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INTRODUCTION

The way in which autotrophic organisms react to
changing resource availability is largely determined by
their physiological condition. This dependency on
specific resource affinities and demands defines the
physiological adaptive capacity of an algal cell. It under-
pins the ability to outgrow competitors under fluctuating
light and nutrient levels (Walters 2005). Accordingly,
during the course of evolution, photosynthetic microbes
have developed efficient regulation strategies, among

which, partitioning of energy or proteins into different
metabolic or uptake functions is the most obvious
(Richardson et al. 1983, Raven & Geider 2003, Klaus-
meier et al. 2004). Variable resource allocation occurs
across nutrient gradients and after changes in light
(photoacclimation) (Litchman & Klausmeier 2008). There
is, in particular, considerable plasticity in the synthesis
of light harvesting pigments, especially chlorophyll a
(chl a), together with their apoproteins (Sukenik et al.
1988, Prézelin et al. 1991). Photoacclimation by unicellu-
lar algal populations to short-term fluctuations like
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(1,5-bisphosphate carboxylase/oxygenase, Rubisco) and light harvesting. Applications to various
published experimental data for different phytoplankton species support the validity of the optimal-
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well as to different time-scales on which photoacclimation operates. Simulations of a batch culture
with the haptophyte Isochrysis galbana show that a decoupling in pigment N:C from cellular N:C
may explain observed lag phases in chl a:C regulation. For diatoms, seemingly stronger constraints
in intra-cellular stoichiometry determine the photoacclimative response to variable light regimes, as
simulated and reported for Skeletonema costatum. N and chl a quotas correlate well in nutrient-
limited chemostats of Thalassiosira fluviatilis, but in part decouple under light limitation. In N limited
growth, non-linearity in N:C as expressed by the Droop function results from a combination of a
linear quota dependency, down-regulation of relative carboxylation capacity, and increasing N costs
of chl a synthesis at elevated growth rates. Our optimality assumption that includes indirect feed-
backs through the concept of protein partitioning generates an accurate model for adaptation in
physiological traits.
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day–night cycles can be as pronounced as chl a:C ratio
differences between different mutants, species or taxo-
nomic groups (Sciandra et al. 1997, Anning et al. 2000,
Suggett et al. 2007). Changes in cellular chl a are typi-
cally concomitant with variations in internal element
pools, including the most basic constituents, viz. nitrogen
(N) and carbon (C). These N and C alterations may be
best understood as the direct consequence of dispropor-
tionate rates of N and C uptake.

So far, the primary motivation for addressing pho-
toacclimation and changes in element stoichiometry
in a theoretical context has been to enhance model
accuracy. Models with vertical resolution or with
representation of nutrient limitation require a realistic
calculation of photosynthesis by differently adapted
phytoplankton (Cloern et al. 1995). With the resulting
emphasis on ‘how’ N:C and chl a:C ratios are regulated
under variable light and nutrient conditions, the ques-
tion of ‘why’ autotrophs have specific and regular
response patterns in stoichiometry and physiology has
received much less attention.

As a result, photoacclimation models generally use as-
sumptions that are not explicable a priori. Many models
start from the Droop model (Droop 1975), which is empir-
ically derived (Flynn 2003), though a more mechanistic
explanation was recently presented by Pahlow (2005). A
widely accepted photoacclimation model was developed
by Geider et al. (1998a) who proposed a tight coupling
between N uptake rate and chl a synthesis. A modified
version of the model of Geider et al. (1998a) explains
short-term phenomena such as diel changes in N:C and
chl a:C ratios (Flynn et al. 2001). This coupling approach
has limitations. For example, it does not resolve uncorre-
lated variations of N:C and chl a:C ratios in some hapto-
phytes (Flynn et al. 1994, Goericke & Montoya 1998), es-
pecially during the initial lag phase in batch culture
experiments (Smith & Yamanaka 2007). Most impor-
tantly, Geider et al. (1998a) made clear that ‘the model
uses an arbitrary function to describe the relationship be-
tween Vm (maximum N uptake rate) and N:C’ (p. 683).
Zonneveld (1998) used similar assumptions to develop a
cell stoichiometry model which is based on an overlay of
3 non-linear types of empirical quota dependencies in N
acquisition.

The mechanistic gaps in these approaches reflect the
persistent difficulty in integrating the 2-way inter-
action between cell physiology (quota) and metabolic
functioning (uptake). In terrestrial ecology, a solution
inspired by evolutionary thinking was put forward
some 2 decades ago by e.g. Hilbert (1990), Friend
(1991), and Hollinger (1996), who all put forward opti-
mality arguments. Optimality offers an ecologically
sound principle by which physiological variations may
be described in mathematical terms. This concept is
complementary to the recently formulated trait-based

ecology (McGill et al. 2006, Litchman & Klausmeier
2008); variations in a trait, also defining a functional
niche, reflect phenotypic adaptation towards higher
fitness (i.e. specific growth rate). At equilibrium, a trait
value is optimal if the derivative of the fitness function
with respect to the trait vanishes. As we also show
below, this condition can be generalized to transitory
trait variations (Wirtz 2000).

A major advantage of optimality-based models (given
the fragmentary knowledge of mechanisms behind
adaptations) is that they do not need to refer to
complex descriptions of underlying processes at the
cellular or molecular level. Nonetheless, these model
approaches have received criticism (e.g. Agren 1996)
and have had only limited acceptance, despite their
high predictive power in several case studies (Wirtz
2002). One of their major weaknesses arises from the
trade-off assumption in cost-benefit analysis. For any
trait to be optimized, it is necessary to formulate bene-
fits and costs. Both are, according to Richardson et al.
(1983), equivalent to changes in net growth, μ. Up to
now, arbitrariness in the formulation of cost or trade-off
functions has been high, as is the case for the quota-
dependency of N uptake, which is inherent in the mod-
els mentioned above. The argument applies equally to
recent plankton models based on the same concept of
growth optimization. An optimality argument was
used by Finkel et al. (2004) for deriving size relation-
ships in phytoplankton due to photoacclimation. This
approach introduced a cost term for light-harvesting
that, however, had no direct link to other ecophysio-
logical functions, such as N uptake, although these
functions are related to expenditures required by pho-
tosynthesis. Pahlow (2005) developed an accurate rep-
resentation of a wide range of stoichiometric responses
to changing light or external nitrogen level, using a
similar cost term. This term is exclusively introduced
for a consistent formulation of regulation in N uptake
and chl a synthesis, but is not part of the metabolic
functions defined in the model. In the optimal parti-
tioning model formulated by Armstrong (2006), costs
make up an explicit part of the photosynthesis func-
tion; nevertheless, the author still adopted the (non-
mechanistic) quota dependency of N uptake intro-
duced by Geider et al. (1998a). A frame combining
down-regulation of N uptake and optimization of intra-
cellular stoichiometry without ad hoc assumptions,
therefore still awaits development.

