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ABSTRACT

Output from an eddy-resolving model of the North Atlantic Ocean is used to estimate values for the
thickness diffusivity � appropriate to the Gent and McWilliams parameterization. The effect of different
choices of rotational eddy fluxes on the estimated � is discussed. Using the raw fluxes (no rotational flux
removed), large negative values (exceeding �5000 m2 s�1) of � are diagnosed locally, particularly in the
Gulf Stream region and in the equatorial Atlantic. Removing a rotational flux based either on the sugges-
tion of Marshall and Shutts or the more general theory of Medvedev and Greatbatch leads to a reduction
of the negative values, but they are still present. The regions where � � 0 correspond to regions where
eddies are acting to increase, rather than decrease (as in baroclinic instability) the mean available potential
energy. In the subtropical gyre, � ranges between 500 and 2000 m2 s�1, rapidly decreasing to zero below the
thermocline in all cases. Rotational fluxes and � are also estimated using an optimization technique. In this
case, |�| can be reduced or increased by construction, but the regions where � � 0 are still present and the
optimized rotational fluxes also remain similar to a priori values given by the theoretical considerations. A
previously neglected component (�) of the bolus velocity is associated with the horizontal flux of buoyancy
along, rather than across, the mean buoyancy contours. The � component of the bolus velocity is interpreted
as a streamfunction for eddy-induced advection, rather than diffusion, of mean isopycnal layer thickness,
showing up when the lateral eddy fluxes cannot be described by isotropic diffusion only. All estimates show
a similar large-scale pattern for �, implying westward advection of isopycnal thickness over much of the
subtropical gyre. Comparing � with a mean streamfunction shows that it is about 10% of the mean in
midlatitudes and even larger than the mean in the Tropics.

1. Introduction

The parameterization for the advective effects of me-
soscale activity on tracers in the ocean, as first proposed
in the literature by Gent and McWilliams (1990, here-
inafter GM), is currently applied in most state-of-the-
art coarse-resolution ocean general circulation models.
In this parameterization, a lateral (thickness) diffusivity
has to be specified. In most models, a value of about
1000 m2 s�1 is used, which sometimes is higher in the

upper ocean and lower below the thermocline. Because
of the sparseness of observations of interior mesoscale
activity it appears to be difficult to estimate this param-
eter directly from available observations. On the other
hand, there have been some attempts to infer the thick-
ness diffusivity from the synthetic data of eddy-re-
solving general circulation models (e.g., Rix and Wille-
brand 1996; Jochum 1997; Bryan et al. 1999; Treguier
1999; Nakamura and Chao 2000; Roberts and Marshall
2000; Drijfhout and Hazeleger 2001; Peterson and
Greatbatch 2001; Solovev et al. 2002).

However, these attempts have only been partly suc-
cessful even in determining the overall gross magnitude
of the thickness diffusivity in the ocean. Rix and Wille-
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brand (1996), using 5-yr-averaged moments of meso-
scale activity from an eddy-permitting model of the
North Atlantic Ocean, suggest that longer time series
are needed to get stable estimates. Jochum (1997), us-
ing 20-yr averages of eddy fluxes from the same model,
came to the same conclusion. Both were only able to
give a rough estimate of mean thickness diffusivity in
the southern part of the subtropical North Atlantic
thermocline, excluding western boundary current re-
gions.

Bryan et al. (1999) pointed out that it might be nec-
essary to subtract (or add) rotational eddy fluxes from
the “raw” eddy fluxes to get meaningful results in terms
of thickness diffusivity. Even with perfect statistics of
the mesoscale activity in the real ocean, one might still
obtain incorrect results without considering rotational
fluxes, making the task of determining the value of the
“real” thickness diffusivity for use in a general circula-
tion model very difficult.

On the other hand, several authors (Roberts and
Marshall 2000; Drijfhout and Hazeleger 2001; Jayne
and Marotzke 2002) perform a Helmholtz decomposi-
tion of the eddy fluxes into divergent and rotational
parts. Using this decomposition, however, it is assumed
that the part of the fluxes that can be used for eddy
parameterizations is completely irrotational, that is, an
overly restrictive assumption not imposed, for example,
in Eden et al. (2007). Moreover, the Helmholtz decom-
position depends on the definition of boundary condi-
tions for divergent and rotational parts, which cannot
be defined in a unique manner. This choice for rota-
tional fluxes remains therefore ambiguous; see also the
discussion in Allen et al. (1997) and Fox-Kemper et al.
(2003). Nakamura and Chao (2000) try to infer patterns
of thickness diffusivity in an eddy-permitting model of
the North Atlantic by considering the divergence of the
eddy fluxes only, which eliminates the problem of ro-
tational fluxes by construction, but yields rather noisy
results and no clear sign or order of magnitude of the
thickness diffusivity.

Using data from a realistic eddy-resolving model of
the North Atlantic, we test two choices for the rota-
tional fluxes—one proposed by Marshall and Shutts
(1981), and applied by Marshall (1984), and a more
general approach by Medvedev and Greatbatch (2004).
As an alternative to specifying a rotational flux based
on theoretical considerations, we also estimate rota-
tional fluxes using minimizations with respect to the
value of thickness diffusivity, but including information
about rotational fluxes. In all our estimates we show the
thickness diffusivity (�), related to the horizontal eddy
flux of buoyancy down the horizontal gradient of mean
buoyancy, and a new parameter (�), related to a previ-

ously neglected component of the eddy flux along,
rather than across, the mean buoyancy contours. We
argue that this part of the flux, which is not included in
GM, might also be important for large-scale flows.

Following this introduction, we present and discuss
the GM parameterization in section 2 and show eddy
fluxes from an eddy-resolving realistic model of the
North Atlantic in section 3. In section 4, we review the
rotational eddy flux choice of Marshall and Shutts
(1981) and show thickness diffusivity � and � using this
rotational flux and using the raw eddy fluxes. In section
5, we introduce the rotational flux of Medvedev and
Greatbatch (2004) and show its consequences on � and
�, followed by section 6 in which we introduce a mini-
mal condition to constrain �, �, and the rotational flux
and show results from different minimizations. The last
section summarizes and discusses our conclusions.

