND DIRK NOWOTKA

where gg > 1 and 1 < ig,jg < kg < ig + jg and ng > 0 and equations solved
by 8 end with y and z, which implies j, = 0. From (11) and (12) follows that
ig = js = kg =1 and ng = 0 and also k, = 1. Equation (2) gives
Go +1
Bg(z) = ———;
Pa — 4a
a contradiction since ged(gn + 1,po +1) = 1.
Subcase: Assume 7, =2 and 73 = 5 or 73 = 8. Then an equation solved by
ends in =z and y, and hence, cannot be solved by «a.
Subcase: Assume 7, =2 and 73 = 6 and §3 is of the form
T (bakl’ﬂ+iﬁ+jf‘b- . bak”ﬁ”S'Hﬁ‘HBbﬁbjg)qla
Yy a
2 — a'?ba’?
where ig > 1 and jg,j; > 0 and ¢g > 1 and jgjz = 0. Note, that actually
jg = 0 since equations solved by « end with y and z or x and 2. If k, = j, then
equation (2) gives
ga +1
Bg(x) = ——
ﬁ( ) ka(pa + 1) )
a contradiction since ged(ge + 1,po + 1) = 1. Hence, k, > j, and « implies
(yz,zz) < e, but for equations solved by 8 we have (y,zz) < e or (y,zy) < e;
a contradiction.
Subcase: Assume 7, =2 and 783 = 6 and f is of the form
T > ba’?
Yy a

. , NT:
Z (az,ﬁbakl*f’ﬂﬁh . baknﬁﬁﬂ%@]gj)

where i’ > 1 and jg,j; > 0 and gg > 1 and jgj = 0. Note, that actually jz = 0
since equations solved by « end with y and z or « and z. Equation (3) gives
Pat1l
Go+1
a contradiction since ged(py + 1,¢0 +1) = 1.
Case: Assume 7, = 6. Then i, =14/, = 0 and « is of the shape

Ap(2) ;

T a

; . g\ o
y (bakl,aﬂab. . baknasatia bah)
z > bale

where ¢, > 1 and ja,j, > 0 and j,j, = 0 and ko > 0, for all 1 < ¢ < n, and
ne > 0. We observe for later considerations that if

(13) (y°z,z'y) <e

with s,¢ > 1, and if ¢, > 1 or s > 1 then we have (ba’=)"" baleb < a(u) and
(baja)”“"’lb < a(w) and jo, = j, = 0 and ko = 0, for all 1 < ¢ < n,. But,
then |u|l, = |w|, and since B(y) = a we have also |u|, = |w|, and e is bal-
anced; a contradiction. Hence, ¢, = s = 1 and then (baja)na baleq < a(u) and
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(baja)n“—|r1 b < a(w) and j, > 0 and j/, = 0 and equations solved by « end with x
and z.
Subcase: Assume 7, = 6 and 74 = 2. Then § is of the form

T (bakﬁ)qﬁ b

Yy a

z > a'® (bakﬁ)pﬁ ba’*
where pg,qg,kg,ig > 1 and jg > 0 and ig + jg < kg. Solution 8 implies that
(y'ea, zyPe =68 2) < e or (y'emw, 2y* ~I5x) <e. If kg = ig + jz then equation (3)
gives
)= B L

kg(ps +1)

a contradiction since ged(pg+1, gs+1) = 1. Therefore, (y*¢z, zy) < e which implies
that e ends with = and z by equation (13), and hence, jg = 0 and ig = 1, since

s = 1 for equation (13). Now, either (yx,zz) < e or (yx,yz) < e. In the previous
case equation (3) implies

Ba

g +1
Ba = ;
(y) —

a contradiction since ged(pg + 1,95 + 1) = 1. In the latter case we have then
(ba?>)"* ba < a(u) and (ba’~)"" bba’> < a(w) and n, = 0, since j, > 0, and we
have B, (y) = 1. Equation (3) gives
P —ap
kg——— +1=1;
B g+ 1

a contradiction.
Subcase: Assume 7, = 6 and 73 = 3. Then § is of the form

T (bakﬁ)qﬁ b
Yy a
z2 > a'f (bakﬁ)pﬁ_qﬂ_1 ba’s
where ig, jg > 1 and kg < ig + jz and pg > g > 1. Equation (3) gives

1 L <p/3—q6 _
Ba(y) g5 +1

and pg < qg since ig + jg > kg; a contradiction.
Subcase: Assume 7, = 6 and 73 = 4. Then 3 is of the form

1) +ig+Js

T (bakl,ﬂ‘f‘i/i"l‘jﬁb. . bakﬂg,fxﬂ‘aﬂ'ﬁ bakﬁ)qﬁ baFretistisy. .. baknﬁ,gﬂﬁﬂ‘ﬁb

Yy a
2 a'?ba’?
where gg > 1 and 1 <ig,js < kg < ig + jg and ng > 0. Equations solved by
end with y and z which implies j, = j/, = 0. Equation (2) gives
Aaly) 1
Ba(y)  Bgs(z)

a contradiction.
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Subcase: Assume 7, = 6 and 73 =5 or 73 = 8. Then § is of the form

z b (a'e It mep) 1 g7 x> b (a'Tistrap) s dstrs
yr=a or Yy a
2 @b (a'o e tmap)Pe 2 @’ tTep (gle i tTap) PP

where pg,qg,ig,jg, 73 > 1 and mg > 0. Solution § implies (yz,y) < e which
contradicts solution a. (I

Lemma 11. If (y,2) < e and a(z) = B(2) = a then Ko,NKpg contains only balanced
equations.