The regulation model proposed here aims to predict
the physiological response of photoautotrophs to vari-
able environments by integrating mechanistic knowl-
edge about C and N pathways with the optimality hy-
pothesis. It resolves key traits that determine the
conversion of electromagnetic to biochemical energy
and of inorganic to organic material. These deter-
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minants are directly linked to protein partitioning.
Their dynamics should describe an economically rea-
sonable strategy to ensure that cells make the best use
of their internal resources to cope (optimally) with
changing environments. The model should provide a
quantitative frame for testing the extent to which differ-
ent phytoplankton species use optimality-seeking
strategies. A consistent account of plasticity in physio-
logical traits within models would, at the same time, re-
fine our understanding of community adaptation in the
same traits. When individual strains continually maxi-
mize carbon-based growth through photoacclimation
and stoichiometric regulation, community changes will,
with some delay, only occur in those functional traits
that govern and constrain this optimization. In order to
facilitate more general conclusions at the community
level, we test the optimality approach using experimen-
tal data for different phytoplankton species responding
to imposed variations in light and nutrient availability.

MATERIALS AND METHODS

N and C assimilation. We describe autotrophic bio-
mass in units of particulate organic carbon (POC). Its
relative change μ is determined by gross C-uptake rate
P and 2 loss terms. 

(1)

As explained in Appendix 1, exudation L of dissolved
organic material is a function of gross carbon fixation P.
Carbon expenditures in nutrient uptake V are quanti-
fied by the coefficient ζ that denotes the specific energy
cost of N uptake. Such a linear relationship between N
uptake and C respiration agrees well with empirical ob-
servations and theoretical knowledge of phytoplankton
energy metabolism (Laws & Wong 1978, Geider et al.
1998a, Pahlow 2005). Basic maintenance respiration is
neglected in the growth equation, as we found it to be
of minor importance for the regulation dynamics we
studied. N uptake V depends on the concentration of
dissolved inorganic nitrogen (DIN) in the growth
medium and will be defined later in Eq. (8). In a closed
system, the DIN sink is presumed to be algal uptake
alone, whereas the immediate transformation of phyto-
plankton organic matter losses (leakage) into inorganic
forms acts as source. Leakaged material is assumed to
have the same N:C stoichiometry (expressed by the
quota Q) as POC.

(2)

The temporal evolution of Q is then determined sim-
ply by the imbalance between instantaneous N uptake
and N demand for growth.

(3)

Light harvesting and photosynthesis. Cellular meta-
bolism of photoautotrophs is fuelled by C assimilation
through the photosynthetic Calvin cycle, the first step
of which is controlled by the enzyme Rubisco (Ribu-
lose-1,5-biphosphate carboxylase/oxygenase). Due to
the high nitrogen stoichiometry of Rubisco and be-
cause C is delivered by photosynthesis itself, Rubisco
synthesis is constrained primarily by the size of the free
N pool. By ‘free’ we mean biochemically available,
e.g. through transformation of existing biochemical
compounds, or in the form of stored metabolites. In
contrast, a residual fraction of N (expressed as Q0) is
assumed to be excluded from possible partitioning into
C acquisition requirements. Thus, photosynthesis must
rely on Q – Q0 only. The function q expresses the size
of this free N pool normalized by its maximum Qmax –
Q0, following standard notation

(4)

where Qmax is the maximum quota that can be main-
tained in the cell (Litchman et al. 2006). The condition
q ≤ 1 sets an upper constraint for the model variable Q.
If Q reaches Qmax, dQ /dt is set to zero and the uptake
rate V is lowered such that the balance in Eq. (3) is
fulfilled.

To describe the regulation of Rubisco activity, we
introduce the partitioning coefficient fR. This physio-
logical trait variable expresses the relative pool size of
free N invested into light-independent reactions, pri-
marily those in the Calvin cycle (Friend 1991). Cells
are remarkably plastic in the integration of a number
of specific proteins and their prosthetic groups. This
plasticity in N partitioning is very pronounced for
Rubisco complexes which comprise the largest fraction
of N within the chloroplast (Falkowski et al. 1989).
Rubisco, in addition, controls the rate of C sequestra-
tion under saturating light by catalyzing the CO2

uptake within the first step of the Calvin cycle.
Sukenik et al. (1987) and Geider et al. (1998a) gave
independent evidence for a linear relationship be-
tween the ratio of Rubisco to the electron-transport
chain and the maximal turnover rate of the photosyn-
thetic apparatus. With this simple relation, the instan-
taneous C uptake (P) reads as follows

P = fRq μduS (5)

Specific C-sequestration per unit of Rubisco activity
comprises 3 factors for different rate limitations within
the light reaction. First, maximal daily photosynthetic
capacity μd represents the highest possible (electron)
turnover-rate of the 2 reaction centers (RCs) during
daytime, and thus depends on the light:dark cycle
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duration. Since μd is defined with respect to relative
Rubisco activity fRq, which is usually <<1, its value may
exceed classical estimates that range up to values
around 4 d–1 (Finkel 2001) by nearly one order of mag-
nitude. Following Marra (1978), the photoinhibition
term u denotes the relative concentration of undam-
aged D1 proteins in the RCs. The dependence of D1
protein damage and recovery on the N status q and on
photosynthetically active radiation (PAR) intensity are
explained in Appendix 1. Finally, P includes the nor-
malized photosynthetic rate S, which is a measure of
light-harvesting apparatus saturation. S depends on
the light intensity I and θ, the pigment concentration
within chloroplasts (Pahlow 2005). Assuming that pho-
ton harvesting within the antenna follows Poisson sta-
tistics (Dubinsky et al. 1986) we have:

S = 1 – exp(– α θI/μd) (6)