2. A generalization of the GM parameterization

In this section we briefly derive the GM parameter-
ization in the framework of the transformed Eulerian
mean (Andrews and McIntyre 1976). For simplicity, we
neglect any complication from a nonlinear equation of
state and use b as buoyancy, with b � �g(� ��0)/�0.
The mean buoyancy budget is given by

bt � u · �b � � · F � Q, �1	

with buoyancy b � b � b
, velocity u � u � u
, and Q
being the mean diabatic forcing; F � u
b
 denotes the
eddy buoyancy flux, and primes are deviations from a
temporal mean denoted by an overbar. Now we decom-
pose F as

F � �K�b � B � �b � � � �, �2	

with a diapycnal diffusivity K � �|�b |2(F � � �
�) · �b and a rotational flux given by the vector poten-
tial �, which drops out in the divergence of F and there-
fore does not show up in Eq. (1). Following GM, we
assume for now, and the remainder of this paper, that
mesoscale activity is completely adiabatic so that K � 0.
Note that this view of the effect of eddy activity in the
ocean has been recently under debate (see, e.g., Radko
and Marshall 2004; Eden et al. 2007). We also begin by
ignoring the rotational vector potential, so � � 0 in this
section. Note, however, that we will define certain non-
zero vector potentials � in the following sections for
reasons explained below. Since

� · F � � � B · �b � u* · �b, �3	

the curl of B acts like an eddy-induced, three-dimen-
sional advection velocity u*, which adds to the Eulerian
mean velocity u in Eq. (1) and is often called the “bolus
velocity”; we will stick to this terminology [see, how-
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ever, McDougall and McIntosh (2001), who argue that
this term strictly should be called “quasi-Stokes drift”].
The sum of bolus velocity and Eulerian mean velocity is
sometimes called the “residual velocity.”

The second part of the flux decomposition in Eq. (2)
introduces a vector streamfunction B for the bolus ve-
locity u*, which can be written as (using the gauge con-
dition B · �b � 0)

B � �|�b |�2F � �b � |�b |�2�
��b� bz � w�b� by

w�b� bx � u�b� bz

u�b� by � ��b� bx

� 
 bz
�1� ��b�

� u�b�
u�b�s2 � ��b�s1� , �4	

where s � (s1, s2)T � b�1
z �hb denotes the isopycnal

slope vector. Note that the last approximation in Eq.
(4) is valid only for |bz | k |�hb | (we care about this
situation only and ignore complications in, e.g., a sur-
face mixed layer).

In Eq. (4), the streamfunction B is expressed in terms
of the eddy buoyancy fluxes, which have to be param-
eterized for use in a coarse-resolution model. In the
GM parameterization this is achieved by assuming that
the horizontal eddy fluxes u�hb
 are directed down the
horizontal gradient of the mean buoyancy, that is,
u�hb
 
 ���hb, with � � 0. However, as discussed be-
low, an inspection of the eddy fluxes in a numerical
model (cf. Fig. 1) shows that the flux u�hb
 is not every-
where down the mean buoyancy gradient, that is, it

tends to show a significant component perpendicular to
the mean buoyancy gradient, in particular, in regions of
strong currents. Therefore, we express the eddy fluxes as

Fh � u�hb� � ���hb � ��
�

b, �5	

with � � �|�hb |�2Fh · �hb and � � �|�hb |�2Fh · �
�

b.
The operator �

�
is given by �

�
� (��/�y, �/�x)T, that is,

a shorthand for k � �h (the vector subscript � shall
denote anticlockwise rotation of a horizontal vector by
90°). Note that the flux decomposition in Eq. (5) is
always possible as long as |�hb | � 0. It should also be
noted that B, and consequently � and �, depend on the
choice of the rotational vector potential � (which we
have set to zero for now), an issue explored below.

The flux decomposition equation (5) is equivalent to

Fh � �K�hb with K � �� ��

� �
� � �� 0

0 �
� � �0 ��

� 0 �, �6	

symm. part antisymm. part

FIG. 1. Horizontal eddy fluxes (u�hb
; arrows) and mean buoyancy b (shading; m min�2) in an eddy-resolving model of the North
Atlantic (1/12° resolution) in 300-m depth. Shown are 5-yr averages for two different regions. The eddy fluxes are smoothed with a
Hanning window over 3° � 3°; vector magnitudes are limited to the maximal length shown in the figure.
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introducing the diffusion tensor K, which is composed
of a symmetric part and an antisymmetric (skew) part.
The symmetric part of K is related to (isotropic) along-
gradient diffusion (as in GM) while the antisymmetric
(skew) part is related to advection, as discussed below.
Note that since in principle four components of K have
to be specified with only two components of Fh, for a
diagnostic purpose as discussed here, other forms for K
are also possible or convenient. For instance, Smith and
Gent (2004) introduce an anisotropic diffusion tensor
that allows for different diffusivities in two principal
directions to be specified. They propose to use the di-
rection of the mean flow, that is, to have different dif-
fusivities in along-stream and cross-stream directions.
The motivation comes from numerical considerations
since the form of Smith and Gent (2004) allows weak or
zero mixing in the cross-stream direction.

On the other hand, choosing the decomposition
equation (5) so that the diffusion tensor is given by Eq.
(6), the diffusivity � has a clear physical meaning, as
shown below, considering the energy budget, while the
remainder, that is, the �-related part of the eddy flux
u�hb
, has an advective character (see below), shows up
when the lateral eddy fluxes cannot be described by
isotropic diffusion only and does not figure in the inte-
gral energy budget (see below).

Using the expression, Eq. (5), we obtain for the
streamfunction of the bolus velocity in Eq. (4)

B � ��
�s2

s1

0
� � ��

�s1

�s2

s2
2 � s1

2� , �7	

while the bolus velocity u* itself is given by

� � B � �
���s1	z

���s2	z

��s1	x � ��s2	y

� � �
��s2	z

���s1	z

���s2	x � ��s1	y

�
��

�

�y
��s2

2 � �s1
2	

�
�

�x
��s2

2 � �s1
2	

0
� . �8	

It is the first term on the rhs of Eq. (8) that is added in
GM to the mean velocity u in coarse-resolution models
to advect tracers. The parameter � denotes thickness
diffusivity and is usually chosen of the order of 1000
m2 s�1. The assumption that � is positive ensures that
the parameterization releases available potential en-
ergy from the mean state (Gent et al. 1995) (see also
below). Note also that the third term on the rhs of Eq.

