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Abstract

The relationship between the length of a word and the maximum length of
its unbordered factors is investigated in this paper.

Consider a finite word w of length n. Let pu(w) denote the maximum
length of its unbordered factors, and let d(w) denote the period of w. Clearly,
p(w) < O(w).

We establish that u(w) = d(w), if w has an unbordered prefix of length
pu(w) and n > 2u(w) — 1. This bound is tight and solves a 21 year old con-
jecture by Duval. It follows from this result that, in general, n > 3u(w) — 2
implies p(w) = O(w) which gives an improved bound for the question asked
by Ehrenfeucht and Silberger in 1979.

Keywords: combinatorics on words, periodicity, unbordered factors, Du-
val’s conjecture
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1 Introduction

Periodicity and borderedness are two properties of words—the most basic
data structure—which are investigated in this paper. These concepts are
so foundational that they play a role (explicitely or implicitely) in virtually
every area of computer science. Just a few of those areas are string searching
algorithms [15, 3, 8], data compression [23, 7], and codes [2], which are classi-
cal examples, but also computational biology, e.g., sequence assembly [19] or
superstrings [4], and serial data communications systems [5] are areas among
others where periodicity and borderedness of words (sequences) are impor-
tant concepts. It is well known that these two word properties do not exist
independently from each other. However, it is somewhat surprising that no
clear relation has been established so far, despite the fact that this basic
question has been around for more than 20 years.

Let us consider a finite word (a sequence of letters) w. We denote the
length of w by |w| and call a subsequence of consecutive letters of a word
factor. The period of w, denoted by d(w), is the smallest positive integer p
such that the i-th letter equals the (i + p)-th letter for all 1 < i < |w| — p.
Let p(w) denote the length of the longest unbordered factor of w. A word
is bordered, if it has a proper prefix that is also a suffix, where we call
a prefix proper, if it is neither empty nor contains the entire word. For the
investigation of the relationship between |w| and the maximality of u(w), that
is, u(w) = d(w), we consider the special case where the longest unbordered
prefix of a word is of the maximum length, that is, no unbordered factor is
longer than that prefix. Let w be an unbordered word. Then a word wu is
a Duval extension (of w), if every unbordered factor of wu has at most length
|w|, that is, p(wu) = |w|. We call wu trivial Duval extension, if 0(wu) = |w].
For example, let w = abaabb and v = aaba. Then wu = abaabbaaba is
a nontrivial Duval extension of w since (i) w is unbordered, (iz) all factors
of wu longer than w are bordered, that is, |w| = p(wu) = 6, and (4ii) the
period of wu is 7, and hence, O(wu) > |w|. Note, that this example satisfies
lu| = |w| — 2.

In 1979 Ehrenfeucht and Silberger initiated a line of research [11, 1,
10] exploring the relationship between the length of a word w and u(w).
In 1982 these efforts culminated in Duval’s result: If |w| > 4pu(w) — 6 then
J(w) = p(w). However, it was conjectured in [1] that |w| > 3u(w) implies
O(w) = p(w) which follows if Duval’s conjecture [10] holds true.

Conjecture 1. Let wu be a nontrivial Duval extension of w. Then |u| < |w].

After that, no progress was recorded, to the best of our knowledge, for
20 years. However, the topic remained popular, see for example Chapter 8



in [17]. The most recent results are by Mignosi and Zamboni [20] and the
authors of this article [13]. However, not Duval’s conjecture but rather its
opposite is investigated in those papers, that is: Which words admit only
trivial Duval extensions? It is shown in [20] that unbordered, finite factors
of Sturmian words allow only trivial Duval extensions, with other words, if
an unbordered, finite factor of a Sturmian word of length p(w) is a prefix of
w, then O(w) = p(w). Sturmian words are binary infinite words of minimal
complexity; see [21] and Chapter 2 in [17]. That result was improved in [13]
by showing that Lyndon words [18] allow only trivial Duval extensions and
the fact that every unbordered, finite factor of a Sturmian word is a Lyndon
word.
The main result in this paper is an improved version of Conjecture 1.

Theorem 2. Let wu be a Duval nontrivial extension of w. Then |u| < |w|—1.

The example mentioned above shows that this bound on the length of
a nontrivial Duval extension is tight. Theorem 2 implies the truth of Duval’s
conjecture, as well as, the following corollary (for any word w).