In this notation, the parameter α represents the light har-
vesting efficiency per unit of chloroplast pigment. To cal-
culate the total cellular pigment concentration using the
chloroplast-specific value θ, it is necessary to quantify
the relative chloroplast concentration, i.e. the ratio of
chloroplast C to total cellular C. As a first postulate,
this ratio should correlate with Rubisco, which forms a
functional end-member of the RCs. However, there is
ambiguity as to whether (1) the relative Rubisco N-
fraction fR (structural variable) or (2) the activity fRq
(functional variable) works as best proxy for relative
chloroplast concentration. This ambiguity is mirrored by
the different structural compositions as well as function-
ing of the photosystems between algal taxa (Guglielmi et
al. 2005). In diatoms, for example, control of the Calvin
cycle by the redox state of thiol groups and by Rubisco
activase is absent, and so is a separation of grana thyla-
koids (rich in PS II) from stroma thylakoids with more PS
I (Wilhelm et al. 2006). These differences affect the
turnover ratio between the Calvin cycle and the remain-
ing photosynthetic apparatus. We tentatively quantify
the taxonomic variation in RC composition by the novel
exponent σ for the N-quota dependence of relative
chloroplast concentration, which is now written as the
product fRq σ. For diatoms with higher structural flexibil-
ity in the chloroplast compared to chlorophytes (Wilhelm
et al. 2006), we assume an activity-related chloroplast
density described by σ = 1. Non-diatoms will have a
smaller exponent (σ = 0), due to stronger structural con-
straints, which do not automatically allow for balancing
of light reaction turnover rates and the Calvin cycle. With
σ = 0, relative carbon density of chloroplasts is given by
fR only, such that Rubisco activity (fRq) decouples from
chloroplast size.

N uptake. All carbon or energy not invested into the
C acquisition machinery is assumed to feed into the
pool responsible for nutrient uptake. Thus, N assi-

milation directly competes for resources with the
mechanisms for (1) light harvesting and (2) conversion
of excitation energy into assimilation of inorganic C
(electron chain and Calvin cycle). We assume that the
N:C quota of compounds used for the light-independent
reactions is the same as that for the proteins and
enzymes used for N uptake. The relative fraction of N
allocated to this pool, fR, will also determine the rela-
tive amount of C in the pool. In addition, C demand for
light harvesting complexes (LHC) is expressed as the
product of the chl a:C ratio of the chloroplast, θ, the
relative density of the chloroplast, fRq σ, and the C sto-
ichiometry of pigment complexes. The latter, denoted
as θC, was introduced in its inverse form by Geider et
al. (1998a). However, the value of θC stands for more
than the elementary composition of chl a (and acces-
sory carotenoids) since for each mole C in pigments,
about 4 to 10 moles of C are bound to LHC, mostly as
antenna proteins such as light-harvesting chlorophyll
binding proteins Lhcp or Lhca2 (Six et al. 2008, Geider
et al. 1998b, Falkowski et al. 1989). Therefore, the
relative amount of C invested into LHC as given by fθ

fθ = fRq σθ/θC (7)

will be substantially higher than the 1 to 10% cellular
C allocation to chl a and other pigments (carotenoids)
reported by Geider & La Roche (2002). To sum up, the
total C fraction reserved for photosynthesis is given by
fR + fθ, and the remaining fraction is available for
uptake sites and nutrient processing, constituting the
internal control of N uptake rate V:

V = (1 – fR – fθ) (Vm
–1 + (A DIN)–1)–1 (8)

where Vm is the maximum acquisition rate and A is
the affinity.

While there is a linear quota dependency of photo-
synthesis (fRq), the size of the free N pool does not
affect N uptake. In this way, negative feedback of
the N:C ratio on V— as reported by e.g. Goldman &
Glibert (1982), Parslow et al. (1984) or Morel (1987)—
is now explained as a response in protein partitioning.
Proteins, however, consist of both C and N. Yet, >90%
of cellular nitrogen is allocated to proteins, as shown,
for example, in N-starved cultures of Dunaliella tertio-
lecta by Dortch et al. (1984). We therefore suggest a
prioritization scheme. Each uptake system preferen-
tially uses newly gained resources for its own pur-
poses. Only after subtraction of subsistence require-
ments will the remainder be transferred to other
cellular pools. Prioritization is advantageous since it
enables cells to escape a vicious cycle: under N de-
pleted conditions, an uptake machinery that depends
on the free N-pool could not benefit from short N
pulses, for example. There would be no free nitrogen
left as needed to enhance assimilation rate.
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Adaptive dynamics. In our model, 2 major intrinsic
variables directly regulate C and N acquisition by the
cell. These physiological or trait variables are pigment
content per chloroplast θ and N fraction in Rubisco fR

(Table 1 & Fig. 1). We exclude the stoichiometric vari-
able Q from the list of regulating trait variables, since
its dynamics directly follows from the imbalance equa-
tion. Quota variations are therefore a product and not a
controlling factor of regulatory protein allocation in the
cell. However, the time evolution of the 2 trait vari-
ables is not as easily formulated as that of Q. Mecha-
nistically modeling the dynamics of the enzyme-
related variable fR or of the chl a build-up would
require detailed knowledge of the various factors con-
trolling gene expression, and the synthesis and decay
of a large number of proteins. Assumptions needed for
the vast array of non-linear reaction equations would

clearly exceed current quantitative or
even qualitative knowledge of cellular
biochemistry. Instead, we employ first
principles for the dynamics of trait vari-
ables by translating the ability of cells to
adjust to varying light and nutrient lev-
els into an optimal allocation problem.
In this way, cells are considered to be
continually solving a distribution prob-
lem for internal resources.

Photosynthesis—and presumably pho-
toacclimation—have evolved in both
eukaryotes and prokaryotes over 109 to
1012 generations. It is very likely that
plasticity in these processes allows opti-

mal performance under a wide range of environmental
conditions. In order to better understand the adaptive
significance of photoacclimation, we postulate that
variations in functional traits are fully adaptive in that
they represent those strategies which enable maximal
performance in terms of instantaneous growth. As
soon as a potentially higher value in a trait variable
leads to a rise in relative growth rate (μ), either selec-
tion will increase the population frequency of this
higher value (if it is heritable) or gene expression will
be regulated to achieve a higher value of the trait (if
the latter is connected to functional proteins, for exam-
ple). The concept implies that we do not deliberately
differentiate between (genetic) adaptation and
(physiological) acclimation insofar as both processes
have the same ameliorating effect on instantaneous
cell growth. Under this general assumption, pigment
synthesis will occur only if it is beneficial for the entire
energy budget of the cell. This behavior can be formu-
lated using the adaptive dynamics approach, which is
used in evolutionary models (Abrams 1999) and has
already been applied to describe resource allocation
and physiological regulation in plants and bacteria
(Wirtz 2002, 2003), plankton population or community
structure changes (Wirtz & Eckhardt 1996, Fussmann
et al. 2003) and—most related to this study—photosyn-
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Table 1. List of model variables comprising traits (fR, θ), N stoichiometry (Q),
and bulk concentrations in the medium (DIN, POC). Three model configura-
tions are adopted to experiments with cultures of Thalassiosira fluviatilis (Tf),
Isochrysis galbana (Ig) and Skeletonema costatum (Sc). Initial values at simula-
tion start for each configuration were taken from the experimental data. Start-
ing Rubisco-N fractions fR were estimated in the range 0.2 to 0.3, which reflects 

intermediate values of the variability in simulated fR for all 3 species

Symbol Description Initial values Units
Tf Ig Sc

fR Relative N in Rubisco 0.3 0.28 0.21 –
θ Chl a content in chloroplasts 2.5 0.14 4.8 g chl a mol C–1