(8) will be much smaller than the other two for small
isopycnal slopes.

3. Interpretation of the GM parameterization

What is the meaning of the parameter � and its re-
lated part of the bolus velocity? That part of the bolus
velocity associated with � does not figure in the original
GM parameterization, and is a new aspect of the bolus
velocity, even though it emerges quite naturally from
our analysis. Some insight into the nature of the param-
eter � can be gained by considering the time-averaged
buoyancy perturbation budget in the quasigeostrophic
approximation

bt � �h · �ugb	 � Rzw � ��h · Fg, �9	

where the geostrophic, zero-order velocities are given
by the streamfunction ug � �

�
�, the background strati-

fication by R(z), and the (horizontal) eddy fluxes by
Fg � u�gb
. In accordance to the quasigeostrophic ap-
proximation, we have decomposed the full buoyancy as
R(z) � b and the perturbation buoyancy b again into
time average and perturbation as b � b � b
. The dia-
batic forcing Q has been neglected in Eq. (9) and for Fg

the above flux decomposition given by Eq. (5) is used
again,

bt � ug · �hb � �
�

� · �hb � �h · ��b � Rzw � 0.

�10	

The density budget Eq. (10) can be transformed into a
budget of mean isopycnal layer thickness h,

ht � �
�

� · �hh � �
�

� · �hh � wz � �h · ��hh,

�11	

where h is given by

h �
�

�z �b � R

Rz
�

and where it was assumed that � and � are independent
of depth [note that Gent et al. (1995) also need to as-
sume that ��/�z � 0 to relate � to thickness diffusion in
their parameterization]. It becomes obvious that there
is eddy-induced diffusion of mean thickness related to
the downgradient part of Fg and given by the term
�h · ��hh in Eq. (11); therefore � is often called thick-
ness diffusivity. In addition, however, there is eddy-
induced advection of mean thickness related to the part
of Fg circulating along contours of b and given by the
term �

�
� · �hh. Note that � acts like a streamfunction,

which adds to the mean geostrophic streamfunction �.
Thus, the physical meaning of the parameter � is that it
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is a streamfunction for eddy advection of mean isopy-
cnal thickness.1 This effect is complementary to eddy
diffusion of thickness (related to �) and shows up when
the lateral eddy fluxes cannot be described by isotropic
diffusion only.

Next we show that in the eddy variance balance of b,
which gives the budget of (available) eddy potential
energy in the quasigeostrophic approximation, the
downgradient flux related to � shows up as a dissipation
of eddy potential energy (as long as � is positive), while
� does not figure in that equation. Eddy potential en-
ergy in the quasigeostrophic approximation is � /Rz,
where the eddy variance � � b
2/2 is given by

�t � �h · uh� � �|�hb |2 � Rzb�w�. �12	

Again, we have set Q � 0 and have used the flux de-
composition �q. (5). Integrating over a closed domain,
the advective terms in Eq. (12) drop out and an integral
constraint on � is left, while � does not figure in that
equation. Therefore, there is no effect on eddy poten-
tial energy associated with the �-related part of the
eddy fluxes, which means, in turn, that there is no in-
tegral constraint on the sign of � as has been argued for
thickness diffusivity �.

Neglecting the time tendency and the flux of variance
in Eq. (12) yields a local relation between the thickness
diffusivity � and b
w
. A similar, but exact result is
obtained, following Eden et al. (2007), by introducing a
rotational flux in the flux decomposition, that is, Fg �
���hb � ��

�
b � �

�
�qg. Note that the rotational flux

�
�
�qg drops out, taking the divergence in Eq. (9), but

does show up in the variance equation for �. Eden et al.
(2007) use the full hierarchy of budgets of moments of
b
 [their generalized transformed residual mean (TRM-
G) case], which can be used to write the following local
expression for �:

�|�hb |2Rz
�1 � b�w� �

1
2

D�b�2w	 �
1
3!

D 2�b�3w	

�
1
4!

D3�b�4w	 � · · · �13	

with the operator D(· · ·) � �h · �hb |�hb |�2(· · ·) and a
similar expansion for the streamfunction � [the time
tendency of � has been neglected in Eq. (13)]. Thus,
correlations between vertical velocity and density are
related to the thickness diffusivity �. The leading term
in the expression, b
w
, appears in the eddy potential

energy budget Eq. (12) and is related to baroclinic in-
stability (Lorenz, 1955). We show below that in the
numerical model this term is usually negative, indicat-
ing the release of eddy potential energy by the eddies
and implying positive �, but that regions exist where
b
w
 is positive, indicating that eddies are acting to in-
crease the mean potential energy, implying negative �
[given that higher-order terms in Eq. (13) can be ne-
glected].

Note that we use the quasigeostrophic approximation
here only to connect to available potential energy.
Transforming the averaged density budget, Eq. (1), us-
ing the flux decomposition, Eq. (5), and the continuity
equation to a system using b as vertical coordinate also
shows the advective nature of the parameter � and the
diffusive nature of the parameter �. However, to make
the analogy complete one has also to assume that � and
� are independent of depth. Thus, for the general case,
the �- and �-related fluxes are acting “like” thickness
diffusion and advection but are not identical.