Corollary 3. If |w| > 3u(w) — 2, then O(w) = p(w).

This corollary confirms the conjecture by Assous and Pouzet in [1] about
a question asked by Ehrenfeucht and Silberger in [11].

Our main result, Theorem 2, is presented in Section 4, which uses the
notations introduced in Section 2 and preliminary results from Section 3.
We conclude with Section 5.

2 Notations

In this section we introduce the notations of this paper. We refer to [16, 17]
for more basic and general definitions.

We consider a finite alphabet A of letters. Let A* denote the monoid
of all finite words over A including the empty word, denoted by e. Let
W = ww() W) Where wg) is a letter, for every 1 < ¢ < n. We denote
the length n of w by |w|. Aninteger 1 < p < nis a period of w, if wy = Wiy
for all 1 < i < n —p. The smallest period of w is called the minimum period
(or simply, the period) of w, denoted by d(w). A nonempty word u is called
a border of a word w, if w = uv = v'u for some suitable words v and v'. We
call w bordered, if it has a border that is shorter than w, otherwise w is called
unbordered. Note, that every bordered word w has a minimum border u such
that w = uvu, where u is unbordered. Let p(w) denote the maximum length
of unbordered factors of w. Suppose w = wwv, then u is called a prefix of w,
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denoted by u < w, and v is called a suffiz of w, denoted by v < w. Let
u,v # €. Then we say that u overlaps v from the left or from the right, if
there is a word w such that |w| < |u| + |v|, and v < w and v < w, or v < w
and u < w, respectively. We say that u overlaps (intersects) with v, if either
v is a factor of u or u is a factor of v or u overlaps v from the left or right.

Let us consider the following examples. Let A = {a,b} and u,v,w € A*
such that u = abaa and v = baaba and w = abaaba. Then |w| = 6, and 3, 5,
and 6 are periods of w, and d(w) = 3. We have that a is the shortest border
of u and w, whereas ba is the shortest border of v. We have pu(w) = 3. We
also have that u and v overlap since u < w and v < w and |w| < |u| + |v].

We continue with some more notations. Let w and v be nonempty words
where w is also unbordered. We call wu a Duval extension of w, if every
factor of wu longer than |w| is bordered, that is, pu(wu) = |w|. A Duval
extension wu of w is called trivial, if O(wu) = p(wu) = |w|. A nontrivial
Duval extension wu of w is called minimal, if v is of minimal length, that is,
u =u'a and w = u'bw’ where a,b € A and a # b.

Example 4. Let w = abaabbabaababb and uw = aaba. Then
w.u = abaabbabaababb.aaba

(for the sake of readability, we use a dot to mark where w ends) is a nontriv-
ial Duval extension of w of length |wu| = 18, where p(wu) = |w| = 14 and
J(wu) = 15. However, wu is not a minimal Duval extension, whereas

w.u' = abaabbabaababb.aa

is manimal, with v' = aa < u. Note, that wu is not the longest nontrivial
Duwal extension of w since

w.v = abaabbabaababb.abaaba

is longer, with v = abaaba and |wv| = 20 and d(wv) = 17. One can check
that wv is a nontrivial Duval extension of w of maximum length, and at the
same time wv 1s also a minimal Duval extension of w.

Let an integer p with 1 < p < |w| be called point in w. Intuitively,
a point p denotes the place between wg,) and w41y in w. A nonempty
word u is called a repetition word at point p if w = xy with |x| = p and there
exist 2’ and y’ such that v < 2’z and u < yy’. For a point p in w, let

O(w,p) = min{|u| | u is a repetition word at p}
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denote the local period at point p in w. Note, that the repetition word
of length O(w,p) at point p is necessarily unbordered and d(w,p) < d(w).
A factorization w = uv, with u,v # ¢ and |u| = p, is called critical, if
O(w,p) = d(w), and, if this holds, then p is called critical point.

Example 5. The word
w = ab.aa.b

has the period d(w) = 3 and two critical points, 2 and 4, marked by dots. The
shortest repetition words at the critical points are aab and baa, respectively.
Note, that the shortest repetition words at the remaining points 1 and 3 are
ba and a, respectively.

3 Preliminary Results

We state some auxiliary and well-known results about repetitions and borders
in this section which will be used to prove Theorem 2, in Section 4. The proofs
of these auxiliary results are straightforward and not given in this extended
abstract. Results taken from the literature are referenced to.