Q N:C ratio 0.09 0.04 0.16 mol N mol C–1

DIN Dissolved inorganic nitrogen 90 100 500 μM N
POC Particulate organic carbon 50 90 0.01 μM C

Fig. 1. Structure of the regulation model showing major
processes and all model variables. Wavy arrow: irradi-
ance, Carot: carotenoids. Unbalanced uptake of N and C
leads to changes in the ratio between PON and POC (Q).
Intracellular N and C partitioning are described by the
Rubisco:N ratio (fR) and the chl a content in chloroplasts
(θ, or fθ, respectively). Flows that are not explicitly re-
solved by the model, but follow from the internal mass 

balance, are displayed as dashed arrows
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thetic N-partitioning and photoacclimation in leaves of
deciduous trees (Wirtz 2000).

(9)

The adaptive dynamics links changes in traits to
related gradients in growth rate μ. Flexibility terms δX

work as proportionality factors between ‘forcing’ gra-
dients and adaptive response. They are formulated
according to Wirtz & Eckhardt (1996) and modified
according to Wirtz (2002) so that δR = δ’R fR (1 – fR) and
δθ = δ’θθ (θmax – θ) with σ’R ≈ δ’θ ≈ 1.

The total derivatives of μ in Eq. (9) include both the
benefits and the costs of changing one of the traits.
Under optimal conditions, total derivatives vanish and
trait variables are fully acclimated.

One of the major bottlenecks of the optimization
hypothesis, however, derives from our incomplete
knowledge of total growth derivatives with respect to
traits as defined above. While marginal benefits are
completely described by partial derivatives ∂μ /∂X,
which are mostly positive and can be calculated using
Eqs. (1) to (5), marginal costs are, in general, not avail-
able beforehand. These costs follow from negative
feedbacks or, more generally, trade-offs in the physio-
logy, element budgeting and morphology of cells
(Wirtz & Eckhardt 1996, Wirtz 2002, Litchman & Klaus-
meier 2008).

In this study, we derive a trade-off between N- and C-
uptake based on the balance equation (Eq. 3) only. Allo-
cation of N to C-uptake by increasing fR will uplift carbon
fixation (P, Eq. 5) but, together with the concomitant in-
crease in fθ (Eq. 7) also lower V (Eq. 8) and hence q, so
that carbon fixation will decline. Conversely, allocation
of C to N uptake by lowering fR and f θ will increase q via
a higherV at the expense of reduced photosynthesis. The
basic concept for quantifying these indirect costs lies in
application of the product rule to combine marginal
changes in the N status of the cell (induced by adaptive
trait variations) with variations in photosynthetic rate
that, in turn, follows those N quota changes. The first
term, dependence of Q on a trait X, reads in a differential
form dQ/dX such that we have:

(10)

At steady state, the trade-off between N- and C-
uptake inherent to dQ /dX is formalized by the balance
equation (Eq. (3) with dQ /dt = 0) and is here written
in its implicit form:

G (X,Q ) = V (X) – Q μ’(X,Q ) = 0   with   X = {θ, fR} (11)

μ’ is the rate of net growth that demands new nitrogen,
thus μ’ = μ + L = P – ζV. Assuming a continuous N-
quota dynamics, the marginal variation dG will vanish,
such that a small change in protein partitioning or,

more generally, in the trait X (dX) triggers a differen-
tial compensation in Q (dQ). From the compensation,
simple formulations for the derivatives dQ /dθ or
dQ /dfR arise:

(12)

The implicit derivation can obviously work only for
∂G/∂Q ≠ 0. The complementary case (∂G/∂Q ap-
proaching zero) may, however, occur at low light
intensity, especially under sudden perturbations, e.g.
shortly after injection of the inoculum. To avoid numer-
ical problems, the differential trade-offs dQ/dX are
therefore set to zero whenever a threshold is met
(�∂G/∂Q � < 10–3 d–1). Given the rarity of this situation,
the exact value of the numerical threshold is found to
minimally affect model outcomes.

Experimental data and parameterization. In order to
obtain a representative picture of photoacclimative
responses, the model was applied to 3 published stud-
ies. We chose the experiments of Laws & Bannister
(1980) with continuous cultures of Thalassiosira fluvi-
atilis (Tf), Flynn et al. (1994) with a batch culture of
Isochrysis galbana (Ig), and Anning et al. (2000) with a
semi-continuous culture of Skeletonema costatum (Sc).
With this selection, we aimed to cover nutrient and
light limitation regimes, transitory and equilibrium re-
sponses, and diversity between algal species and taxa.
Another criterion was to refer to data that were already
used by modeling studies to facilitate comparison with
alternative approaches. Original data underlying the
work of Anning et al. (2000) were provided by R. Gei-
der and N. Leonardos and were used in this study due
to their high temporal resolution.