Proof. We have b < a(y) and b < a(z) and b < B(z) and a < S(y). It follows that
To € {2,6}.
Case: Assume 7, = 2. Then i, = 0 and « is of the shape

T—a

Y (baka)qcx b

Z (bak“)pa ba’
where pa, Qa, ko > 1 and j, > 0 and k, > jo. Now, a implies
(14) (yaPe,z) <e.

Subcase: Assume 7, = 2 and 73 = 3. Then kg = jg since equations solved
by 3 begin with (yz*s =7, z) < e; a contradiction by the definition of type (3).
Subcase: Assume 7, =2 and 73 = 4. Then § is of the form

T (baklvﬂ“ﬁﬂﬁh x ba’“%ﬂ“ﬁ”bakﬁ)qﬁ baFratistisp. .. pgknsstiating

y — aba’®
z—a

where pg > gz > 1 and 1 < ig,j3 < kg < ig + jg and ng > 0 and ky g > 0, for
all 1 <t < ng. Equation (14) gives by the shape of 3 that (yz*e, 2% x) < e which
implies either jg = ki, g +ig + jg, if ig < ng, or kg = jg; a contradiction in both
cases.

Subcase: Assume 7, =2 and 73 = 5 or 73 = 8. Then f is of the form

T (baif""jﬁ"'mﬁ)qﬁ ba’s T (baiﬂ+jﬁ+Tﬁ)qﬂ balotrs
y— a'®b (ai‘*"’jﬁ"’mﬁ b)pﬁ or Y= atTep (ai‘*"’jﬁﬂﬁ b)pﬁ
za za

where pg, qs,is,j3,r3 > 1 and mg > 0, and S implies (yz,z) < e which contra-
dicts (14).
Subcase: Assume 7, = 2 and 73 = 6. Then 3 is of the form

. . . . . q
N (bakl,ﬂ+lﬁ+wb. ..baknB,ﬂerJrJBban) s

(15) y — a'fba’?
zZa
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or
x > ba’®
. [ k i 7\ 48
(16) y - (alﬂba 16436 p. . pare Jﬂba]l?)
2 a

where gg > 1 and ig, i}, jg, jp,np > 0 and igiy = jajj = 0 and k5 > 0, for all

1 <t < ng. If §is of shape (15) then (14) implies (yz,z'fx) < e. We get either

Jjg = k1,5 +ip + js, a contradiction, or ng = jg = j; = 0 and equation (5) gives
ga +1
Pa +1

a contradiction since ged(py +1,go +1) = 1. If 5 is of shape (16) then equation (5)
gives

o +1 .
P Ap(y) — jsBs(y) ;
(e}

a contradiction since ged(py + 1,¢0 +1) = 1.
Case: Assume 7, = 6. Then « is of the shape

T a

. . 4\ Qo
Y (bak1,a+1ab, .. bakna,a"l‘]a baja)
2+ ba’e

where jo, ji,ne > 0 and joj, =0 and ko > 0, for all 1 <t < mn,.

Subcase: Assume 7, = 6 and 75 € {2,3,5,8}. Then equation (4) gives
g +1 A .
5 = {a - OcBoc ;
S (y) = JaBaly)
a contradiction since ged(pg + 1,95 + 1) = 1.
Subcase: Assume 7, = 6 and 73 = 4. Then § is of the form

T (bak1,f1+i5+j/3b . bakn5,5+i5+j/3 bakﬁ)qﬁ baFretistisy. .. baknﬁ,g-i-i,;-&-jﬁb

y — a'#ba’®
zZa
where gg > 1 and 1 < ig,jg < kg < ig + jg and ng > 0 and k¢ g > 0, for all
1 <t < ng. Equations solved by S end with y and z, hence, j, = j,, = 0 and
equation (4) gives
gi i 1 =Aa(y);

a contradiction since ged(pg + 1,95 + 1) = 1. 0

Lemma 12. If (z,y) < e and a(x) = B(z) = a then K,NKp contains only balanced
equations.

Proof. We have a < a(y) and b < a(z) and b < 8(z) and b < S(y). It follows that
Ta = 6. Equation (4) gives
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which implies 73 = 4 and either a < 8(z) or a < B(y) since (z) = a; a contradic-
tion. (]

Lemma 13. If (z,z) < e and a(x) = B(z) = a then K,NKp contains only balanced
equations.