Lemma 6. Let zf = gzh where f,g # . Let az’ be the mazimum unbordered
prefiz of az. If az does not occur in zf, then agz’ is unbordered.

Proof. Assume agz’ is bordered, and let y be its shortest border. In par-
ticular, y is unbordered. If |2’| > |y| then y is a border of az’ which is

a contradiction. If |az’| = |y| or |az| < |y| then az occurs in zf which is
again a contradiction. If |az’| < |y| < |az| then az’ is not maximum since y
is unbordered; a contradiction. Il

The proof of the following lemma is easy.

Lemma 7. Let w be an unbordered word and v < w and v < w. Then uw
and wv are unbordered.

The critical factorization theorem is one of the main results about pe-
riodicity of words. A weak version of it was first conjectured by Schiitzen-
berger [22] and proved by Césari and Vincent [6]. It was developed into its
current form by Duval [9]. We refer to [12] for a short proof of the CFT.

Theorem 8 (CFT). Every word w, with |w| > 2, has at least one critical
factorization w = uv, with u,v # ¢ and |u| < d(w), i.e., O(w, |u]) = A(w).

We have the following two lemmas about properties of critical factoriza-
tions.



Lemma 9. Let w = uv be unbordered and |u| be a critical point of w. Then
u and v do not overlap.

Proof. Note, that d(w, |u|) = 0(w) = |w| since w is unbordered. Let |u| < |v]
without restriction of generality. Assume that u and v overlap. If u = u’s and
v = s/, then O(w, |u]) < |s| < |w|. On the other hand, if u = su’ and v = v's,
then w is bordered with s. Finally, if v = sut then O(w, |u]) < |su| < |w|. O

The next result follows directly from Lemma 9.

Lemma 10. Let uguy be unbordered and |ug| be a critical point of uguy. Then
for any word x, we have u;xu;y1, where the indices are modulo 2, is either
unbordered or has a minimum border g such that |g| > |uo| + |uq].

The next theorem states a basic fact about minimal Duval extensions.
See [14] for a proof of it.

Theorem 11. Let wu be a minimal Duval extension of w. Then u occurs
mw.

The following Lemmas 12, 13 and 14 and Corollary 3 are given in [10].
Let ap, a1 € A, with ag # a1, and ¢, € A*. Let the sequences (a;), (s;), (s}),
(s!), and (t;), for i > 1, be defined by

® 0; = G (mod 2), that is, a; = ag or a; = ay, if 7 is even or odd, respec-
tively,

e s; such that a;s; is the shortest border of a;t;_1,
e s such that a;415; is the longest unbordered prefix of a;;1s;,
e s/ such that sis! = s;,
e ¢; such that t;s! =t;, ;.
For any parameters of the above definition, the following holds.
Lemma 12. For any ag, a1, and ty there exists an m > 1 such that
[s1] <o <lsm| = ltm—a] < -+ < Jto
and Sy = tm_1 and |to|] < |sm| + |Sm_1|-

Lemma 13. Let z < ty such that agz and a1z do not occur in ty. Let agzo
and ayz1 be the longest unbordered prefives of agz and ayz, respectively. Then

1. if m =1 then agpty is unbordered,



2. if m > 1 is odd, then ays,, is unbordered and |to] < |Sm| + |20l,

3. if m > 1 is even, then agS,, is unbordered and |to| < |Su| + |21

Lemma 14. Let v be an unbordered factor of w of length u(w). If v occurs
twice in w, then p(w) = o(w).

Corollary 15. Let wu be a Duval extension of w. If w occurs twice in wu,
then wu is a trivial Duval extension.

4 Main Result

The next theorem proves Duval’s conjecture.
Theorem 2. Let wu be a nontrivial Duval extension of w. Then |u| < |w|—1.

Proof. Recall that every factor of wu which is longer than |w| is bordered
since wu is a Duval extension of w. Let z be the longest suffix of w that
occurs twice in zu.

If 2= ¢ then a < w and u = b, where a,b € A and a # b and j > 1, but
now |u| < |wl| since ab’ is unbordered. Moreover, w = b*aw’a with k < j,
otherwise wu is a trivial Duval extension, and either aw’al’ is bordered, in
this case it follows j < |w’|, or aw’al’ is unbordered. In both cases it follows
lu| < |Jw| — 1.