All strains of these studies were derived from culture
collections, and illuminated by fluorescent lamps under
a 12:12 h light:dark cycle. Cultures were grown at 20°C
(Tf), 18°C (Ig), and 15°C (Sc). The experiments also dif-
fered with respect to light intensity (Tf: see Fig. 2C for es-
timated values; Ig: 100 μmol photons m–2 s–1; Sc: shift
from 50 [low light, LL] to 1200 [high light, HL] and back
to 50 μmol photons m–2 s–1 after 5 d intervals), and nutri-
ent concentrations in the reservoir or growth medium
(Tf: 50 μM NO3 or NH4 under N-limitation, 250 μM NO3

under light limitation; If: 102 μM NH4; Sc: 500 μM NO3).
Light and nutrient conditions of the experiments

were reproduced within 3 model configurations while
temperature was not accounted for. The set-ups also
differed with respect to parametrization (see Table 2).
Values for Qmax were set according to measured N:C,
for ζ, following Pahlow (2005) and for σ based on eco-
physiological considerations (see ‘Materials and meth-
ods: Light harvesting and photosynthesis’). Since N
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uptake affinity A, exudation ratio η, and specific flexi-
bility in θ (δ’θ) are poorly constrained by the available
data, we used reasonable and species-independent
values. PS II damage (k’d) can only be calibrated in the
Sc configuration. It will be stronger under natural con-
ditions due to the higher UV irradiance in the solar
spectrum as compared to that provided by the fluores-
cent tubes used in these experiments (W. Bilger pers.
comm.). In the Ig set-up, δ’θ has to be raised to compen-
sate for a low value of δ’R, and exudation gains impor-
tance since DIN concentration would otherwise fall to
unrealistically low values after the onset of N-limitation.
The value assigned to η is close to the estimates that
follow from Tang & Dam (2001). For each set-up, the
remaining 6 parameter values (α, δ’R, μd, Q0, θC, and
Vm) were calibrated using a systematic variation and a
standard cost function which is the root mean square
deviation between data and model outcomes, normal-
ized by the variance in the data. Given the number of
compared variables (Tf: 3, Ig: 4, Sc: 3), the degree of
freedom for calibration is therefore relatively small.

RESULTS

Stoichiometric response to N-limitation

The effects of DIN limitation on cellular stoichiometry
have been documented in various experiments. Many of
these refer to the Tf chemostat of Laws & Bannister
(1980). In this experiment, contents of nutrient-depleted
cells had unequivocally increased N:C, chl a:C (Fig. 2)
and chl a:N ratios (not shown, but inherent to the results
obtained for N:C and chl a:C ratios) with increasing dilu-
tion rate and, as is clear from classical chemostat theory,
also with increasing residual substrate in the medium.
Model outcomes after parameter calibration reproduce
the measurements of Laws & Bannister (1980) with high
accuracy. Chl a:C ratio in Tf converges towards zero at
severe N depletion, while N:C ratio reaches a minimum
value. An analogous behavior is observed for Ig within a
transient batch set-up (Flynn et al. 1994). After DIN de-
pletion at around Day 13, the chl a:C ratio starts to de-
crease (Fig. 3). In contrast to the steady state results for
the diatom Tf, variations in chl a:C and N:C ratios are de-
coupled in the haptophyte. Apart from a short period af-
ter the onset of N limitation, dynamics in N and chl a sto-
ichiometry run independently both in the model and in
the time series of Flynn et al. (1994). Down-regulation of
Q initiates shortly after inoculation (Days 6 to 7) when
DIN is still fully available. This also means that cells best
operate at high, but not maximal N:C ratio, a finding
supported by simulated equilibrium values for N:C ratio
of Tf which are much below the theoretical maximum
Qmax. In analogy to the down-regulation at high quota, Tf

and the haptophyte Ig reveal an apparent minimum
quota that is more than double the intrinsic one Q0

(cf. Figs. 2B, 3C & 4).
During the phase of quota down-regulation in Ig, the

slow rise in chl a:C ratio reflects a cell strategy to
improve light harvesting, primarily through increasing
chloroplast chlorophyll concentration (θ). High nitro-
gen costs of chl a synthesis slow down this process and
are most important during the initial and final phases
(relative control indices in Fig. 3). Rubisco becomes
increasingly relevant before and during the start of N
limitation. In a fully acclimated state, N partitioning
into Rubisco balances C gain of carboxylation with
associated N costs (converted to carbon gain units
using (∂μ/∂Q) · (dQ /dfR) in Eq. [10]).
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Photoacclimation

Carbon-based N and chl a cell quotas of Tf reveal an
intricate non-linear and time-dependent response
when light limits growth instead of nutrients (Fig. 2). N
quota under fully acclimated conditions is highest
at intermediate PAR, slightly decreasing at higher
growth irradiance. This relationship is in line with ob-
servations made with other species (Goldman 1988). In
our model, it occurs when N demand of enhanced C
uptake exceeds supply by nutrient uptake machinery,
even at saturating DIN concentration. N quota at low
growth rate is much less constrained and is a function
of acclimation time. The model parameter set (Table 2)
is calibrated to reproduce measured stoichiometry af-
ter about 20 d, since in this period simulated biomass
and nutrient concentration varied very little. This situ-
ation corresponds to the ‘steady state’ condition in
most chemostats. However, continuous cellular adap-
tation at low dilution rates leads to biomass accumula-
tion after many months, with consecutive depletion of
DIN and decline in N:C and chl a:C ratios. Hence, the
gray areas in Fig. 2 indicate effects of maintained evo-
lution of internal variables over longer timescales. Typ-
ical photoacclimation with lower chl a:C ratio at higher
light intensities is, instead, quickly established in the
simulation and then becomes constant over time. In-
creased relevance of Calvin cycle activity is responsi-
ble for higher fR (cf. Fig. 7), while a lower importance of
LHC leads to a considerable reduction of chl a in
chloroplasts.

In dynamic environments, stoichiometric adaptation
is expressed as nighttime N:C and chl a:C ratio
increases over daytime values. Diurnal cycling ampli-
tude can be as large as mid-term acclimation after
changing daytime PAR by >1 order of magnitude
(Anning et al. 2000). Our model not only fits average
stoichiometry changes under alternating low and high
PAR regimes (LL and HL), but also precisely redraws
the diurnal variability as evident in Fig. 5. Both short-
and mid-term responses to variable irradiance are
equally ‘forced’ in the model by the same growth
derivatives with respect to the traits fR and θ. At night,
chl a:C ratio dynamics are strongly connected to the
cellular N status due to the linear dependence of chl
a:C ratio on q (σ = 1 for diatoms), while adaptations in
fR and θ become negligible. This can be directly
inferred from the low-pass filtered control indices in
Fig. 5. During daytime under a LL regime, N demand
and C gain of LHC prevail over those of Rubisco. The
relevance of LHC disappears in HL. Reallocation of N
from LHC to Rubisco and nutrient uptake together
with a sudden drop in total proteins (q) then leads to a
down-shift in chl a:C with subsequent day–night oscil-
lations. The role of LHC for cellular carbon economy
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is re-established after switching to LL again. The
induced response in the simulated chl a:C ratio turns
out to be as fast as the N:C ratio recovery. The latter
overestimates the observed N quota levels which,
however, are far lower than in the initial LL period.
The model is able to reproduce an adaptation period
in the chl a:C ratio with intermediate values and low-
amplitude day–night cycles. Also, changes in control
indices during Days 10 to 15 indicate that cells have
not reached internal equilibrium after several days.
Hence, as the 2 earlier case studies have shown,
understanding cellular adaptation requires a mid- to
long-term duration of in silico and in vitro experiments
on the scale of weeks or months.