4. Eddy fluxes in the eddy-resolving model

To illustrate how well the Fickian assumption u�hb
 

� ��hb assumed by GM actually holds up, we show
u�hb
 and b in the main thermocline in a realistic eddy-
resolving model (1/12°) of the North Atlantic in Fig. 1.
The horizontal resolution of this model is about 10 km
at the equator decreasing to about 5 km in high lati-
tudes. The model domain extends from 20°S to 70°N
with open boundaries (Stevens 1990) at the northern
and southern boundaries and with a restoring zone in
the Eastern Mediterranean. There are 45 vertical geo-
potential levels with increasing thickness with depth,
ranging from 10 m at the surface to 250 m near the
maximal depth of 5500 m. The model is based on a
rewritten version (the numerical code, together with all
configurations used in this study, can be accessed on-
line at http://www.ifm.uni-kiel.de/fb/fb1/tm/data/pers/
ceden/spflame/index.html) of the second Modular
Ocean Model (MOM2) (Pacanowski 1995), similar to
the one used in Eden and Böning (2002) and Brandt et
al. (2007) and identical to the one used in Dengler et al.
(2004). All moments shown here are averaged over 5 yr
following a spinup phase of 10-yr model integration
using climatological surface forcing, which is identical
to the forcing used in Eden and Böning (2002) and
Dengler et al. (2004). For each of the five years, four
seasonal means of u�hb
 (w
b
, etc.) have been summed
up to remove the seasonal cycle.

Figure 1a displays the situation in the subtropical
gyre at 300-m depth. Here, the eddy fluxes appear in-
deed to be down the gradient of b. There is a bowl-

1 Note that this interpretation is similar to that of Roberts and
Marshall (2000), who consider the effect of the part of the eddy
tracer fluxes perpendicular to gradients of the mean tracer as
being akin to advection of mean tracer extrema in the horizontal
plane (cf. their Fig. 8 and the discussion).
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shaped maximum of buoyancy near the western bound-
ary, and south of the Gulf Stream area the eddy fluxes
u�hb
 point outward of that maximum. In the Gulf
Stream area itself, however, the eddy fluxes appear to
be along contours of constant b. This behavior is even
more clear in the area of the North Atlantic Current
(Fig. 1b) where the dominant direction of the eddy
fluxes appears to be, as well, more perpendicular to
�hb. Moreover, the (smaller) downgradient part of the
flux shows no clear sign as in the subtropical gyre.

However, even if the fluxes do not appear to be
downgradient, this does not mean that the GM param-
eterization is incorrect. As noted at the beginning of
section 2, it is possible to add (or remove) a rotational
flux � to the eddy buoyancy fluxes. This rotational flux
is not affecting the mean density budget, but is affecting
the definition of the parameter � and � in Eq. (5). It
might be possible to remove a rotational flux from F
such that the downgradient GM parameterization re-
mains valid. In the following we will test two choices for
such a rotational flux coming from theoretical consid-
erations and also an optimization technique to deter-
mine the rotational flux.

5. Rotational eddy fluxes: Marshall and Shutts
(1981)

A choice for rotational eddy fluxes was proposed by
Marshall and Shutts (1981). They consider the eddy
variance equation in the quasigeostrophic approxima-
tion [similar to Eq. (12)] in which they assume a steady-
state and adiabatic flow regime,

�h · uh� � Fh · �hb � Rzb�w� 
 0, �14	

where � � b
2/2 denotes, as before, eddy variance.
They further neglect advection of � by the perturbation
flow (u�h�) and assume that the mean flow uh can be
described by a (geostrophic) streamfunction (�) and
flows parallel to the mean buoyancy (b) contours so
that uh � �

�
� with � � �(b, z).2 Specifically, they as-

sume that

uh� � uh� � ����

�b��
�

b � 	�
�

b, �15	

where � � ���/�b, with the implication that the flux of
variance flows along contours of mean buoyancy b.
Now, expressing the eddy flux as Fh � ���hb � ��

�
b �

�
�
�, and using this and expression Eq. (15) in the eddy

variance budget, Eq. (14), yields

w�b�Rz � ��
�


 � �
�

		 · �hb � �|�hb |2, �16	

which ultimately motivates one to choose � � �. Note
that by this choice the thickness diffusivity � is propor-
tional to w
b
 (in this approximation), a relation that we
diagnose from our model results below, which we al-
ready noted in section 2.

Since Eq. (16) can also be written as

w�b�Rz � ��
�


 � ���

�b��
�

�� · �hb � �|�hb |2,

�17	

it is easy to see that the choice of Marshall and Shutts
(1981) is equivalent to the assumption that the rota-
tional part of the eddy flux Fh is a part of Fh circulating
along contours of �. This assumption is supported look-
ing again at the eddy fluxes in the North Atlantic Cur-
rent region. Figure 2 a displays the eddy fluxes F and
the eddy variance � in that region. It is indeed evident
in this region with high levels of eddy variance that a
large part of the eddy flux is circulating along contours
of �, consistent with the choice of Marshall and Shutts
(1981). Figure 2b shows the fluxes of variance uh�, to-
gether with the mean buoyancy b. In agreement to the
assumption Eq. (15), most of uh� flows parallel to b
contours.

Following Marshall and Shutts (1981), we define, in a
first attempt, the rotational part (FR)3 of the eddy
fluxes Fh as

FR � ���

�b��
�

� with
�

�b
� � ��1|�hb |�2uh� · �

�
b,

�18	

where the last expression comes from the assumption,
Eq. (15). We subtract FR from the raw fluxes F to ob-
tain the streamfunction B. For this choice, the thickness
diffusivity � and � are given by

�MS � �|�hb |�2�u�hb� � ���

�b��
�

�� · �hb and �19	

�MS � �|�hb |�2�u�hb� � ���

�b��
�

�� · �
�

b, �20	

where we have labeled the parameters � and � accord-
ingly to indicate that they are derived using Eq. (19)
and Eq. (20).

2 The dependency of � on b is clear since the flow follows b
contours. However, this dependency on b might change with
depth; therefore � � �(b, z).

3 Strictly speaking, FR is only the horizontal component of the
rotational flux. A vertical component of the rotational flux is
needed to cancel the horizontal divergence of FR. Only if, as
assumed by Marshall and Shutts (1981), ��/�b is horizontally con-
stant, the vertical component of the rotational flux can be set to
zero. In that case, the flux potential � is given by � � (0, 0, ��)T

and (� � �)h � �
�
�.
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Now we consider the actual thickness diffusivities �
and their counterpart � (which is not included in the
GM parameterization) as diagnosed from the eddy-
resolving model. We start with � and � calculated from
the “raw” eddy fluxes, that is, taking � � 0 as

�raw � �|�hb |�2u�hb� · �hb and �21	

�raw � �|�hb |�2u�hb� · �
�

b, �22	

where we have again labeled the parameters � and � to
indicate that they are derived from Eq. (21).