So, assume z # . We have z # w since wu is otherwise trivial by
Corollary 3. Let a,b € A be such that

w=w'az and u=ubzr

and z occurs in zr only once, that is, bz matches the rightmost occurrence
of z in u. Note, that bz does not overlap az from the right, by Lemma 7,
and therefore u’ exists, although it might be empty. Naturally, a # b by the
maximality of z, and w’ # ¢, otherwise azu'bz < wu has either no border or
w is bordered (if azu'bz has a border not longer than z) or az occurs in zu
(if azu'bz has a border longer than z); a contradiction in any case.

Let azy and bz; denote the longest unbordered prefix of az and bz, re-
spectively. Let ap = a and a; = b and ty = 2zr and the integer m be defined
as in Lemma 13. We have then a word s,,, with its properties defined by
Lemma 13, such that

to = Smt/ .
Consider azu'bzy. We have that az and azu'bzg are both prefixes of agzu,
and bz is a suffix of azu'bzy and az does not occur in zu'bzy. It follows from
Lemma 6 that azu'bzy is unbordered, and hence,

lazu'bzo| < |w] . (1)



a z u’ bz r
£, £,

LS, t

Case: Suppose that m is even. Then we have 2 < m and as,, (= @ Sm)
is unbordered and |to| < |s;,| + |21| by Lemma 13.

Suppose [to] = |sm| + |21| and z; = z. Then |s,,_1| = |z| by Lemma 12.
Note, that s; < t;,_1 <ty for all 1 <7 < m, and hence, it follows that s; < z
for all 1 < ¢ < m. In particular, s,,_1 = z. We have that bz (= a15,,-1)
is a border of bt,,_o (= ait;,—2). But now, bz occurs in ¢y, and hence, in u,
since t; < tg, for all 0 < i < m, which is a contradiction.

So, assume that |to| < |sm|+ |21] or |21| < |z|. Suppose |s,,| < |20]- Then
lazu'bz| < |w| and

jul = |azu] —]2] =1

= |azu'bzg| — |20] + [to] — |2| — 1

< lazu'bzo| — |z0| + |Sm| + |21| — |2] — 1
< Jwl+[z] =]zl =1
< fw| =1

i [to] < [s] +|21], or

ju = lazu| = |z[ =1
= |azu'bzo| — |20| + |to| — |2| — 1
< azu'bzo| — |20| + |$m| + 21| — 2] — 1
< fw[+ [z =]z =1
<|w|-1

if |z1] < |z]. We have |u| < |w| — 1 in both cases.

Let then |s,,| > |z0|. We have that as,, is unbordered, and since az, is
the longest unbordered prefix of az, we have az < as,,, and hence, |z| < |s,,].
Now, azu'bs,, is unbordered otherwise its shortest border is longer than az,
since no prefix of az is a suffix of as,,, and az occurs in u; a contradiction. So,
lazu'bs,,| < |w| and |u| < |w| — 1, since either |z1]| < |z| or |to| < [Sm| + |21]-

Case: Suppose that m is odd. Then bs,, (= a;,S,,) is unbordered and
lto| < [sm| + |20]; see Lemma 13. Surely s, # .

If |s;m| < |2|, then |u| < |w| — 1 since

lu| = |azu'bzo| — |bzo| + |bto| — |az]

and |azu'bzy| < |wl|, by (1), and |to| < |sm| + |20]-

7



Assume thus that |s,,| > |z|, and hence, also z < s,,. Since s, # €, we
have |bs,,| > 2, and therefore, by the critical factorization theorem, there
exists a critical point p in bs,, such that bs,, = vov1, where |vo| = p.

w . u .
a z u/ bz r.
20 20,
S 1
Vo ’Ulé
In particular,
bz < vouy . (2)

Note, that if s, = z then |zg| < |z| since b < 2z and bs,,, does not end with b
because it is unbordered. We have therefore in all cases

|Zo| < |UOU1| —1. (3)

Let

U = UgUU1 Uy

be such that vyv; does not occur in wug. Note, that vyv; does not overlap
with itself since it is unbordered, and vy and v; do not overlap by Lemma 9.
Consider the prefix wugybz of wu which is bordered and has a shortest border
g longer than z, and hence, bz < g, otherwise w is bordered since z < w.
Moreover, g < w, for otherwise az would occur in u, and hence, bz occurs
in w. Let

w = wobzw;
such that bz occurs in wgbz only once, that is, we consider the leftmost
occurrence of bz in w. Note, that

|wobz| < g < ugb2| (4)

where the first inequality comes from the definition of wy above and the
second inequality from the fact that |ujbz| < |g| implies that w is bordered.
Let

f = bzwiujugvy .