As a test of the photosynthetic functions employed by
the model, we compared measurements of maximal pho-
tosynthetic capacity with calculated values (Fig. 6). De-
spite the high frequency variability, both match surpris-
ingly well. Two largely differing P-I curves obtained in
the LL and HL regimes are fitted with high accuracy.
This includes the relatively elevated effect of photo-inhi-
bition at high PAR for cells acclimated to LL. In contrast
to usual fitting procedures, the coefficients (e.g. Pmax, α)
have not been calibrated here. They derive instead
from the simulated adaptation of internal traits fR and θ.
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Symbol Description Value Unit
Tf Ig Sc

A Affinity to inorganic N 25 25 25 m3(mol C d)–1

α Specific light absorption 0.12 0.07 (0.06) 0.045 (0.043) m2 mol C (μmol photons gchl a)–1

δ’R Specific flexibility in fR 1 0.35 (0) 0.5 (0) –
δ’θ Specific flexibility in θ 1 1.7 1 (1.3) –
η Exudation vs. production ratio 0.01 0.053 0.09 –
fθ Relative C in LHC –
I Photon flux μmol photons m–2 d–1

kr Protein D1 recovery rate d–1

kd Protein D1 damage rate d–1

k’d Chlorophyll-specific D1 damage 0.4 1.5 0.7 mol C2 g chl a–2

L Exudation rate d–1

μ Relative growth rate (RGR) d–1

μd Potential production (fR q = 1) 26 4.5 (5.5) 24 (29) d–1

P Gross C uptake rate d–1

q Relative size of the free N pool –
Q0 Minimal N:C 0.03 0.018 (0.014) 0.043 (0.04) molN molC–1

Qmax Maximal N:C 0.24 0.15 0.18 molN molC–1

σ N-quota dependence of 1 0 1 –
chloroplast concentration

S Light response curve –
θC Inverse C stoichiometry of LHC 1 1.1 5 (4.4) gchl a molC–1

u Photoinhibition factor –
V N uptake rate per unit carbon molN (molC d)–1

Vm Maximal N uptake rate 2.1 0.14 0.3 molN (molC d)–1

ζ Respiratory C cost of N uptake 2.3 2.3 2.3 molC molN–1

Fig. 4. Relative growth rate dependence on internal N quota.
Steady state results are shown for the standard Thalassiosira
fluviatilis parametrization (black line) and a version where
chlorophyll synthesis is decoupled from construction of up-
take sites (gray line, fθ = 0, realized by θC = 1000 gchl a
molC–1. For comparison, the Droop function is plotted
(dashed line, 1.5 d–1 (1 – Q0

D/Q), with Q0
D = 0.05 molN mol

C–1). The linear function μdq, which in the model expresses
the maximal capacity for biosynthesis, is multiplied by a factor
of 0.52 to reflect the 12:12 h light:dark cycle and the fact that 

fR is about 0.5 in this experiment (dotted line at left)
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Adaptation configurations

How many trait variables are needed to cope with
the physiological adaptation of algae to varying nutri-
ent and PAR levels? We addressed this question by
comparing 2 different model configurations, one with-
out Rubisco dynamics (δ’R = 0) and the second in the

fully adaptive standard version. In the nutrient-limited
(as in the PAR-limited) case, differences between
configurations are negligible for the entire set of state
variables following recalibration of few parameters
(Fig. 3, cf. Table 2). Only diurnal fluctuations in the Sc
set-up are slightly better resolved when fR adaptation
is effective (Fig. 5).

Protein partitioning and pigment composition

How the adaptation model works can be best under-
stood by tracing the partitioning of proteins to the 2
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most central photosynthetic functions, carboxylation
(fR) and light harvesting (fθ). As shown in Fig. 7, car-
boxylation in Ig is up-regulated at higher PAR in
contrast to LHC. Both fR and fθ increase with growing
dilution rate in the simulated chemostats. The sensitiv-
ity of partitioning to growth rate, however, depends on
the light level. fθ is most sensitive under LL whereas fR

is rather constant.
The calculated partitioning of photosynthetic pro-

teins is central not only to analysis of autotrophic
regulative responses to variable environments; our
model indicates that variable protein fractions can also
be used as proxies for changes in the spectral proper-
ties of cells. This can be inferred from Fig. 8, which
shows the time course of Ig pigment composition
(carotenoids:C ratio) measured by Flynn et al. (1994).
The ratio gently changes during the course of N limita-
tion. A comparison with the temporal evolution in the
simulated N fraction in Rubisco fR suggests a correla-
tion between the 2 quantities.

DISCUSSION

Optimality in key physiological traits

The reference data we used for model validation
include various irregular dynamic patterns of physio-
logical variables in addition to bulk POC, DIN or
photosynthesis measurements. Despite this richness,
quantitative agreement between model results and
observations is very high, which supports our starting
model hypothesis that variations in physiological vari-
ables maximize carbon-based growth of the whole cell.
Since the adaptive dynamics framework has no mech-

anistic reference to phenotype acclimation
and ignores delays in biosynthesis due to
intermediate metabolites or finite rate of
signal transduction, quantitative matching
between model results and observations
would not be expected, in particular, for
transitory dynamics including lag effects.
Growth optimization thus appears as a con-
tinuous objective during reorganization of
cellular physiology.

This ‘goal-oriented’ approach (sensu the
Aristotelian view of natural processes)
leads to meaningful interpretations since
regulation phenomena can be understood
in an evolutionary context. Light and nutri-
ents make photoautotrophs grow, and
continual fluctuations in both trigger the
second fundamental biological process,
which is adaptation. Adaptation operates on
many levels of organization (cells, genes,
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communities) that, in turn, undergo dynamic trans-
formations on different time scales. In the case of
photoacclimation, this means that cells not only re-
spond to forces of selection by evolving the best-
adapted physiology for a specific nutrient and light
environment, but also by evolving the ability to
instantly adjust their physiology whenever necessary.
Both processes, selection for physiological traits and
selection for physiological plasticity are governed by
the same fitness function, i.e. relative growth rate. The
2 adaptations are also mutually dependent. Photoaccli-
mation will delay community changes because the
ability of individual species or strains to cope with
varying light conditions dampens shifts between spe-
cies. Species shifts, in turn, will primarily work on
those functional traits that govern and constrain accli-
mation. In our model frame, these are, for example,
specific light absorption (α) and C stoichiometry of
LHC (θC

–1). Their intra-specific variation turns out to be
correlated after calibration. One would indeed expect
higher absorption capabilities from a more costly LHC.
Minimal N:C (Q0), and maximal N and C uptake rate
(Vm, μd), are highly effective and variable functional
traits allowing one to track community changes trig-
gered by variations in light and nutrient availability
(Litchman et al. 2006).