Proof. We have a < a(z) and a < B(x) and b < a(y) and b < S(y).
Case: Assume 7, = 2. Then « is of the shape

T a
Y = (bak“)qa b
2 gl (bak“)pa ba’>

where i, > 1 and j, > 0 and iy, + jo < kq. Solution a implies

(17) (zloy, zabeIoy) < e
or
(18) (zloy, zake—ilo"loz) < e .

Subcase: Assume 7, = 2 and 73 = 3. Then 3 is of the form
T a'f (bakﬂ)pB ba’*
Y= (bakﬁ)qﬁ b
zZa

where 1 < ig,jg < kg < ig + jg. Solution B implies (zzF477% 2) < e which
contradicts (17) and (18).
Subcase: Assume 7, = 2 and 753 = 4. Then 3 is of the form

x> a'ba’®
y (ba’“-r‘*”ﬂ*jﬁb- .- balre s Tiets bakﬁ>% batratiatisg. . pghnsetietisg
Z = a

where gg > 1 and 1 < ig,j3 < kg < ig +jg and ng > 0 and k; g > 0, for all
1 <t < ng. Solution § implies (x,2%y) < e and k, = i, and j, = 0. But,
equations solved by « end with y and z, and equations solved by ( end with x
and z; a contradiction.

Subcase: Assume 7, =2 and 73 =5 or 73 = 8. Then § is of the form

x> a’?b (a'etietms b)pﬂ x> a#tep (ate I tTs b)pﬂ
Y — (baif""jﬁ"'mﬁ)qﬁ ba’s or Y (baiﬂ+jﬁ+Tﬁ)qﬂ balotrs
zZrra zZra

where pg,qg,is,73,73 > 1 and mg > 0. Solution 8 implies (zy, z) < e and j, = 0,
and « implies (zy, 2) X e; a contradiction.
Subcase: Assume 7, =2 and 73 = 6. Then § is of the form

x > a*#ba’®
o L N\4s
y (ba’“"’“ﬁ“%- = ba’“"ﬁﬁﬂﬁ“f’baJ%)

zZ—=a
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or

T (abkl"’ﬂﬁa . abk"‘ﬁ*ﬂ"’j”abjé)qﬁ
y—=b
z—a
where gg,ig > 1 and jg,ji; > 0 and jgjz = 0 and ng > 0 and kg > 0, for all

1 <t < ng. In both cases, solution /5 implies (z,2%y) < e which gives either
ko = jo O ko =i + jo by (17) and (18), respectively. Equation (4) gives

Bs(y) = —kqo or = —k,

respectively; a contradiction.
Case: Assume 7, = 3. Then « is of the shape

T a
y = (bak")qa b
; a—Ga—1, ;
z = a (baka)p 97" pade
where py > qo > 1 and 1 < iy, jo < ko < o + Ja-
Subcase: Assume 7, = 3 and 73 = 6 and § is of the form
x = a?
yr—b
zZ—a
where gz > 1. Then |u|, = |w|, and the shape of « implies |u|, = |w|, and v = w
is balanced.
Subcase: Assume 7, = 3 and [ is not of the previous shape. Then « implies
(z,zz) < e and B does not solve e; a contradiction.
Case: Assume 7, = 4. Then « is of the shape
T a
Y (bakl,a+ia+jab e bakna,a"!‘ia‘i‘ja baka)qo‘ bakl,a+7;a+j0<b . bak”a~a+ia+-jab
2+ a'bale
where g, > 1 and 1 < ig,J0 < ko < tq + jo and ng > 0 and ko > 0, for all
1 <t < ng. Solution « implies (zPey, zak1oz ... zapFraezpha=iay) <e.
Subcase: Assume 7, =4 and 73 € {2,3,5,8}. Then equation (4) gives
_atl

Aa(y) — Aa(2)Ba(y) pst1’

a contradiction since ged(pg + 1,95 + 1) = 1.
Subcase: Assume 7, =4 and 78 = 6. Then 3 is of the form

T — a'®ba’®
o RN
y (ba’“"’“ﬁ“ﬁb--~ba’“"ﬁﬁ+w+”ba]/ﬁ) i

Z—=a
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or

v .\ 48

yr—b

zZH—=a

where gg,ig > 1 and jg,ji; > 0 and jgjgz = 0 and ng > 0 and kg > 0, for all
1 <t < ng. In both cases, § implies (z, ziﬁy) <eand ki o =0, forall 1 <t < n,,
and ko = jo and equation (4) gives