If f is unbordered, then |f| < |w|, and hence, |ugvov:| < |wy|. Now, we have
|ug| < |wo| which contradicts (4).
Therefore, f is bordered. Let h be its shortest border.
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a z u bz r.
. uy bz S v th
web_z wy  ug v i, Uy ;
o h . h
W)V f bz

Surely, |bz| < |h| otherwise vov; is bordered by (2). So, bz < h. Moreover,
|vgv1| < |h| otherwise bz occurs in s, contradicting our assumption that bzr
marks the rightmost occurrence of bz in u. So, vov; < h, and vyv; occurs
in w since woh < w by (4). Let

wobzv' = woh = wyvuy .

Note, that vyv; does not occur in wy( otherwise it occurs in w contradict-
ing our assumption on wug. Moreover, we have h = bzv" < ujvovy. Let
uyuov; = uph. Consider

fo = wugbz
which has a shortest border hg.
L w 1 U )
: a z uy b z bz r
: : Vo U1 é Vo U1 tlé
éwqbl z wy  ugb z Uy
_ho _ho

fo

Surely, bz < hg otherwise w is bordered with a suffix of z. Moreover,
lwobz| < |ho| < |ugbz| since bz does not occur in wy and w is unbordered.
From that and wyh = wjvyvy and ugh = uyvevy follows now |wj| < |uy| and

ugUov1 = upbzv’ and wy occurs in uyg. (5)

Let now
!/ / / /
W = WyLeV1W; * - * VgU1 W9 VU1 W1 VpV1W2

for some word w, that does not contain vyv;, and
o / / / "
u = UOU()Ul'LLj © 2 VoU1U Vo V1 U VoV

such that vyv; does not occur in wy, for all 0 < k <4, or vy, forall 0 < ¢ < j.
Note, that these factorizations of w and u are unique, and, moreover, ws # €.
(Indeed, if wy = € then vov; < w and az < vyv1, and az would occur in u;
a contradiction.)



We claim that either i = j and wj, = uj, forall 1 <k <ior |u| < |w|—1.
Assume k = 1. We show that w} = u}. Consider

fi= vlwivovlwgu{)vovlug -+ VUL UL Vg
If fi is unbordered, then |u| < |w| — 1 since |f;| < |w| and
|ul = | f1] = [vrwivoviws| + 01|

and |t'| < |zo| < |z < |bz] < |vovi| and wy # €. Assume then that fi is
bordered, and let hy be its shortest border. Clearly, h; = v1g,vy for some ¢,
(possibly g1 = ¢€) since vy and vy do not overlap. We show that hy < vyw) .
Indeed, otherwise either

1. az occurs in u, in case viw)vovwe < hy, a contradiction to our assump-
tion on az, or

2. vy and v; overlap, in case |vy| < |z| and
|vywivoviwe| — |az| 4 |vo| < || < |vrwiveviws
and then vy occurs in z, contradicting Lemma 9, or

3. u|] < |w|—1,in case vows < wy and |az| < |vows|, then vowsu'vov; is un-
bordered and the result follows from |¢'| < |vgws|—1, since |az| # |vows]
for vy does not begin with a.

Moreover, hy < viujvy since vyv; does not occur in vywjvy. So, let

wivg = grvowy  and  vu) = ujvig . (6)
- - w 1 u y
_Vo V1, w Vg V1, Wy _Vo V1, U v ot
g v,y Ll v, g
hy hy :
fi

Consider,
f2 = vowjviwauguev ] - - - vov1U VLY -

If f5 is unbordered, then |u| < |w| — 1 since |f2]| < |w| and
Jul = [f2| = [vow{viws| + ||

and [t'| < |z < |z| < |bz] < |vpv| and we # . Assume then that f5 is
bordered, and let hy be its shortest border. Since vy and v; do not overlap,
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vov1 = ha. Also hy < wowiv; since vyv; does not occur in we (and vy and
v1 do not overlap) and az does not occur in hy (and so hy does not stretch
beyond w). We have vow{v; < hs since vgv; does not occur in vowv; unless
wy = e. Hence, we have hy = vow}v; and

wivevy = grho and hy < ujveuy . (7)
i w L u ),
Vg vy, w} Vg U1, Wo Vg vy, u) lvolvllt’f
g1 Yo , wﬁ' uf vy, g1 |
() U)/], :
5 hy | hy
fa