Figure 3 shows �raw and �raw over the North Atlantic
in the main thermocline. In the subtropics, distant from
any boundary currents, �raw is indeed positive with val-
ues of 500–1500 m2 s�1, thus close to the canonical
value of about 1000 m2 s�1 used in coarse-resolution
models. Note that this is the region in which Rix and
Willebrand (1996) estimated a thickness diffusivity of
about 1000 m2 s�1 in their eddy-permitting model. It
appears that higher horizontal resolution and more vig-
orous eddy activity in our eddy-resolving model yields
nevertheless similar thickness diffusivities as in Rix and
Willebrand (1996) for the subtropical gyre. We note in
passing that taking simple 5-yr averages of all model
results, without removing the seasonal cycle, leads to
much larger values of �raw in the subtropical gyre (not
shown), exceeding 5000 m2 s�1. It appears that the sea-
sonal cycle strongly affects the estimated thickness dif-
fusivity in this region. We also note in passing that
choosing different reference pressure levels for poten-
tial density (or b), on the other hand, changes the re-
sults shown here only very little (not shown).

Approaching the equator, �raw remains large near the

western boundary but changes its sign several times.
Also, in the Gulf Stream region, there is a large area
with negative values less than �5000 m2 s�1, followed
by changes in sign farther downstream in the North
Atlantic Current. The appearance of large negative val-
ues may come as a surprise since we expect the Gulf
Stream and North Atlantic Current to be baroclinically
unstable regions where the available potential energy
of the mean state is being released, and � in general
should therefore be positive. To give insight into this
issue, Fig. 4 shows the vertical eddy buoyancy flux
(w
b
) in the main thermocline as an indicator for local
energy transfer from mean potential energy to eddy
kinetic energy by baroclinic instability (Lorenz, 1955).
Over large areas, w
b
 is positive, denoting indeed re-
lease of mean potential energy to eddy kinetic energy,
as we expect. However, in the region immediately to
the south of the Gulf Stream and farther downstream,
and a few degrees latitude north and south of the equa-
tor [consistent with recent analysis of eddy feedbacks
on equatorial currents by Jochum and Malanotte-
Rizzoli (2004)], w
b
 is negative with large magnitudes,
pointing to the opposite mechanism. The regions with
negative w
b
, that is, regions with transfer from eddy
kinetic energy to the mean stratification, are coinciding
roughly with regions of negative �raw. Thus, negative
�raws appear to be related to regions in which energy
contained in mesoscale activity is feeding back to the
mean flow.

The picture is complemented by a look at �raw shown
in Fig. 3b. Note that �raw should vanish or at least be
small for the downgradient GM parameterization to be
valid (using the raw eddy fluxes). It is not; in fact, it is

FIG. 2. (a) Horizontal eddy fluxes (u�hb
; arrows) and eddy variance � [shading; (m min�2)2] in 300-m depth. (b) Horizontal fluxes of
variance (uh�; arrows) and mean buoyancy b (shading; m min�2) in the same region. Shown are 5-yr averages for two different regions;
u�hb
 and uh� are spatially averaged over 12 grid points.
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of the same order of magnitude as �raw and shows large-
scale gradients. A notable feature of �raw is the ten-
dency for it to be positive in the northern half of the
subtropical gyre and negative in the southern half of the
subtropical gyre.

Equation (11) shows that � acts in the quasigeo-
strophic approximation as a streamfunction that adds to
the mean geostrophic flow and advects mean thickness
(in contrast to diffusion of mean thickness related to �).
Figure 5 shows an estimate for the (geostrophic)
streamfunction � of the mean flow, simply by solving
�2

h� � �h · uh using u from the model output. The val-
ues of � range about �50 000 m2 s�1; thus, the �-related
flow is on the order of 10% of the mean flow in our
eddy-resolving model, which means that there is a sig-
nificant eddy-induced part of the advection velocity.
Note that assuming a uniform value of � over a layer
with 1000-m thickness yields maximal transports of
�50 � 106 m3 s�1 � 50 Sv, to which � would contribute
by more than �5 Sv.

Now we substract rotational fluxes from the eddy
fluxes F following Marshall and Shutts (1981) before
projecting the fluxes onto �hb. Figure 6 shows thickness
diffusivities �MS and their counterpart �MS estimated
from Eq. (19) and Eq. (20). In large parts of the sub-
tropical gyre, �MS has not changed much and is still
positive and about 500–1500 m2 s�1. In the Gulf Stream

region, on the other hand, the large region of negative
� in Fig. 3 has been replaced by a region with large
positive values of �, although some negative values are
still found. This comes along with positive values of �MS

FIG. 4. Vertical eddy buoyancy flux w
b
 in 300-m depth (10�9

m2 s�3). Data are computed from 5-yr averages, and w
b
 is spa-
tially averaged over 40 � 40 grid points. Also shown are contours
of the mean buoyancy b.

FIG. 3. The (a) �raw and (b) �raw (m2 s�1) calculated from Eq. (21) using the raw horizontal eddy fluxes in 300-m depth. Also shown
are contours of the mean buoyancy b. Data are computed from 5-yr averages, and u�hb
 and b are spatially averaged over 15 grid points.
Calculated �raw and �raw are also smoothed with a Hanning window over 40 � 40 grid points. Also shown are contours of the mean
buoyancy b.
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in the subtropical gyre. However, approaching the
equator, �MS still tends to change sign and the pattern
of �MS hardly changes when compared with �raw. We
might argue that this is due to the geostrophic assump-

tion in the approach by Marshall and Shutts (1981), a
drawback which is relaxed using the definition for ro-
tational eddy fluxes of Medvedev and Greatbatch
(2004).