~i0(Ga +1) = jo = 573
a contradiction.
Case: Assume 7, = 5. Then « is of the shape
Tr—a
Y (bain+ja+ma)q“ bale
2= aia (baia+ja+7na)pa b
where pa, Qo ia,jo > 1 and my > 0.
Subcase: Assume 7, =5 and 73 = 2. Then « implies (z, zx) < e and § implies
(z,z"y) < e where ig > 1; a contradiction.
Subcase: Assume 7, = 5 and 75 € {3,4,8}. Then equations solved by a end

with x and y, but equations solved by 8 end with x and z or y and z; a contradiction.
Subcase: Assume 7, =5 and 78 = 6. Then § is of the form

x — a'®ba’?
. . . . . q
Y — (bakl,[§+1[i+][3b. . baknﬁ,[§+2[i+][ibajfj) s

Zr=a
or

y—b
zZrra
where gg,ig > 1 and jg,j; > 0 and jgjz = 0 and ng > 0 and kyp > 0, with
1 <tg < ng. Equation (5) gives
ga +1 o +1 Ap(2)
=A — Ag(z)B and =-—
vt 1~ W) = As(@)Bsly) bl Bal)

respectively; a contradiction since ged(po, + 1,94 + 1) = 1.
Case: Assume 7, = 6. Then « is of the shape

Tr—a
y L o 0\ Qo
y (afa bakl,a+lu+,]ab, . bakna,a+2a+]a baja)

2 5 alebale
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go > 1 and iq,1,, ja, jo > 0 and iy, = jojl, = 0 and ny, > 0 and ko > 0, for all
1 <t<ng.
Subcase: Assume 7, = 6 and 75 € {2,3,5,8}. Then equation (4) gives
g +1
pg+1
a contradiction since ged(pg + 1,95 + 1) = 1.
Subcase: Assume 7, = 6 and 73 = 4. Then 3 is of the shape

= Aa(y) — Aa(2)Bal(y) ;

x> a'bal?
y (bak1,6+i6+jﬁb_ .. bgkne s tistis bakﬁ)‘m bakroFistisp . . pgknsstistisg
zZa

where gg > 1 and 1 < ig,jg < kg < ig + jg and ng > 0 and k.3 > 0, for
all 1 <t < ng. Now, i, = ji, = 0 and (z'y,2"y) < e and kyg = 0, for all
1 <t < ng, and i, =ng + 1. This implies kg = jg and k; o =0, for all 1 <t < ng,
and equation (4) gives
(g5 + D (np +1) = —galia + ja) ;
a contradiction.
Case: Assume 7, = 8. Then we use arguments similar to case 7, = 5. O

The previous lemmas and Remark 5 imply the following conclusion.

Proposition 14. The intersection of two different entire systems of different type
contains only balanced equations.

5.2. Entire Systems of Equal Type. Let 7 be the type where o and [ are
both taken from, and let p: At — A1 be an isomorphism such that p(a) = b and

p(b) = a.
Lemma 15. If a(z) = f(z) = a then K, N Kg contains only balanced equations.
Proof. We have for type 1 that

Po+1 _ || — [ule :pg-l-l
Ga +1 lu|. — |w|. gp+1

and p, = pg and g, = gp otherwise ged(p + 1,¢ + 1) > 1 for at least one of the two
solutions, but now « is a permutation of 3; a contradiction.

For all other types Remark 5 implies that equations solved by « and § begin
and end with y and z, and we have only to consider types 2 and 6 further.

Case: Assume 7 = 2. Then i, = jo = ig = jg = 0 and equation (1) gives

go+1 gg+1

which implies p, = pg and g, = gp otherwise ged(p + 1,¢ + 1) > 1 for at least one
of the two solutions. Equations solved by « and 8 imply

kg

(y$k°‘1?1,2.17k°‘f£2) <e and (yx xl,zxkﬁxg) <e

respectively, where 1, 2 € {y, z} which gives k, = ks and « is a permutation of f3;
a contradiction.
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Case: Assume 7 = 6. Then iy = i, = jo = j, = ig = iz = jg = jz = 0 and
equation (1) gives
_ 1

gs(np +1)
In the latter case we get g, = gs = 1 and n, = ng = 0 and « is a permutation
of §8; a contradiction. In the former case, we have a(z) = 8(z) = b and (y,vy) < e
where v € {z,2z}". Now, y = v%/, with s > 0 and v' < v, which implies together
with B,(y) = Bg(y) that a(y) and S(y) are equally defined, and hence, « is a
permutation of 3; a contradiction. O

do(na +1) =gs(ng +1) or Ga(na +1)

Lemma 16. If a(z) = f(y) = a and 7 = 2 then K, N Kg contains only balanced
equations.
Proof. Let a be of the shape
T a
T (bak‘*)q“ b
2z ate (bak“)pa bale
where py, o, ko > 1 and iy, jo > 0 and iy + jo < ko. Now, B is of the shape
T a'f (bakf’)pﬁ ba’*
(19) Yy a
Z > (bakf‘)qﬁ b
or
T (bakﬂ)qﬁ b
(20) y—a
z = a¥ (bakﬁ)pﬂ ba’*
where pg, gg, kg > 1 and ig,jg > 0 and ig + jg < kg.