Consider,
fs = voviwi voviwatgUeUI L - - - VoV UYVUY VY -
If f5 is unbordered, then |u| < |w| — 1 since |f3| < |w| and
ul = | f3] = [voviw)voviws| + |grvovst'|

and [t'| < |zo] < |z] < |bz] < |vovi| and |g1] < |w]| and wq # €. Assume, f3
is bordered. Then f3 has a shortest border hz such that vyv; < hs. We have
hs = voujv; by the arguments from the previous paragraph. Moreover,

vov1uy = hsgy and vovyw) < hs . (8)
. w , U .
Y0 V1, w) Vo V1, Wa _Yo U1, uy o vt
: o " : o :
S 91 Yo, Wy S HCS D ¥ W
Lul v
hs . hs3
f3

Observe, that (7) and (8) imply that the number of occurrences of v; and
v, respectively, is the same in w] and u} since vy and v; do not overlap.

Now, let
" / / "
hl = V141V = hlvlhlvo = ’Ulhovoho

where vy and vy occur only once in v1h] and h{uvg, respectively.

. w , U .
Vo V1, w) LU U1, Wy _Vo U1, u v vyt

: " o :

g1 Vo, Wy LW Y, g1

R Vo h B vy h
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Now, let
o= vohgw’{vlww(wovlu; < VUL UL VU
and
f3 = VoUW vov1WatYUUL - - - Vo1 Uy UoUL hY Uy
with respective shortest borders h} and hj (which are both not empty, if
|u| > |w| — 1; as in the case of fy and f3) and vov1 < hf and vovy < hj.
We have R, < vohgwiv; since vov; does not occur in wy and az does not

occur in hf (and so Al does not stretch beyond w). We have vohjwiv; < hj
since vyv;, does not occur in wj. Hence, we have hi = vohjw{v, and

wyvevr = hyvohywi vy = hihl and  hj < ujvouy .

- - w 1 u )
_Vo V1, w) Vo V1, Wa _Vo V1, uy v 1t

91 Vo, Wi, | _uf v 91 ;

R vo B

B Vo 4 : Vo oW ;

i hy : ; ho ;

f

We have hfy; = vou{hjv; by the arguments from the previous paragraph.
Moreover,

vouru) = voufhjvihy = hihy  and  wvevw) < By .

- w ) U .
Vo U1, w Vo U1, Wy | Vo V1, u Vo, v1 t
; T I ' /i

g1 Vo, Wy NS I S S
Bo B, ;
: u! B R ’
: / : : / :
: hay ; : hy .
f/
3

It is now straightforward to see that
wi=uj=¢

for otherwise v; and vy occur more than once in v} and h{uvg, respectively.
From (6) follows now

! __ !
w) =g1 =uj .

Assume 1 < k < min{i, j} and wy = uj, for all 1 < ¢ < k. Let us denote
both wy and uy by vy, for all 1 < /¢ < k.

12



We show that wj, = ). Consider
fa = viwveULv),_ Vo1 - - - VIVEUIWRUGUEVL U - - - VUL ULV -
If f4 is unbordered, then |u| < |w| — 1 since |f4| < |w| and
\u| = | f4] — [viwivev1v),_ vy « - - VyveUIWe| + [U1v),_vovy - - - viveULE |

and |t'| < |z0] < |2| < |bz] < |vov1| and wy # €. Assume, fy is bordered.
Then f4 has a shortest border hy such that |vgvi| < |hy|. Let hy = v1g4v0.
If |vywive| < |hy| then there exists an ¢ < k such that

/ / / "
hy = v1WLVYVLV),_1 VoY -+ + Uy Vo1V Vg

where vy < vj. That implies
r
U = Uy

since vov; does neither occur in v; nor in uj. Now, consider
_ / / / / / / / "
f5 = D1WiVoV1Vf_1VV1 * - - vlvovlwzuovovluj * VU1 UL VeV VE_1 VU1 ** - VUyp Vg -