Litchman & Klausmeier (2008) also listed a variety
of (morphological) trade-offs guiding phytoplankton
adaptation at the community level. In this study we
derived a physiological trade-off that converts effects
of trait variations on C uptake as well as indirect
effects through the cellular N budget into the same
currency. Our approach leads to a parameter-free
estimate of the marginal C gain of N uptake V (Eqs. 10
& 12) by simply making use of the balanced growth
equation. Synthesis of chl a is then linked to the cel-
lular N and C cycle only through protein partitioning
(cf. explicit dependencies of P and V on fR and f θ). By
mutually dependent adaptation in the partitioning
coefficients fR and fθ, variations in N:C and chl a:C
ratios become formally de-coupled, even though not
functionally independent. Cells lower their chl a:C
ratio either after the onset of N-limitation, or after an
increase in irradiance. To this end, they employ a
limited repertoire of mechanisms, such as dilution
through growth, or expression of chlorophyllase. But
the teleological reason for the same kind of response
may be different, as illustrated by the relative control
indices for chl a:C ratio dynamics. While under nutri-
ent limitation the high amount of N bound in Rubisco
can be re-invested into N uptake with much more car-
bon return, the competitive role of Rubisco in the PAR
shift experiment is more limited to diel changes in the
chl a:C ratio. The highest contribution for the rapid
decline in chlorophyll derives from changes in the N:C

ratio. The latter reflects the imbalance after increasing
C-uptake with only moderate ability of the cell to raise
N uptake accordingly.

Most simulation results can be equally produced
using either a constant or a variable Rubisco-N ratio fR.
The reasons why we resolve this ‘luxury’ variable,
apparently violating Occam’s parsimony principle, are
3-fold. (1) Variations in fR do exist, as discussed below,
and might serve as a further model constraint. (2) The
additional model complexity comes at extremely low
parameterization costs. Finally, a larger set of trait vari-
ables can help to trace changes in optical absorption
properties during photoacclimation. For example, the
correlation between photosynthetic protein partition-
ing and the carotenoids:C ratio only arises in the
fully adaptive model version. When nitrogen is to be
allocated into enzymes like Rubisco or into uptake
apparatus, it is advantageous to make use of non-
chlorophyllous pigments. Preference for carotenoid
synthesis or chlorophyll decay under N limitation is
motivated by relatively low N costs of carotenoid rich
pigments compared to chl a (Falkowski et al. 1989,
Herzig & Falkowski 1989, Berges et al. 1996). Follow-
ing this strategy, however, is not as effective as merely
reducing chl a, as is obvious from the much stronger
variation in the chl a:C ratio during the experiment
(cf. Figs. 8 & 3).

Differential C and N partitioning

Under N limitation, the concentration of Rubisco
as well as the ratio of Rubisco activity to electron trans-
port activity declines (Berges et al. 1996, Evans &
Terashima 1987, Sciandra et al. 1997). The first process
can be understood as a mere consequence of lower
intracellular nitrogen, while the ratio decline (ac-
companied by a decrease in fR) is due to the previously
mentioned higher economic revenue of Rubisco N
when re-allocated to N uptake. In the chlorophyte
Dunaliella tertiolecta under N limitation, Geider et al.
(1998b) found rather robust Lhcp levels in contrast to
much more sensitive reactions of Rubisco. A similar
phenomenon has been reported by Falkowski et al.
(1989) for Ig and for a cryptophycean by Rhiel et al.
(1986). Robustness in fθ, together with sensitivity of fR

under intermediate to high PAR, can to some extent be
reproduced by the model. The range of simulated fR in
Ig precisely matches the range of 0.12 to 0.24 found by
Falkowski et al. (1989) at intermediate PAR. However,
the calculated increase in fθ at higher growth rates
exceeds the narrow interval of 0.06 to 0.08 reported
in the study (Falkowski et al. 1989). Different sensitivi-
ties in protein partitioning follow from the fact that, in
the model, fR greatly exceeds fθ under high PAR. When
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forced to reduce N expenses, cells react most effec-
tively through reducing their carboxylation capacity in
the form of N-rich Rubisco.

The assumed difference between diatoms and non-
diatoms (at least haptophytes) through the parameter
σ was a prerequisite for simulating 2 different types
of correlation between the chl a:C and N:C ratios.
Observed co-variations (see Sc) and their absence (Ig)
have been linked to a taxonomic divergence in photo-
system composition. Compositional differences lead to
distinct stoichiometric ratios between complexes sus-
taining light-dependent and light-independent reac-
tions. Some further evidence supports this notion. In
non-siliceous species, decoupling chloroplast density
from Rubisco activity induces a higher sensitivity of
simulated Rubisco levels to nutrient limitation com-
pared to diatoms (Falkowski et al. 1989, Geider et al.
1993). A more apparent indicator for the decoupling is
the convergence behavior of the chl a:C ratio when N
becomes depleted. While Sakshaug et al. (1989) found
near-zero chlorophyll levels at low dilution rates in a
Sc chemostat, Goericke & Montoya (1998) observed a
minimum of 0.2 pgchl a per cell in the 2 haptophytes
Ig and Pavlova lutheri.

Implications for laboratory studies

All our simulation studies demonstrate that cells re-
quire a relatively long period to reach internal equilib-
rium. Acclimation takes place far beyond the onset of a
‘steady-state’ that is classically defined in terms of bio-
mass and growth variations. In the literature, there is
still a tendency to undervalue transient effects, which
can bias the interpretation of results. For example, dif-
ferences in photoadaptation from HL to LL and from LL
to HL found by Prézelin et al. (1991) may in part reflect
under-estimated acclimation periods. We thus empha-
size the relevance of specifying the pre-conditioning of
cultures in great detail, including the time schedule of
preparation. Simulations of Ig growing in batch culture
are indeed sensitive to the initial values of internal
variables θ and fR. Relatively low starting values pre-
vent strong increases in growth rate since small values
in μ lead to high differential N-costs of chl a synthesis,
as expressed by dQ/dθ (Eqs. 10 & 12).