Case: Assume (3 is of shape (19). Then i4,jo > 1 and ig = jg = 0 since
equations solved by « and § begin and end with z and z. By Lemma (4) we have
ps > qs. Now, a implies (z,zzb"Joy) < e or (x, zake"e"Jaz) < e and S implies
(z,zy) < e which gives that k, = j,; a contradiction since now ko < io + jo < k-

Case: Assume § is of shape (20). If e begins with  and z then i, > 1 and ig =0
and gs > pg by Lemma (4) and « implies (z, za*e ~Joy) < e or (z, zake~te"daz) < e
and 8 implies(z, zy) < e which gives that k, = j,; a contradiction since we require
ko <io+Jja < ko. If e begins with y and z then ig > 1 and g, > po by Lemma (4)
and i, = 0 and o implies (ya®e, zaka—Jay) < e or (yake, zake=Ja2) < e and solution
B implies (y'¢ayks i zyPs—isg) < e or (ysayks 6, 2zy*s~16=Js ) < e and in any
case ko = jo =1, since kg — ig > 1. Now, equation (2) gives

pa+1_p@—|—l
go+1 gg+1

but, equation (3) gives

. ppt+1l _pp+1
kgpg +ig +ijg —k = ;
BPp 8T IB ’Bq’qu—l—l a5 + 1
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a contradiction. O

Lemma 17. If a(x) = B(y) = a and 7 € {3,4,5,8} then K, N Kg contains only
balanced equations.

Proof. Equations solved by « begin with x and z whereas equations solved by
begin with z and y or y and z; a contradiction. O

Lemma 18. If (z,y) < e and a(z) = f(y) = a and 7 = 6 then K, N Kz contains
only balanced equations.

Proof. Let a be of the shape
T a
y (ai&ba’“lvﬁjab- - ba’f"m"‘”“b“j;)qa
2+ bal®

where qq,1, > 1 and jq,j, > 0 and j.j, = 0 and n, > 0 and ko > 0, for all
1 <t < ng. Actually, j, > 1 and j,, = 0, otherwise equation (2) gives

Aaly) _ Bsl2)

Ba(y)  Bs(x)

a contradiction. So, © = w ends in x and z. Now, f3 is of the shape

x — a*®b
(21) y—a
N (ba’w“ﬂb- . ba’“"w”%) o

or

, p
T (alﬁbakl,ﬂb. ..bak"ﬁﬁb) s
(22) Yy a
z—b

where qg,i[;,i’ﬁ >1and ng > 0and kyg > 0, for all 1 <t < ng.
Case: Assume (3 is of shape (21). Then equation (3) gives

1 )
Aol PR

1<t<ng
which implies g, = gg = 1 and n, = 0, and equation (2) gives
o — il =ng+1
which implies j, >4/, > 1. Now, « implies (x,yz) < e and 3 implies (z,y%z) < ¢;

a contradiction.
Case: Assume f is of shape (22). Equation (3) gives

1 Ag()

Ba(y)  Bplx)

a contradiction. O
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Lemma 19. If (z,z) < e and a(z) = f(y) = a and 7 = 6 then K, N Kz contains
only balanced equations.

Proof. Let a be of the shape
T a
Y= (bak1’“+ia+j“b~ -~bak”a*“+i“+jabaj&)qa
2+ a'bale

where gqo, 0 > 1 and jo,j, > 0 and joj, = 0 and n, > 0 and k; o > 0, for all
1 <t <ng,. Now, 3 is of the shape

x — ba’?
(23) Yy a

. . . ap
2 (bakl,ﬂﬂab ... hglne-stie bayg)
or

T — (bakl’ﬁﬂ"‘b- .. bgPnestis bajé)qﬁ
(24) yr—a
2+ ba’?
where ¢z > 1 and jg,j; > 0 and jgjz = 0 and ng > 0 and kg > 0, for all
1<t <ng.
Case: Assume [ is of shape (23). Then we have 3(z) < B(z) by Lemma (4),
and hence, gz = 1 and j; = ng = 0 and equation (3) gives
1 .
0 = B
go(ng +1) b

a contradiction.
Case: Assume (3 is of shape (24). If jz = 0 then equation (3) gives
1 Ap(z) |

Ga(na+1)  Bs(z)’

a contradiction. So, jg > 1 and j, = j,, = jg = ( since e ends in y and z. Now,
equation (2) gives
ba = Xi<t<n, Kta _ 1
Nng + 1 ~ gs(ng+1)

which implies ny +1 > ng + 1 and equation (3) gives

1 Jp— Zlgtgn[g kg

Ga(na +1) ng+ 1

which implies n, +1 < ng + 1, and hence, no, = ng and g, = gg = 1 and

(25) o — Z kt,a = jB - Z ktﬁ =1

1<t<n 1<t<n
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where n = n, = ng. Solution « implies (z'>y,2) < e and B implies (zy,2) < e
which gives i, = 1, and « also implies (xy, z) < e and 3 implies (xy’#, z) < e which
gives jg = 1. From equation (25) follows

a: T a B:x— (ba)"b
y — (ba)™b and y—a
z+>ab z > ba

By Proposition 2.5 in [7] we get the same generic equation for both entire systems
K, and Kpg generated by o and 3, respectively, namely

zy = 2"t
and hence, K, and Kz are not different; a contradiction. ([

Lemma 20. If (y,z) < e and a(zr) = B(y) = a and 7 = 6 then K, N Kg contains
only balanced equations.