If f5 is unbordered, then |u| < |w| — 1 since |f4| < |f5|, see above. Assume,
f5 is bordered. Then f5; has a shortest border hs such that

|| < |5

for otherwise h4 is not the shortest border of fy, since either hy < hs or
hs < hy, and the latter implies that h4 is bordered, and hence, not minimal.
But now, we have a ¢/ < ¢ such that

!/ !/ !/ i
hs = V1w VeV V},_1 VU1 * * + Uy VoU1 Vpr Vg
" /
where v}, < vj,. We have |f4| < |f5] < |fs| where
- / / / / / / / "
f6 = V1WLVoV1Vg_1VgV7 * - - Ulvovlwguovgvluj © VU1 UL VU1V _1VoU1 * * = Up Vg

which is either unbordered and |u| < |w|—1 since |f4| < |f5], or it is bordered
with a shortest border hg, and we have |hy| < |hs| < |hg| and a factor f7,
such that |f4] < |fs5] < |fs| < |f7|, and so on, until eventually an unbordered
factor is reached proving that |u| < |w| — 1.

Assume then that hy < vjwpvy. We also have that hy < viujvg since vovy
does not occur in wy,. So, let wivy = gavowy, and viu), = wlv1ga.

Consider,

" / / / / /
fs = vowyV1v},_ vy - - * V1 VU1 Wallg U1 U Ug V1 * * * Uy VUYL -
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If fs is unbordered, then |u| < |w| — 1 since |fs] < |w| and
lu| = |fs| — [vowivivy,_qvovy - - - VivgUwa| + |v)_ vovy - - - viveULE|

and |t'| < |zo| < |2] < |bz] < |vove| and wy # €. Assume, fg is bordered.
Then fg has a shortest border hg such that vgv; < hs.

If |hs| > |vowjvy| then the same argument as in the case |vjwjvg| < |ha]
above shows that |u| < |w| — 1. If |hs| < |vowjvy| then vyvy occurs in wy;
a contradiction. Hence, we have hg = vowj v, and

wyvov1 = g1hs and hs < uRvVy - 9)
Consider,
fg = vovlw;vovlvéflvovl cee Ui’U()UleUE)UOUlU;UOvl s ’UJ;CJFIU()UZ’Ul .
If fo is unbordered, then |u| < |w| — 1 since |fy]| < |w| and
|u| = | fo| — |vov1w)vov1V),_UgU1 - - - V] VoUW | + | gavoVUI V)1 VoY « - - V] veUr T
kV0oV1VE_1V0V1 1VoU1W2 g4UoU1V_1UpV1 1001
and [t'| < |zo0] < |2| < |bz] < |vove| and |gs4| < |w}| and wy # €. Assume, fo
is bordered. Then fy has a shortest border hg such that vgv; < hg. We have
hg = voujyvy by the arguments from the previous paragraph. Moreover,
voU1U), = hogy and  hg < vouiwy, . (10)

Observe, that (9) and (10) imply that the number of occurrences of vy
and vy, respectively, is the same in wj, and ), since vy and v; do not overlap.
Now, let

h4 = V194V = hlllvlhlll)g = Ulhgvohg

where v; and vy occur only once in vk and h{vo, respectively.
Now, let

! "1 !/ / / / !/
fs = vohywiv1v),_q - - VU1V VgU1 W2 UgUoU1 U * * * VU1 Uy VgVt
and
/ / / / / / / AN
Jo = VoUW VULV _q + * - VoUIV] VU1 Wa. UgUQUI L * * + VU1 Uy Vol 1y U1

with respective shortest borders hg and hgy (which are both not empty, if
|u| > |w| — 1; as in the case of fg and fo). Analogously to the cases of fg and
fo, we have

wivevy = hohy  and  wouyuy, = hoh .

14



It is now straightforward to see that
/8 = ]’Lé = VoU1
and
hy = vowjv1 = VULV

and hence, w) = uj. In this case, we denote both wj and wu}, by v}.
Now, we have

U = vpu W, - - - VoV WhHVUI W]