6. Rotational eddy fluxes: Medvedev and
Greatbatch (2004)

Marshall and Shutts (1981) make several assump-
tions (e.g., that the mean flow is parallel to the mean
buoyancy contours; see Fig. 5 for the validity of this
assumption) and neglect several terms in the eddy vari-
ance equation (e.g., the triple-correlation term), which
might play a more significant role than assumed, such
that the results in terms of the estimated thickness dif-
fusivity might be obscured. A generalization of this idea
is given by Medvedev and Greatbatch (2004). Consider
again the variance equation

�

�t
� � �h · uh� � Fh · �hb � Rzb�w� � Q�b�,

�23	

where Q denotes diabatic forcing. We have again as-
sumed the quasigeostrophic form of the buoyancy bud-
get to derive the eddy variance budget, Eq. (23), a
rather weak assumption given the strong stratification
in the interior of the ocean. Now decompose the hori-

FIG. 6. The (a) �MS and (b) �MS (m2 s�1) in 300-m depth estimated from horizontal eddy fluxes from which a rotational flux following
Marshall and Shutts (1981) has been removed. Data are computed from 5-yr averages, and u�hb
 and b are spatially averaged over 15
grid points. Calculated �MS and �MS are also smoothed with a Hanning window over 40 � 40 grid points. Also shown are contours of
the mean buoyancy b.

FIG. 5. The streamfunction �m for the mean horizontal flow in
300-m depth (shaded; m2 s�1) estimated from �2

h�m � �h · uh.
Also shown are contours of the mean buoyancy b.
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zontal advection of eddy variance into components
along and across the horizontal gradient of the mean
buoyancy; that is,

uh� � ��hb � 	�
�

b, �24	

and the eddy density flux as before as Fh � ���hb �
��

�
b � �

�
�, which yields

�

�t
� � �h · ��hb � �

�
�
 � 		 · �hb � Rzb�w� � Q�b�

� �|�hb |2. �25	

It is again straightforward to set � � �. The difference
from Marshall and Shutts (1981) is that no assumption
about the nature of the mean flow was made; for ex-
ample, the definition should be valid also for diabatic
flows and at the equator. The thickness diffusivity �MG

and its counterpart �MG for the choice of the rotational
flux potential of Medvedev and Greatbatch (2004) are
thus defined by

�MG � �|�hb|�2�u�hb� � �
�


MG	 · �hb and �26	

�MG � �|�hb|�2�u�hb� � �
�


MG	 · �
�

b �27	

with �MG � |�hb |�2 uh� · �
�

b, which follows from Eq.
(24). Note that a consequent application of the ap-
proach by Marshall and Shutts (1981) and Medvedev

and Greatbatch (2004), using the variance flux decom-
position uh� � ��hb � ��

�
b � �

�
� and the consider-

ation of higher-order moments b
n, leads to the TRM-G
version of Eden et al. (2007), that is, to Eq. (13). How-
ever, this expression is not used in the present paper.
Note also that the three-dimensional rotational eddy
flux in Eq. (2) is simply given by � � (0, 0, ��MG)T, and
that (� � �MG)h � �

�
�.

Figure 7 shows thickness diffusivities �MG and the
streamfunction �MG estimated from Eq. (26) and Eq.
(27). Now there are slightly more grid points with nega-
tive values of � in the Gulf Stream region and the equa-
torial Atlantic in comparison with Fig. 6 and Fig. 3,
although the regions with negative �MG continue to co-
incide with regions in which w
b
 is negative, as we
expect. On the other hand, positive values of � at the
eastern flank of the North Atlantic Current have in-
creased. Interestingly, the �MG field continues to show
the asymmetry between positive (negative) values over
the northern (southern) part of the subtropical gyre.
Indeed, the large-scale pattern of � is much less affected
by different choices of the rotational flux (cf. Fig. 3b,
Fig. 6b, and Fig. 7b) than is the pattern of �.

Figure 8 shows the vertical dependency of the three
different estimates for � on a meridional section along
50°W. As already seen in Fig. 3, �raw tends to show
large negative values in the vicinity of strong boundary
currents, that is, in Fig. 8a between 5° and 10°N. As

FIG. 7. The (a) �MG and (b) �MG (m2 s�1) in 300-m depth estimated from eddy fluxes from which a rotational flux following Medvedev
and Greatbatch (2004) has been removed. Data are computed from 5-yr averages, and u�hb
 and b are spatially averaged over 15 grid
points. Calculated �MS and �MS are also smoothed with a Hanning window over 40 � 40 grid points. Also shown are contours of the
mean buoyancy b.
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before, these negative values tend to get smaller, re-
moving meaningful rotational fluxes for the case �MS

and �MG (Figs. 8b and 8c). On the other hand, the
vertical structure of the thickness diffusivity is similar in
all estimates, that is, � tends to be larger in the ther-
mocline and above and lower, almost zero, below
�1000 m. A similar vertical structure can be seen for
the thickness advection streamfunction � (not shown)
and at other meridional sections. Note also that the
small negative values of � in Figs. 8b and 8c below
�1000 m coincide with regions in which w
b
 is nega-
tive as before for the horizontal structure of � in Fig. 6
and Fig. 7. Figure 8d shows � � Rzw
b
|�hb|�2, as de-
duced from the eddy variance budget Eq. (16) and as
the leading-order term in Eq. (13) to illustrate this
point.

7. Optimized rotational eddy fluxes

As an alternative to specifying a rotational flux based
on theoretical considerations, we now proceed to esti-
mate a rotational flux by minimizing numerically � and
� and �3 in

� dV var��	�1�� � �0	2 � var��	�1�� � v0	2

� var�
3	�1�
3 � 
0	2 � min, �28	

under the constraint that �, �, and �3 satisfy Fh �
���hb � ��

�
b � �

�
�3 using standard methods (Wunsch

1996). Since we try to solve an underdetermined sys-
tem, there are an infinite number of solutions satisfying
the flux decomposition; therefore, deviations from a
priori parameters �0, �0, and �0 are minimized under the
constraint that the parameters are satisfying the flux
decomposition. Furthermore, the system is weighted by
specifying deviations over which the parameters are al-
lowed to vary, that is, var(�, �) and var(�3).