Proof. Let a be of the shape
T a
Y (bakl,ﬁjab, . bgkrasatia baj;)q"
2 > bale

where ¢, > 1 and jo,j, > 0 and juj), = 0 and n, > 0 and ko > 0, for all
1 <t < ng. Actually, j, > 1 and j/, = 0 since otherwise equation (2) gives

Aaly) _ Bs(2) |

Ba(y) Bgs(x)’

a contradiction. So, e ends in x and z. Now, (3 is of the shape

x—b
(26) y—a

Y] qp
Z (azﬁ ba*6p. .. bak"ﬁ’ﬁb)

or

, N
x> (bak1*5+1’3b~ . baknﬁfﬁﬂﬂb) ’

(27) Yy a
zrra'®b
where gg,ig,ij,75 > 1 and ng > 0 and k; g > 0, for all 1 <t <ng.
Case: Assume (3 is of shape (26). Then equation (3) gives

1 ,

da(na +1) G,
which implies ¢, = gs = i3 = 1 and nq = kg = 0, for all 1 < ¢ < ng. Now,
« implies (yz’=, z) < e and B implies (yz™# 1, 2) < e which gives j, = ng+ 1, and
we have o = p o ; a contradiction.
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Case: Assume 3 is of shape (27). Then equation (2) gives

Ja = Di<i<n, Fta 1 1
Ng +1 gg(ng +1)
which implies n, + 1 > ng + 1, and equation (3) gives
1 _ ig — 21953% ki 1
Ga(neg +1) ng +1

which implies ng +1 > n, + 1, and hence, n, = ng and ¢, = gg = 1 and
(28) Jo= Y ka=ig— Y k=1
1<t<n 1<t<n

where n = n, = ng. Solution a implies (yx,z) < e and (3 implies (y*#z,2) < e
which gives ig = 1, and « also implies (yz7=, 2) < e and (3 implies (yz, z) < e which
implies j, = 1. From equation (28) follows

a:xT—a B:ax s (ba)" b
y > (ba)" b and Yy a
z = ba z— ab

By Proposition 2.5 in [7] we get the same generic equation for both entire systems
K, and Kpg generated by o and 3, respectively, namely

and hence, K, and Kz are not different; a contradiction. ([

Lemma 21. If a(x) = (2) = a and 7 = 2 then K, N Kg contains only balanced
equations.

Proof. Let a be of the shape
T a
Y (bak"‘)qa b
2 ate (bak”)pa ba’e
where P, Qo ko > 1 and iy, jo > 0 and iy + jo < ko. Now, 3 is of the shape
T a'? (bakﬂ)pﬁ ba’s
(29) y = (bakﬁ)qﬁ b
zHa
or
T — (bakﬂ)qﬂ b
(30) y—a'® (bakﬁ)m ba’s
za

where pg, qg, kg, i3,J8 > 1 and ig + jg < kg.



ON THE INDEPENDENCE OF EQUATIONS IN THREE VARIABLES 25

Case: Assume f is of shape (29). Then i,,j, > 1 since e must begin and end
with z and z. Now, solution « implies (z, za*"Jay) < e or (x, zake—la"Jaz) < e
and solution 3 implies (x, 2*8y) < e which gives ko = iq + jo. Equation (4) gives
_astl

pg+1°

[e3%

a contradiction.

Case: Assume [ is of shape (30). Then i, = j, = 0 and « implies (yz,z) <e
and 3 implies (yzF¢# i =Jsy, 2) e or (yzF=Jsx 2) < e which gives kg = jpg;
a contradiction. O

Lemma 22. If a(z) = f(2) = a and 7 = 3 then K, N Kg contains only balanced
equations.

Proof. Let a be of the shape
T a
y (bak")qa b
z > a'e (baka)pai(’hﬁ1 bale
where po, > qq > 1 and 1 < i, jo < ko < io + jo. Now, 8 must be of the shape
x — a¥? (bakﬁ)pﬁ_qﬂ_1 ba’s
Y — (ba’“ﬁ)qﬁ b
Zrra

where pg > gg > 1 and 1 < ig,jg < kg < ig + jg. Solution « implies (z,zz) < e
and 3 implies (z,2%¢y) < e; a contradiction. a

Lemma 23. If a(x) = (2) = a and T = 4 then K, N Kg contains only balanced
equations.