= VUL U, - - * VgU1 UgUoU1 U}

where ¢« = min{i, j}.
If i < j then
[wo| < [ugvovid - - - vov1U, 4 (11)

since |w(| < |ug| by (5). Let
fi1 = viwauguovi ) - - - vv1U, TV -

Then |w| < |fi1] by (11), and hence, fi; is bordered. Let hy; = v1911v9 be
the shortest border of fi;. Recall, that wy # ¢ and either az < vywy or
vwy < az. If |vqwy| < |az| then vy necessarily occurs in z, and hence, it
overlaps with vy (since bz < wgvy); a contradiction. So, we have az < vyws.
Surely, |h11| < |viws| (and so hyp < vywsy) for otherwise az occurs in u which
contradicts our assumption that z is of maximum length. Let wy = g11vws.
Note, that |vows| # |az| since az and vy begin with different letters. We
have |az| < |vows| since otherwise vy occurs in z, and hence, overlaps with
vy which is a contradiction. Consider,

fi2 = vowsuguovi U - - - VU1 UG, VUL
If fi5 is unbordered, then |u| < |w| — 1 since |fi2] < |w| and
|ul = | frz] = [vows| + |t

and |az| < |vows| and [t'] < |z0] < |2] < |bz]| < |vows|. Assume, fio is
bordered. Then fi2 has a shortest border his = g12v9v1 With |az| < |hia|, for
otherwise az occurs in u. Let vgws = govpviwg. But, now

!/ —
W = WyVVpV1 912V V1 We

where vgviwg < ws, contradicting our assumption that vgv; does not occur
in ws.

15



If i > j then
W = wWHueU W, - - -vovlwéﬂﬁvovlwg and u = ugbvgust’
and |w| > |u] —|t'| +|vov1|. We have |u| < |w|—1 since [t'| < |zo| < |vovy]| —1
by (3).
Assume ¢ = j. Then

W = wyivevWe and u = ugvvgurt’ .

Consider
[ = viwaugvvyg .

If f”is bordered, then it has a shortest border h' = v1g'vg.

- - w 1 u 1
a z bz r
Vg U1 Wy up . U vy vt
Y / :
g . Yo U1 9
h/ : h/
f/

Recall, that wq # € and either az < viwy or viws < az. If |vjws| < |az| then
v1 occurs in z, and hence, overlaps with vy since bz < vyvq; a contradiction.
So, we have az < vjwsy. Surely, |h/| < |vjws| for otherwise az occurs in u
which contradicts our assumption. Let ws = g'vgwy. Note, that |vgwy| # |az|
since az and vy begin with different letters. We have |az| < |vowy| since
otherwise vy occurs in z, and hence, overlaps with v, which is a contradiction.
Consider now,
I = vowaugvvgvy .

If f” is unbordered, then it easily follows that |u| < |w| — 1 since we have
1t'] < laz| < |vowy].

- - w 1 u 1
a z bz r
\_I—!
Vo 19 Vo, wy L uy, U v vt
: L h
L " "
g, Yo U / g, Yo U1

If f” is bordered, then it has a shortest border h” = ¢"vovy with |az| < |h"],
for otherwise az occurs in u. Let vgwy = ¢"vgviws. But, now

w = wytvgv1g ¢ voviws
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which contradicts our assumption that w = w{vvyv,ws and vov, does not
occur in ws.

If f" is unbordered, then |f’| < |w]|, and hence, |wj| > |uj|. But, we also
have |wj| < |ug|; see (5). That implies |wj| = |ug|. Moreover, the factors wy
and bzv" have both nonoverlaping occurrences in ujvov; by (5). Therefore,
wh, = ug. Now,

w = raws and u = xbt”

where wjovov; < z and a,b € A and a # b and wy; X wy and " Xt
We have that xb occurs in w by Theorem 11. Since xb is not a prefix of w
and wvov; does not overlap with itself, we have |zb| + |vgvy| < |w|. From
[t'] < |z0] < |vovi| —1 we get |u| < |w| — 1 and the claim follows. O

Note, that the bound |u| < |w| — 1 on the length of a nontrivial Duval
extension wu of w is tight, as the example given in the introduction shows.

Theorem 2 also implies a new bound on the length of any word w such that
O(w) = p(w) must hold.

Corollary 3. If |w| > 3u(w) — 2 then d(w) = p(w).

5 Conclusions

In this paper we have given a confirmative answer to a long standing con-
jecture [10] by proving that a Duval extension wu of w longer than 2|w| — 2
is trivial. This bound is thight and also gives a new bound on the relation
between the length of an arbitrary word w and its longest unbordered fac-
tors p(w), namely that |w| > 3u(w) — 2 implies O(w) = u(w) as conjectured
(more weakly) in [1]. We believe that the precise bound can be achieved with
methods similar to those presented in this paper.
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