It is important to formulate explicitly the question
asked by the minimization, Eq. (28), to interpret the
answer that is obtained. We ask for a decomposition of
the horizontal eddy fluxes in terms of the parameters �,
�, and �3, which gives minimal deviations of the param-
eters from a priori known values. We do not know
much about the a priori parameters. What we do know
is that � should be positive in an integral sense, as given
from the balance of available potential energy in the

FIG. 8. The (a) �raw,MS, (b) �MS, and (c) �MG (m2 s�1) along 50°W. Also shown is (d) � � w
b
|�b|�2Rz.
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quasigeostrophic approximation, and that �3 could be
chosen using Marshall and Shutts (1981) or Medvedev
and Greatbatch (2004) as a guide. Note that it also
appears possible to minimize spatial variations of the
parameters as well, introducing terms like |�h� |2 in Eq.
(28), sometimes called a “beautifier,” as fields are get-
ting smoother in this case. However, in our experience
such a beautifier gives similar results as to smooth the
field afterward, such that we stick to the simplest form,
Eq. (28).

We start by showing results of a first minimization
(MINI-I) using �0 � 2000 m2 s�1, �0 � 0, and �0 � �� as
a priori parameters and using the weights var(�, �)1/2 �
1000 m2 s�1 and var(�3)1/2 � 1000 m3 s�3. Note that all
parameters of the different minimizations discussed
here are summarized in Table 1. In other words, we use
as a priori information that � should be similar to the
canonical, constant value used in coarse-resolution
models and that there are rotational eddy fluxes pres-

ent in the “raw” fluxes as given by the choice of
Medvedev and Greatbatch (2004). We minimize devia-
tions of � from the canonical value, implying that we
search for a (more or less) positive, constant value of �.
For � we simply search for small values, implying that
this parameter should be zero. In effect, this choice for
the a priori parameters implements some of the cur-
rently accepted knowledge about eddy fluxes.

Figure 9 shows the results of the minimization MINI-I
in terms of the optimal � and �. As constrained by the
minimal condition, the optimal � is now positive over
large regions of the North Atlantic. However, in a
rather larger area near the Gulf Stream separation and
5° north and south of the equator we find negative
values of the thickness diffusivity. Note that these re-
gions still coincide with the regions where w
b
 is nega-
tive. The positive values in the subtropical North At-
lantic are similar to those before (e.g., Fig. 7); overall
the optimal � ranges between 500 and 1500 m2 s�1. The
values of the optimal � have only slightly changed as
well; they are still of the same order of magnitude as �.
Note that we aimed to minimize values of � in the so-
lution of Eq. (28). Interestingly, � remains predomi-
nantly positive north of about 30°N and negative south
of this latitude, as we noted in the other cases. Indeed,
this asymmetry in � is a robust feature of our results.
We take this as evidence that the �-related part of the
bolus velocity is an important aspect of eddy fluxes.

FIG. 9. The (a) � and (b) � (m2 s�1) in 300-m depth estimated from eddy fluxes from which an optimized rotational flux has been
removed (expt MINI-I, see text for details). Also shown are contours of the mean buoyancy b.

TABLE 1. Parameter for the different minimizations discussed in
section 6. Values for � and � are given in meters squared per
second while values for � are given in cubic meters per second.

Expt �0 �0 �0 var(�, �)1/2 var(�3)1/2

MINI-I 2 � 103 0 �� 103 104

MINI-II 0 0 �� 103 104

MINI-III 0 0 0 103 104
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Figure 10 displays the optimal rotational gauge po-
tential �3 and also ��, which was used to estimate � and
� in Fig. 7 and serves as the a priori information for �3

in MINI-I. Both figures are rather similar. Largest gra-
dients of similar direction and amplitude show up in
both the a priori and a posteriori rotational potential in
Fig. 10 in the Gulf Stream region and farther down-
stream, pointing toward strong westward rotational
eddy fluxes in this region.

We show in Fig. 11 results from a second minimiza-
tion (MINI-II) using the a priori parameter �0 � 0,
while all other parameters stay the same as in MINI-I.
Note that � (and �3, not shown) hardly changes, dis-
playing again a similar pattern as in all figures before.
By construction, values of � are decreasing in this mini-
mization. In consequence, there are now larger regions
with negative values of �. However, the magnitude of
the negative values is less than before for � in the flux
decompositions by Marshall and Shutts (1981) or
Medvedev and Greatbatch (2004). Only near the coast
of North America at the Gulf Stream separation point
few values more negative than �500 m2 s�1 appear.
Note that the regions of negative � still coincide with
regions of negative w
b
. On the other hand, positive
values of � are dominating even in this flux decompo-
sition such that the integral constraint on � to be posi-
tive will be satisfied.

In a third minimization (MINI-III), we also set �0 �
0, while all other parameters stay the same as in MINI-

II. The results in terms of �, �, and �3 (not shown) are
very similar to MINI-II, showing that the choice for the
rotational eddy fluxes by Medvedev and Greatbatch
(2004) yields similar results as the outcome from our
minimization constraint by the a priori information of
zero rotational eddy flux, pointing toward the need of
rotational eddy fluxes.

From the similarity of the large-scale patterns in �, �,
and �3 in the minimization and the above sections, we
conclude that the previous flux decompositions are in
accordance with the results from the minimization. This
means that there are no artificially large parameters of
some kind in the previous flux decompositions. In par-
ticular, the similar patterns of � in all results and the
fact that � does not vanish in the minimization, denotes
that � is a fundamental aspect of eddy fluxes and is
actually needed in a consistent flux decomposition. The
same holds for the rotational eddy fluxes.

8. Conclusions

Previous attempts to verify the GM parameterization
for mesoscale eddy transport, and to obtain an estimate
for the thickness diffusivity, have been thwarted by the
presence of large rotational eddy tracer fluxes that have
no effect on the mean buoyancy budget, but complicate
the interpretation of the individual eddy tracer fluxes.
Here, we have used long-term-averaged output from a
1/12° eddy-resolving model of the North Atlantic Ocean

FIG. 10. The optimal rotational gauge potential (a) �3 and (b) �� (m3 s�3) in 300-m depth (expt MINI-I; see text for details). Also
shown are contours of the mean buoyancy b.
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to estimate values for the thickness diffusivity � and its
related parameter � using different procedures to re-
move a rotational flux prior to the estimation.