Proof. Let a be of the shape
T a
y > (baFretiotiop. . paFnaatiotiaopgha)d® pokiatiotiap . pghna.atiotiop
2 > a'ebale
where g, > 1 and 1 < iy, J0 < ko < iq + jo and ng > 0 and k¢, > 0, for all
1 <t <ngy. Now, 8 must be of the shape
x> a'ba’®
Y (ba’“ﬁ””jﬁb- .- baFraatietis bakﬁ>qﬂ bat e tietisg. .. pgkrs s tietisy
zZ—a

where gg > 1 and 1 < ig,jg < kg < ig + jg and ng > 0 and k; g > 0, for all
1 < ¢ < ng. Solution « implies (wioy, zakroy ... zgbnaazpha—ioy) < e and S
implies (mzkl»ﬁxo~oxzk"ﬁ’ﬁxzkﬂ*jﬁy,ziﬂy) < e which gives that k; - = 0, for all
1<t <n¢and (€ {a,pf}, and ko = jo and kg = jg. Equation (4) gives

—(ga + Dia = jo = (gg + 1)(ng + 1) ;

a contradiction. O
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Lemma 24. If a(z) = (z) = a and 7 € {5,8} then K, N Kz contains only
balanced equations.

Proof. Equations solved by « end in x and y whereas equations solved by £ end
in x and z or y and z; a contradiction. O

Lemma 25. If (z,y) < e and a(z) = B(z) = a and T = 6 then K, N Kz contains
only balanced equations.

Proof. Let a be of the shape
T a
Y (ai; bakl,(x"l'jab_ . bakna,a+j(x baj&)qa
2 > ba’>

where g4,4, > 1 and ju,j, > 0 and j,j, = 0 and n, > 0 and ki o > 0, for all
1 <t <ngy. Now, 3 is of the shape

T+ ba’?
(31) g (bahrting.. bak"ﬁ’ﬁﬂﬂbajb)%
Za
or
T (bakl’ﬂﬂf’b- = bak”ﬂ‘/3'~'jﬁbajlﬁ)q[f
(32) y > ba’?

Z=a

where gg > 1 and jg,j3 > 0 and jgjz = 0 and ng > 0 and ki g > 0, for all
1<t <ng.

Case: Assume [ is of shape (31). Then from a(z) < a(y) follows by Lemma (4)
that B(y) < B(z), and hence, js > 1 and jj = 0 and gg = 1 and ng = 0, and so,
B(y) = b. But now, equation (5) gives

—Jjp = Q(x(na + 1) ;
a contradiction.
Case: Assume (3 is of shape (32). Then equation (4) gives

1

33 Qo | iy + Joy — Ja + kto | =—F/=
(33) 2 ki qs(ng +1)

1<t<na
which implies ¢, = gg = 1 and ng = 0, and equation (5) gives
Jg—Js =na+1
and we have jz > 1 and jé = 0 and e ends with y and z. That implies j, = j/, =0
and since equation (33) gives
it > kia=1

1<t<ng

and i/, > 1, we have that a(y) = a’«b"*!. Solution a implies (z%~z,y) < e and j
implies (zz,y) < e which gives i, = 1. Solution « implies (y,zz">"!) < e and
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implies (y,z27#) 5 e which gives that n, + 1 = jg, and now, a = po f3; a contra-
diction. [l

Lemma 26. If (z,z) < e and a(z) = f(2) = a and 7 = 6 then K, N Kz contains
only balanced equations.

Proof. Let « be of the shape
T—a
Yy — (bakl’aﬂaﬂab- < haPnasatiatia baj:*>qa
Z > a'ebale
where o, 10 > 1 and jo,j, > 0 and j.j, = 0 and n, > 0 and k; o > 0, for all
1 <t <ng,. Now, 3 is of the shape
x > a'?bal?
(34) Y (bak1*5+iﬁ+mb- X bak”ﬁ’ﬁﬂﬂﬂﬁbaﬂ'tlﬂ)qﬁ
zZa
or
T (aibbakl*‘*ﬂ"’b' = bak"ﬁ-ﬂﬂﬁbajg)qg
(35) y > ba’?
zZ—a

where gg,ig,73 > 1 and jg, j; > 0 and jgjz = 0 and ng > 0 and k5 > 0, for all
1 <t < ng. Note, that if 5 is of shape (34) or (35) then

(36) (z'oy, 2'y) < e

where { € {ig,i}}.
Case: Assume 3 is of shape (34). From (36) follows that k; . = 0, for all
1<t <n¢and ¢ € {«a, [}, and equations (4) and (5) give
Qﬂ(nﬁ"_l) :(IOz(j(;_ia_ja) and qa(na+1) :(Iﬁ(jé_iﬁ_jﬁ)
respectively. This implies j;,j’ﬁ > 1 and j, = jg = 0. Now, e must end in  and y
by a and in y and z by 3; a contradiction.