Our dynamic simulations revealed that transient
data are also highly effective in constraining the para-
metrization of the model. We in particular suggest
that switching light experiments similar to the one con-
ducted by Anning et al. (2000) could be used to test the
model for different species like diatoms of different cell
sizes or a green algae.

In future studies, the model assumptions that the
photoacclimative response (1) is ruled by intracellular

optimization, and, more specifically, (2) is mediated
by protein partitioning should be better connected to
direct observations. The mere number of (in part un-
known) proteins involved in photosynthesis and nutri-
ent uptake, their high turnover rate and limits to analyt-
ical accuracy still challenge a quantitative assessment.

Implications for modeling

With the optimality approach proposed here, we
seek to replace—or to better understand—empirical
formulations using cause-effect assumptions (Ander-
son 2005). A central example is the Droop-like non-
linear N-quota dependency of growth in Fig. 4 which
arises from a combination of (1) linear cause–effect
relations, (2) down-regulation of relative carboxylation
capacity at low Q, and (3) increasing N costs of chl a
synthesis at high μ. Acclimated N quota, as a conse-
quence, also by far exceeds Q0. Under N replete condi-
tions, N quota is almost always maintained much
below its upper bound Qmax. Insensitivity to physiolog-
ical or physico-chemical boundaries is again reason-
able in an evolutionary context, since cells with lower
subsistence demand or more storage capability would
have a strong competitive advantage.

An efficient way for maintaining N quota much be-
low its (non-optimal) upper bound Qmax is exudation.
Losses of DON and DOC are formulated using a new,
extremely simple formulation, by which exudation
rises with productivity as well as nutrient limitation.
Further applications of this sub-module require verifi-
cation with (mesocosm) data. More generally, future
model versions need to address additional elementary
pools like phosphorus, silicon or iron and energy or
carbon, respectively demanding functions such as de-
fense or storage. Given the generic nature of the adap-
tation dynamics of physiological traits proposed here,
such extensions will be relatively straightforward.
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Appendix 1.

Photoinhibition. The photoinhibition term u is under-
stood here as the relative concentration of undamaged
D1 proteins (Marra 1978). Han et al. (2000) proposed an
evolution equation for u using the D1 damage rate kd and
recovery rate kr. Compared to other regulatory processes
resolved by our model, the resulting D1 evolution is very
fast so that we refer to the equilibrium solution for u (Han
et al. 2000).

u = kr /kr + kd (13)

Han et al. (2000) as well as Marshall et al. (2000) sug-
gested that protein recovery rate kr should increase with
higher N:C ratio. In a simplified form this reads:

kr = μdq (14)

It is reasonable that both the recovery and damage rate
scale with μd. The damage rate kd is introduced as a qua-
dratic function of the chl a:C ratio (= fθθC), since pigment
concentration affects the specific decay of D1 in many ways.
The chl a:C ratio is related to the physical cross section of
the 2 photosystems in which the sensitivity to photodamage
rises. In addition, the ratio of photoprotective versus acces-
sory pigments increases with nutrient limitation (Berges et
al. 1996), which is accompanied by a low chl a:C ratio. An
analogous negative correlation between photoprotective

pigments and the chl a:C ratio was observed by Anning et
al. (2000) in the light shift experiment.

kd = k’d μd (fθθC)2I (15)

Due to the functional dependency of kd on state variables,
the growth derivatives ∂μ/∂X must be completed by adding
(∂μ/∂u)·(∂u/∂X) with X = θ, fR and Q.

Exudation and DIN source. Using inverse modeling tech-
niques, Schartau et al. (2007) identified 2 different modes of
dissolved organic carbon (DOC) exudation by algal cells.
Under nutrient-replete conditions, exudation rate L is pro-
portional to production as is also evident from a series
of studies (Descy et al. 2002, Elser et al. 2002, Zlotnik &
Dubinsky 1989). Under nutrient limitation, however, pro-
duction ceases, but not exudation (apart from changes in
DON quality). Here, we merge both modes into a single
model formulation

(16)

Release of exopolymers relative to total production is
enhanced when N:C ratio and chloroplast size (estimated by
fR) decline. Analogously, lower growth irradiance induces a
decrease in fR (cf. Fig. 7) and, therefore, a rise in relative
exudation rate, in accordance with observations of Zlotnik
& Dubinsky (1989).

L
f q

P= η

R
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In the chemostat experiments (Thalassiosira fluviatilis)
and the semi-continuous Skeletonema costatum batch cul-
ture of Anning et al. (2000) (with daily manual dilution), DIN
is replenished by inflowing reservoir water at rate D. In the
corresponding model configuration, the term (DIN0 – DIN)D
is added to Eq. (2) and –D POC to Eq. (1), while all other
equations remain unchanged.

Chl dynamics: smoothing and analysis. The simula-
tion of Skeletonema costatum responding to shifting light
levels is adapted to hourly stoichiometric changes. The
chl a:C ratio may then decrease faster than is possible by
mere dilution due to growth. Even though S. costatum is
known to express the chl a decomposing enzyme chloro-
phyllase (Suzuki & Fujita 1986), too abrupt fluctuations
are found to be unrealistic. We thus imposed in all case
studies 2 additional constraints, which smooth chloroplast
and chlorophyll decomposition: dfR/dt ≥ –P ·fR and dθ/dt ≥
–(P + fR

–1·dfR/dt + σq–1· dq/dt) θ (equivalent to dchl a/dt >
0).

In order to quantify the model contributions underlying
the optimization of chlorophyll levels, we define the control
indices of chl a:C ratio dynamics.

(17)

Formally, the partial derivatives of μ resemble derivatives
of a potential function, which describe forces acting in
a physical system. Here, the optimality seeking a ‘force’
changing chl a:C ratio is split into different contributions
stemming from variations of the 3 factors fR, θ and q σ that
together make the chl a:C ratio. The force terms g1 and g2

are attributed to the differential benefits and costs of build-
ing up Rubisco, while g3 and g4 are related to the synthesis
of LHC (note that changes in fR due to g1 and g2 contribute
equally to variations in fθ, but are treated here separately).
For smoothing out sharp transitions between day and night
periods, relative control indices are defined as half-day time
averages (Δt = 0.5 d) of the normalized forces:
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