Rotational fluxes do not appear in the flux diver-
gence and, hence, do not change the density budget.
Using different rotational fluxes leads to different di-
agnoses for � and � ; but it should be noted that as the
divergence of the different flux decompositions is the
same in all cases, the effect in the mean density budget
for all flux decompositions is also always the same.

The point of choosing a rotational flux is to ensure
that the � and � that result have a clear and simple
physical interpretation. This point is nicely illustrated
by Eq. (16) where choosing the rotational flux � � �
immediately shows that the diffusivity � is proportional
to w
b
 (which is positive when available potential en-
ergy is being released).

a. Thickness diffusivity

Using the raw fluxes (no rotational flux removed),
large negatives values of � are diagnosed, particularly
in the Gulf Stream region, farther downstream in the
North Atlantic Current, and in the equatorial Atlantic.
Removing a rotational flux based on the suggestion of
Marshall and Shutts (1981), as in Marshall (1984), or on
the more general theory of Medvedev and Greatbatch
(2004) leads to smaller regions of negative thickness
diffusivities and smaller magnitudes of the negative val-

ues, but they are still present. These regions coincide
with regions of energy transfer from eddy kinetic en-
ergy to the mean potential energy.

In the subtropical North Atlantic (positive) values
for � estimated from the raw fluxes are from 500 to
1500 m2 s�1 in the main thermocline over wide areas.
These values are similar to previous estimates by Rix
and Willebrand (1996) and Jochum (1997) using similar
models at lower (eddy permitting) resolution. It ap-
pears that higher model resolution does not effect the
estimation of thickness diffusivity much. In all esti-
mates, the vertical structure of � is similar, that is, high
(500–2000 m2 s�1) in the main thermocline and above
and lower, almost zero, below �1000 m, again coincid-
ing with the sign of the energy transfer from eddy ki-
netic energy to the mean potential energy, which is
negative below the thermocline.

As an alternative to specifying a rotational flux based
on theoretical considerations, we also used an optimi-
zation technique to estimate the rotational flux similar
to Rix and Willebrand (1996). In this case, the absolute
value of � can be influenced by a priori information and
the choice of the cost function by construction: since we
try to obtain locally three parameters (�, �, and �) hav-
ing only two independent parameters (u
b
 and �
b
),
the problem is underdetermined. We have imple-
mented what is known as a priori information and have
chosen a standard choice for the formulation of the cost
function. We obtain higher (lower) thickness diffusivi-

FIG. 11. The (a) � and (b) � (m2 s�1) in 300-m depth estimated from eddy fluxes from which an optimized rotational flux has been
removed (expt MINI-II; see text for details). Also shown are contours of the mean buoyancy b.
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ties in the subtropical gyre by constraining the solution
to higher (smaller) a priori values of �. However, nega-
tive � tends to be always present in regions where en-
ergy transfer from eddy kinetic energy to the mean
potential energy occurs, consistent with the previous
estimates. Consequently, the rotational fluxes do not
deviate much from a priori values given by the theoret-
ical considerations.

In conclusion, all of our estimates show large hori-
zontal variations in the values of the thickness diffu-
sivity and consistently low or negative values of � in
regions where eddies are feeding the mean flow. A con-
stant value of 1000 m2 s�1 for � as widely used in non-
eddy-resolving models appears therefore to be only a
very rough first-order approximation to this spatial de-
pendence of thickness diffusivity. A local downgradient
parameterization for thickness diffusivity, as antici-
pated by Gent and McWilliams (1990), might have to
take negative values of � in certain regions into account
(Berloff, 2005), although numerical restrictions on
negative diffusivities might complicate the implemen-
tation in models.

b. The �-related part of the fluxes

We began by developing the theoretical basis for the
GM parameterization within the framework of the
transformed Eulerian mean. The analysis reveals a pre-
viously neglected aspect of the bolus velocity that is
associated with the horizontal flux of buoyancy along,
rather than across, the mean buoyancy contours. This
part of the flux can be interpreted as eddy-induced ad-
vection rather than diffusion of mean isopycnal thick-
ness (related to �) indicating when the lateral eddy den-
sity fluxes cannot be described by isotropic diffusion
only. It should be stressed, however, that both eddy-
induced diffusion and advection of isopycnal thickness
contribute to the three-dimensional bolus velocity ap-
propriate to the GM parameterization; that is, both
parts act as advection of density in three dimensions.

Since � does not figure in the balance of available
potential energy, there is no integral constraint on the
sign of �, in contrast to its counterpart the thickness
diffusivity � which has to be positive in an integral
sense. It has been shown that � acts as a streamfunction
for advection of mean thickness. Comparing � with an
estimate of the mean geostrophic streamfunction,
which also advects mean isopycnal thickness, shows
that � is on the order of 10% of the mean flow in
midlatitudes and on the same order of magnitude in the
Tropics.

The �-related part of the eddy flux shows up when
the lateral eddy fluxes cannot be described by isotropic
diffusion only, pointing toward the need of anisotropic

lateral mixing. Such an anisotropy has, indeed, been
found in observations [see, for example, Stammer and
Böning (1996) for a review], and thus it appears obvi-
ous, in retrospect, that the parameter � becomes impor-
tant in the present diagnosis. The large-scale spatial
pattern of � is quite robust for all different choices of
rotational fluxes that have been considered here. It is
speculated that a possible source for anisotropic lateral
mixing is given by the � effect (Rhines 1977) on quasi-
geostrophic turbulence. Westward advection of mean
thickness in the subtropical gyre, as implied by the
large-scale pattern of � in all estimates, might be related
to the � effect, reminiscent of long baroclinic Rossby
waves while, for instance, northeastward advection in
the North Atlantic Current is perhaps associated with
the advection of eddies by the mean flow.

For the GM parameterization to be valid, the �-re-
lated part of the flux should be zero or small compared
to �. In contrast, all of our estimates show values of �
comparable or larger than �. In particular, that � does
not vanish in the minimization denotes that � is a fun-
damental aspect of eddy fluxes and is actually needed
for a consistent flux parameterization. This previously
neglected aspect of eddy tracer fluxes demands atten-
tion in parameterizing impacts of mesoscale activity on
tracers in non-eddy-resolving models.
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