Case: Assume f is of shape (35). From (36) follows that k;, = 0, for all
1 <t < ng,, and equation (4) gives
1 /
— —g (i =i —i) =1
P Ty 4o (Jo — ta — Ja)
and g, = gg = 1 and j,, > 1 and j, = ng = 0 and also jg = j; = 0, since e ends
in x and y. Equation (5) gives

a contradiction since ij; > 0 by (v,2) <e O

Lemma 27. If (y,z) < e and a(z) = B(2) = a and 7 = 6 then K, N Kz contains
only balanced equations.
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Proof. Let a be of the shape
= a
y — (bakl,a+jab . bakna,a"l‘ja baj;)qa
2 > bal®

where ¢, > 1 and jq,j, > 0 and joj, = 0 and n, > 0 and ko > 0, for all
1 <t <ng,. Now, 3 is of the shape

x — ba’®

Y k1 5+j/3 kn st+is j/ 18
y— | a'#ba”™ b---ba""s ba’s
zZa

or
_ VAN
T (bakl’ﬁﬂ‘*“‘*b- - bak"ﬁ’ﬂﬂﬂﬂ’jbaJE) ’
y — a'fba’?
Za

where gg,ig,73 > 1 and jg, j; > 0 and jgjz = 0 and ng > 0 and kg > 0, for all
1 <t < ng. We have for any shape of 8 that 5(z) < 8(y), and hence, a(y) < a(z)
by Lemma (4). So, go = 1 and j!, = n, = 0 and equation (4) gives
o = Bs(y) |

Bg(x)

a contradiction. O

The previous lemmas imply the following conclusion.

Proposition 28. The intersection of two different entire systems of the same type
contains only balanced equations.

Proposition 29 follows directly from Proposition 14 and 28.

Proposition 29. The intersection of two different entire systems contains only
balanced equations.

6. ABOUT SYSTEMS OF EQUATIONS

This section contains the main result of this article. It states that an inde-
pendent system with at least two equations and a nonperiodic solution consists of
balanced equations only. Before this statement is proved, we observe the following
propositions.

Proposition 30. If two unbalanced equations e; and es have a common nonperiodic
solution, then they have the same set of periodic solutions.

Proof. Let a be a nonperiodic solution of e; and es. Let e; = (u;, w;), and let
0z (€;) = |tg|o —|w;i|,r where ' € X and i € {1,2}. Assume that « is incontractable
and a(x) = a without restriction of generality. Now,

Ba(y)dy(ei) + Ba(2)dz(ei) = 0
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for i € {1,2}, and
« y) 52(61) _ 52(62)

(y) _
a(z)  dyler)  dyle2)

and we have sd,(e1) = td,(e2) and sé,(e1) = td.(e2) with s,¢ # 0. It is easy to
see that also sd;(e1) = td.(e2). Clearly, e; and es have the same set of periodic
solutions. ([l

B
B

Proposition 31. If an unbalanced equation e; and a balanced equation es have a
common nonperiodic solution, then every solution of ey is a solution of ey.

Proof. Tt is clear that any periodic solution of e; is a solution of e since every
periodic solution is a solution for a balanced equation. Let « be a nonperiodic
solution of e; and e5. Assume that there exists a nonperiodic solution 3 of e; that is
not a solution of e5. Let o and 8 be incontractable without restriction of generality.
Now, ae and (8 generate two different enire systems since e; € K, and ex ¢ Kg. But,
e1 € K,NKg which implies that e; is balanced by Proposition 29; a contradiction.

|

The main result of this article follows immediately.

Theorem 32. If a system of equations has a nonperiodic solution and contains an
unbalanced equation then it is not independent or it is a singleton.

Proof. Let S be a system of at least two equations that has a nonperiodic solution «
and contains at least one unbalanced equation e;. Assume that S is independent,
then it contains no balanced equation by Proposition 31. Let ez be an unbalanced
equation in S different from e;. Since S is independent, there exists a solution S
that solves e; but does not solve ey. From Proposition 30 follows that 5 is non-
periodic. We can assume that both a and 3 are incontractable without restriction
of generality. Furthermore, o and (8 generate two different entire systems since
es € Ko and ex ¢ K. But, e; € K, N K which implies that e; is balanced
by Proposition 29; a contradiction. O

Corollary 33. An independent system with at least two equations and a nonperi-
odic solution consists for balanced equations only.

7. CONCLUSIONS

We have shown that the intersection of the kernel of two different nonperiodic
solutions in three variables contains only balanced equations, Proposition 29. From
that result and the fact that the independence of systems in three variables depends
on their nonperiodic solutions only, Proposition 30 and 31, follows that indepen-
dent systems of equations in three variables that have a nonperiodic solution and
contain more than one equation consist of balanced equations only, Theorem 32
and Corollary 33.

This result is a further step towards an answer of the question whether or not
an independent system of three equations in three variables with a nonperiodic so-
lution exists. We have established here that length arguments do not help to answer
that question.
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